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Abstract: Optimal design parameters of the NT-policy for MIG/1 vacation systems are sought 
by minimizing the operating cost or equivalently maximizing the length of the vacation for a 
fixed customer delay. The objective is to achieve an acceptable balance between fast response 
time and efficient usage of time resources. It is shown that among all the counter-timer threshold 
pairs which yield the same mean customer delay, the one with minimum counter threshold N 
and maximum timer threshold T gives the longest mean vacation period. It is also shown that 
allowing more customer delay does not always increase the mean length of the vacation period, 
i.e., reduce the operating cost . Finally, the performance of optimal NT-policy is compared with 
the performance of optimum policy obtained by employing" linear programming techniques. 

1. INTRODUCTION 

In this paper, we consider an M I G 11 vacation system 
wi th starter where the length of the vacation period is 
controlled either by the number of arrivals during the 
vacation period, or by a timer. After all the customers 
are ~erved in the queue exhaustively, the server takes a 
vacation. During the vacation period, the server does 
not serve the customers waiting for service until either 
the time elapsed since the first arrival during the vacation 
period exceeds the predefined threshold T, or the number 
of arrivals in the queue waiting for attention reaches a 
predefined threshold N. We call this vacation policy NT
policy. 

IT the timer expires or the number of arrivals exceeds 
the threshold N, then the server is interrupted. The time 
spent to interrupt the server has a general distribution 
with mean E[S) and second moment E[S2]. After the 
server is interrupted, the busy period starts and it lasts 
until the queue is emptied. The end of the busy period 
is the beginning of t.he vacation period which is divided 
into two parts. The first part is called the idle period 
during which the server can be used for a secondary job, 
and the second part is called the start-up period which is 
the time it takes to notify the server. At the end of the 
start-up period the server is ready to serve the customers 
waiting in the queue. Fig. 1 shows the busy and the va
cation periods in an MIG/1 system. The operating cost 
of a system is proportional to the mean customer delay 
and the time spent for interrupting the server relative to 
the vacation period. IT the mean customer delay is kept 
constant, then the operating cost can be minimized by 
minimizing the ratio of the start-up period to the vaca
tion period. 

The analysis of M / G /1 vacation systems and the op
timal control policies for the vacation systems have been 
studied extensively in the literature. For a comprehen
sive survey of vacation models and references, see [1] and 

[2]. Having both a timer and a counter in the system in
creases the control over the distribution of the vacation 
period compared to only-timer or only-counter policies. 
The timer makes it possible to adjust the performance 
measures in a continuous range and limits the maximum 
waiting time of the arrivals. This is important especially 
when the arrivals cannot tolerate delays more than a 
specified value. The counter, on the other hand, limits 
the number of arrivals during the vacation period which 
reduces the average customer waiting time. 

IDU:P[III()O -t--. 
orrival. t t t t t TIME 

Figure 1: Busy, Idle and Start-up periods of an MIG/1 
system 

IT the server has to perform a secondary job during 
the idle periods, then it is desirable to increase the length 
of the idle periods as much as possible. This causes an 
increase in the length of busy period and a decrease in 
the server interruption rate if the utilization factor re
mains unchanged. Consequently, frequent interruptions, 
which use up valuable resources inefficiently due to the 
start-up period associated with interrupting the server, 
is avoided. Henceforth, the operating cost is minimized. 
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The vacation policies which increase the length of the va
cation periods at a price of slowing down the customer 
response time are undesirable since each customer in the 
queue requires immediate attention from the server for a 
fast response time. The balance between fast service re
sponse time and the efficient usage of the time resources 
can be achieved by maximizing the mean vacation pe
riod subject to a maximum mean customer delay. The 
optimal design parameters of the NT-policy are obtained 
by selecting the counter and the timer thresholds accord
ingly. 

In the next section, expressions for the mean customer 
waiting time and the mean idle period are found in terms 
of the timer threshold T and the counter threshold N. 
The optimal values for' Nand T are obtained in Section 
3. In Section 4, the optimal vacation policy which yields 
the maximum mean idle period subject to a fixed cus
tomer delay and its implementation is discussed. Finally, 
Section 5 is devoted for some conlusions and comparisons. 

2. ANALYSIS OF THE NT-POLICY 

For the analysis of the NT-vacation policy, the fol
lowing assumptions are made: 

(1) The arrivals are assumed to be coming from a Pois
son source with an arrival rate of A customers/unit 
time. 

(2) The service time distributions of these customers are 
identical, independent of each other, and are inde
pendent of the arrival process. The service distri
bution function is general, and b(le) denotes the kth 

moment of this function. 

Listed below are some simple facts about NT-policy. 
The proofs are omitted for brevity. 

Fact 1 If the timer threshold T is increased, then the 
idle period and the mean waiting time increase. 

Fact 2 If the counter threshold N is increased, then the 
idle period and the mean waiting time increase. 

Fact 3 If for a given counter threshold No and a timer 
threshold To the mean waiting time is equal to Wo, then 
it is possible to increase the counter threshold by one and 
decrease the timer threshold accordingly, without disturb
ing the mean waiting time Wo. 

An immediate consequence of Fact 3 is that for a 
given mean waiting time Wo there are countably many 
ways of selecting the counter and the timer thresholds. 
Let (No, To) denote a solution pair for this vacation sys
tem that yields a mean waiting time Wo. Then, Fact 3 
implies that there exists a timer threshold Tic < To such 
that (No + k, Tic) is also a solution pair; Le., the mean 
waiting time is still Wo with the new counter threshold 
No + k and the timer threshold Tic. 

2.1 Mean Customer Delay 

.The mean waiting time in an exhaustive M/C/1 va
cation system with start-up time is given as follows [2 
equation (2.57b)]: ' 

(1) 

where p = Ab is the utilization. In (1), FI and F2 are 
the first and the second moments of the the distribution 
of the number of arrivals during the idle period given 
respectively by: 

N 

F2 = L m(m - l)fm' (2) 
m=1 

where, 

and 

Prim arrivals during the idle period}, (3) 
(AT)(m-l) 
~_~e-AT 1 2 N 1 (4) (m - 1)! m = , , ... , -, 

N-I 

fN = 1- L fm. (5) 
m=1 

!i ote that the second term of (1) is the mean waiting time 
In a regular M/C/1 system without vacation. Hence 
<?nly.the first term (which is called additional mean wait~ 
mg time [3]), depends on the vacation policy. 
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Figure 2: Additional mean waiting time W(1dd as a func
tion of the timer threshold for different counter threshold 
values N. 

Fig. 2 depicts the variation of the additional mean 
waiting time as a function of timer threshold for different 
counter threshold values. Here, mean arrival rate is>. = 1 
arrivals/unit time and the set-up time is S = 1 unit. Fig. 
2 is plotted directly from equation (1) for different values 
of N. Facts 1 and 2 can also be observed from Fig. 2, 
L e., W(1dd is an increasing function of both T and N. 



We know from Fact 3 that for a given additional 
mean waiting time Wo.dd , there are infinitely many ways 
of selecting the counter threshold and the timer thresh
old. In other words, starting from the minimum counter 
threshold, we can obtain new solutions by increasing the 
counter threshold and decreasing the timer threshold ac
cordingly. The minimum value of the counter threshold 
that satisfies the objective additional mean delay, how
ever, is still unknown. The following theorem shows how 
to find this minimum. 

Theorem 1 For a given mean additional delay, Wo.dd, 
the minimum possible counter threshold is given as the 
solution of the following equation: 

Nmin = min{N E I+ I Wo.dd ~ Wo.dd(N,oo)}, (6) 

where 

( ) 
_ N(N - 1) + 2)'N E[S] + ).2 E[S2] 

Wo.dd N,oo - 2).(N + )'E[S]) . (7) 

Proof of Theorem 1: If Nmin is the minimum possi
ble threshold value for the counter, then the mean addi
tional delay when we set the timer threshold to infinity 
is greater than or equal to Wo.dd. This follows imme
diately from Fact 2. Practically speaking, setting the 
timer threshold T to infinity is equivalent to omitting the 
timer from the model since the probability that the idle 
period is interrupted by the timer converges to zero. As 
T goes to infinity, the NT-policy converges to N-policy 
and the distribution of the number of arrivals during the 
idle period becomes, f N = 1, li = 0 i < N. Hence 
F2 = N (N - 1) and Fl = N. Therefore, the mean addi
tional delay is equal to Wo.dd(N,oo). 

The smallest integer value of N that satisfies (7) is 
the minimum possible counter threshold. Once we obtain 
the minimum counter threshold value, the corresponding 
timer threshold value is calculated numerically by em
ploying equations (1) and (2). Other solution pairs can 
be found similarly. 0 

2. 2. Idle Period 

The idle period is defined as the vacation period mi
nus the start-up period. An expression for the mean idle 
period can be obtained directly from the generating func
tion F( z) of the number of arrivals during the idle period. 
It can be shown that [4, Chapter 5], 

N 

Iin(>' - z).) = F(z) = L: Imzm, (8) 
m=l 

where I* T(s) is the Laplace-Stieltjes Transform of the 
length 01 the idle period. The mean idle period is found 
from (8 ) as, 

dIin(s) dF(z) 1 N 
INT = -d-I.=o= ~d L~=l= \' E miTT>' (9) 

S /I Z /I m=l 
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Mean idle periods INT for the same mean additional 
delay Wo.dd , and different counter and timer thresholds, 
are plotted in Fig. 5 where the timer thresholds are se
lected to yield Wo.dd = 3 units. The mean idle period 
is observed to be a decreasing function of the counter 
threshold N which implies that the largest mean idle pe
riod is obtained when the counter threshold N = Nmin. 
The proof of this statement will be given in the next sec
tion. 

3. OPTIMUM SOLUTION FOR Nand r 
In the previous section, it was stated that countably 

many solution pairs are available that yield the same 
mean additional delay Wo.dd. Among all these solution 
pairs, we are interested in the one that maximizes the 
mean idle period. Although mathematical formalization 
of this problem is rather straightforward, the standard 
optimization techniques are very difficult to apply, if not 
impossible, since for a given Nand Wo.dd we only have 
a numerical solution for T from equation (1). Instead of 
using rigorous optimization techniques for the problem 
under consideration, we will adopt the stochastic decom
position approach that has been used extensively in the 
literature l5], [6J, [3]. The following theorem which em
ploys this techmque shows that among all those solution 
pairs that yield the same additional delay, the one 'with 
the smallest counter threshold is the best in resulting in 
the longest mean vacation period or the idle period. 

Theorem 2 Consider an M/C/1 vacation· system with 
NT -policy. Let the set {(No + k, Tit), k ~ O} consists 
of the pairs of counter and timer thresholds that yield the 
same mean additional delay . Here No = Nmin is given by 
(6), and To is the corresponding timer threshold obtained 
from (1) numerically. Among all these solution pairs, 
(No, To) gives the longest mean vacation period. 

Proof of Theorem 2: Let us assume that (Nj , Tj ) and 
(Ni'~) are in the solution set, and the mean vacation 
period of the system with (Nj , Tj ) is larger than that of 
(Ni, 1:). Note that, No < Ni' Ni and To > Ti, Tj • The 
mean additional delays introduced by these two systems, 
however, are the same. Hence, if we mark a random cus
tomer that arrived in the vacation period, the mean num
ber of customers who arrived after the marked customer 
is the same for both cases [7]. However, since the mean 
vacation period for the system with (Nj , Tj ) is larger, 
the mean residual vacation period for the system with 
(Nj , Tj ) must also be larger. This is due to the fact that 
Poisson arrivals see time averages (PASTA) [8]. Consid
ering that both systems have the same input processes, 
the only possible way of having the same number of ar
rivals after the marked customers in both systems is to 
have the number of arrivals in the system with the larger 
vacation period restricted. Therefore, the counter thresh
old for that system must be smaller; i.e., Nj < Ni. Hence, 
as the counter threshold becomes smaller, the mean va
cation period increases. D. 

In Fig. 5, the mean idle period as a function of the 
counter threshold is given. Here, the mean additional 
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delay Wadd is fixed to 3 units of time. The mean idle 
period is obtained from (9). As Theorem 2 claims, the 
mean idle period is larger for smaller counter threshold 
values. Fig. 4 shows the ratio of the mean idle period to 
the mean vacation period as a function of the maximum 
tolarable mean additional delay for the optimal design of 
NT-policy and compares it to only-counter (T = 00) and 
only-timer (N = 00) policies. 

Figure 3: Timer and counter threshold pairs that yield 
Wadd = 3 units. 
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Figure 4: The ratio of the idle period to the vacation 
period as a function of additional mean waiting time for 
the (N,oo) and the (00, T)-policies. 

4. OPTIMUM VACATION POLICY 

The optimum vacation policy can be defined as the 
vacation policy that yields the longest mean idle period 
among all the vacation policies while keeping the mean 
customer delay below a prespecified threshold. The va
cation policies are completely described by the distribu
tion of the number of arrivals during the vacation period. 
Hence, the problem of finding the best vacation policy 
can easily be transformed into the problem of finding the 
best distribution of the arrivals during the vacation pe
riod. 

The objective function that is tried to be maximized 
in this case is the mean idle period as given in (9): 

(10) 

subject to primary constraints 

h 2: 0, h 2: 0, ... fK 2: 0 (11) 

and simultaneously subject to two additional constraints 
of the form 

K 

L fm = 1, (12) 
m=l 

where fm is the probability of having m arrivals during 
the idle period, am = m2 + m(2,X(E[S] - Wadd) - 1) and 
c = ,X2(2WaddE[S] - E[S2]). Note that am and c are ob
tained from the expression found for the additional mean 
waiting time, Wadd. The first constraint in (12) guaran
tees that the solution is a probability distribution and the 
second constraint guarantees that the additional mean 
delay is less than or equal to Wadd. Now the problem can 
be solved conveniently by using the linear programming 
methods, namely the simplex method [9]. 

The number of non-zero entries in the solution vec
tor [JI h ... fK] is equal to the number of additional 
constraints of the optimization problem. This means 
that there are only two non-zero probabilities, say fi and 
fj = 1- fi' which maximize the objective function under 
the constraint that adi + aj/i $ c and fm = 0 for all 
m =1= i, j. The solution for /i and fi is found as: 

f 
c - aj-l 

j = = 1- fi = 1 - /i-I ' aj - aj-l 
(13) 

The maximum mean idle period is therefore equal to 
{(j -1)/i-1 + j/i}/,X. Since the number of arrivals dur
ing .the vacat~on period can only be either j or j -1, this 
optimum pohcy can be considered as a random N -policy. 
So far as the implementation of this policy is concerned, 
it can be implemented similar to N-policy by changing 
the. counter threshold randomly at the end of each busy 
perlOd. The counter threshold is set to j with probability 
/i and j - 1 with probability fi = 1 - /i. 

Fi~. 6 compares the optimal policy to N-, NT- and 
(00, T)-policies by plotting the ratio of the mean idle pe
riod to the vacation period as a function of the mean 
additional waiting time. Here, the threshold values are 
selected to maximize the mean idle period for all poli
cies. Note that at the discontinuity points the N-policy 
be~omes 'the optimum policy along with the NT-policy 
whIch converges to the optimum policy by selecting the 
counter threshold infinity. The performance of optimum 
policy can never be achieved by using only a timer as 
seen from the comparison of (00, T)-policy to the others. 

5. CONCLUDING REMARKS 

The timer and counter threshold values for the NT
policy that balance the trade-off between the fast re
sponse and efficient use of resources were obtained by 
maximizing the vacation interval for a fixed mean delay. 
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Figure 5: Mean idle period as a function of the counter 
threshold N for Wadd = 3 units, ). = 1 and S = 1 unit. 
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Figure 6: Comparison for the N-, NT-, (00, T)- and the 
optimum policies 

Hence, the ratio of the mean start-up period to the vaca
tion period was minimized. Although there is an analyti
cal expression for the counter threshold N, timer thresh
old T can only be obtained numerically. These thresh
olds can be adjusted automatically based on the current 
arri val process and the prespecified mean delay. The re
sults show that the ratio of the idle period to the vaca
tion period can be increased without increasing the mean 
additional delay by selecting proper timer and counter 
thresholds. It is important to note that mean idle period 
is not always an increasing function of the mean addi
tional delay for NT-policy. Hence, it is not always true 
that the mean idle period can be increased if more delay 
is tolerated. As an example, let the maximum tolerable 
delay be 1.17 units. The optimal threshold values that 
maximize the mean idle period are found to be N = 3 
and T = 0.832 when the targeted mean delay is equal 
to the maximum tolerable delay. The mean idle period 
which is 1.77 units for N = 3 and T = 0.38 can be in
creased, however, if the mean targeted delay is less than 
1.17, say 1.16. In this case, the optimal threshold values 
are found to be N = 2 and T = 3.74 and the mean idle 
period is increased from 1.77 to 1.97. This fact follows 
from Theorem 2 which implies that if the corresponding 
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mean customer delays of two pairs of solution do not dif
fer significantly, it is always better to select the one with 
the smaller counter threshold. 
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