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Abstract 

This paper deals with the waiting time analysis of a tandem 
queueing system arising in the context of ATM communica
tion networks and packetized voice systems. The focal point 
of interest is the characterization of the per-class waiting 
times in the queue which is fed by both external arrival pro
cesses and interdeparture processes from other queues. We 
obtain lower and upper bounds for the first two momen ts of 
the waiting time distributions, and by means of a heuristic 
interpolation scheme, the actual quantities with a degree of 
accuracy which is sufficient for practical applications. 

1 Introduction 

A communication network which is based on the Asyn
chronous Transfer Mode (ATM) is the target network for 
the Broadband ISDN, according to the CCI'IT recommen
dation 1.121 [3]. This network will carry all kinds of infor
mation streams in a packetized manner. Information will 
be carried in fixed size cells consisting of a header for con
trol information, and the payload. It can be expected that 
cell arrival streams at the edges of the network will have 
interarrival times which are highly variable. Even if a single 
arrival stream is still a renewal stream, the super position of 
these streams forms a rather complicated non-renewal pro
cess. Basically the same is true for packet voice systems. 
Since ATM systems are working in the range of 150 Mbit/s 
and packet voice systems typically two orders of magnitude 
lower, the delays differ by two orders of magnitude, too. 
Therefore, the focal points of analyses have been cell loss 
probabilities in the former and waiting times in the latter 
case. However, for voice being transported via ATM it is 
desirable to know the transfer delay distribution in order to 
determine the depacketization delay, Le., the waiting time in 
the depacketizer buffer which is introduced in order to avoid 
depacketizer starvation in the case of late arriving cells. 

This paper deals with a waiting time analysis with em
phasis on the difference in waiting times between those for 
exogenous and endogenous arrival streams. Assuming that 
there is a monotonous relationship between the mean wait
ing time in a queueing system with infinite waiting space and 
the loss probability in the corresponding system with lim
ited waiting space, the differences in terms of waiting times 
will also give some qualitative indication of the differences 
in terms of loss probabilities. 
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There exists a large amount of literature dealing with the 
performance analysis of multiplexers which are fed by arrival 
streams from the edges of the network. There has been some 
success characterizing the superposition arrival processes as 
a two-moment description with load-dependent interarrival 
time variability (see, e.g., [20]), as fluid flow (see, e.g., [2]), 
as a combination of fluid flow and Poisson assumption [4], 
or as a Markov Modulated Poisson Process (see, e.g., [7], 
[8], [14]). All these approaches treat such a multiplexer as 
a Ei Gi/D/ 1-system where the service time stands for the 
transmission time of a cell across the link. In view of the 
large number of papers dealing with this subject, this list is 
far from being complete in terms of approaches as well as in 
terms of authors. 

Little, however, is known about links and their associ
ated queues which carry not only arrival streams from the 
edges of the network but also streams which are the output 
of other links in order to be routed through the network. 
It is well known that parametric decomposition approaches 
as described, e.g., in [12], [23] behave very poorly for sys
tems with deterministic service times. There exist some 
approaches for tandem queues or even entire networks of 
queues with deterministic servers (see, e.g., [10], [13], [16], 
[18], [19], [22], [25]), but scheduling disciplines or routing 
strategies described there do either not apply to our prob
lem, or the arrival processes involved are not general enough. 
The approach which comes closest to our analysis has been 
presented in [1]. There the exogenous arrival processes are 
Poisson, Le., a special case of our system. 

The model which we want to consider consists of two 
queues in series with (possibly non-equal) deterministic ser
vice times HI and Hu. The first queue is fed by two ar
rival streams from the edges of the network represented by 
MMPP-streams. Stream 2 leaves the system immediately 
after being served in server I. Stream 1 feeds the queue of 
server 11 (queue 11), interfering there with stream 3 which 
is again represented by an MM PP. Both queues have infi
nite capacity and are served on an FCFS basis. The system 
is considered in equilibrium. We are interested in the first 
two moments of the waiting time distribution of each stream 
in each queue, and of the total transfer delay for stream 1 
through the entire system. One further remark appears to be 
in place: ATM systems typically are discrete time systems, 
Le., interarrival times are integer multiples of the (constant) 
service time. In [14], however, it has been shown that a 
continuous arrival process can be very well approximated 
by a discrete time process for the analysis of the first two 
moments of the waiting time distribution and vice versa. 

Since the problem of calculating the per-stream waiting 
times for a Ei MMPPi/G/l system is solved [15] we can 
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compute the waiting times in queue I exactly and focus 
therefore on the calculation of the waiting times in queue 11 
which is a non-trivial task due to the characteristics of 
stream 1 when it enters queue 11. 

Throughout the paper we use the following notation (il
lustrated by the use for the service time): 

H random variable 
H(s) 
E[H]=h 

Laplace Stieltjes transform 
mean (l-st moment) 

E [HAI] = h(lr) 

O'H = v'VAR[H] 
k-th moment 
standard deviation 

2 _ VAR[H] 
CH - h2 squared coefficient of variation 

Similarly: 

U 
W 
F 

virtual waiting time 
waiting time 
sojourn (flow) time 

U 
,\ 

occupancy 
arrival rate 

PW delay (waiting) probability 

Arabic numbers refer to the stream, and uppercase roman 
numbers to the queue. The notation ....,i means "all streams 
except i". 

2 Analysis 

2.1 Characterization of the output process 

For the waiting time analysis of queue 11 the characterization 
of the stochastic properties of stream 1 as it leaves server I 
is crucial. The following properties of this process can be 
identified: 

1. Due to the conservation of flow the rate of the output 
process must be the same as the rate of the input pro
cess which enters queue I. 

2. The squared coefficient of variation of the interdepar
ture time of stream 1 from server I can be calculated 
approximately using an approach outlined in [5]. 

3. There is a minimum spacing between successive depar
tures of stream 1 which amounts to a service time of 
server I. 

4. There are discrete atoms in the continuous distribution 
of the stream 1 interdeparture time which are spaced 
equidistantly with a server I service time distance. 

6. If the service time of server 11 is less than or equal to 
the service time of server I, stream 1 would experience 
no waiting in queue 11 if it would not interfere there 
with stream 3. 

6. The long-term characteristics of the departure process 
are equal to that of the arrival process [24]. When 
the busy period of server 11 becomes long the impact 
of the short-term characteristics becomes less signifi
cant in favour of the long-term characteristics. This 

is closely related to the "Heavy-traffic bottleneck phe
nomenon in open queueing networks" in [21] and the 
references therein. Unfortunately, the rate of conver
gence of the IDI (index of dispersion for intervals) to its 
limiting value depends on the occupancy by stream 1 in 
server I. If this occupancy approaches 1 then the depar
ture process approaches a deterministic distribution. 

This leads us to the conclusion that we will find an upper 
bound for the per-stream waiting times by calculating them 
as if queue 11 would be fed by the external arrival streams 1 
and 3, and a lower bound by taking into account the short
term properties of the departure process. This relates to 
the asymptotic method and the stationary interval method 
as used, e.g., in [23], [24] 

2.2 Analysis based on the short-term 
properties of the output process 

For the analysis of the waiting times in queue 11 involving 
the short-term properties of stream 1 we try to make use of 
as many items in subsection 2.1 as possible. It turned out, 
however, that item 2 does not help very much for the ap
proach chosen in this paper. This parameter depends also on 
the properties of stream 2. Experience with simulation ex
periments, however, has shown that the impact of stream 2 
on the waiting times in queue 11 is very small. 

The regularity properties (items 3 and 4) can, for the pur
pose of calculating mean waiting times and waiting proba
bilities, be expressed such that instead of considering the 
actual process, it is replaced by a deterministic arrival pro
cess with the interarrival time equal to the service time of 
server I. Each of these arrivals now either leads to a service 
of duration Hn or to no servicel . Scaling the first two mo
ments of the service time to match this new arrival process 
leads to the description of Hil,l 

= '\lhlhn = uI,lhn 

= '\1hlh~~) = '?I,1h~~) 

For deterministic service h~~) = "11 and we obtain 

C2 = _1 __ 1 
H; •. l {lI,1 

(1) 

(2) 

(3) 

Now we have reduced the problem to finding the per
stream mean waiting times in a D+MMPP /Ga/1 queueing 
system. This can be achieved by an approximation algo
rithm developed by Fischer and Stanford [5] which is based 
on a stochastic decomposition result by Ott [17]. The steps 
of the algorithm will be outlined in the following. Defining 
as U.,i the virtual waiting time in a L:j Gj/Gj/1 FCFS sys
tem serving all streams of the original system except stream 
i we obtain approximately the virtual waiting time Uo in the 
original FCFS system 

and the waiting times at arrival instants of stream i 

(5) 

1 Thill ill equivalent to a BeInoulli lUTival proCesll 



with Ut, Wt as the virtual waiting time and the waiting time 
at arrival instants of stream i resp., in a system working 
such that the arrivals of stream i are served on an FCFS 
basis where the service times consist of a delay busy cycle 
with the delay represented by the original service time of 
stream i, and the delay busy period consisting of the service 
times of all customers of the other stream(s) arriving during 
this busy cycle. 

For the per-stream probabilities of delay we obtain 

(6) 

with Pw" as the delay probability in the system with the 
i-arrivals and the modified service times as described above. 

2.2.1 Mean waiting times 

In the sequel we restrict ourselves to the treatment of a sys
tem with two input streams. The extension to an arbitrary 
number is straightforward and is discussed in [5]. Since the 
procedure is applicable in a very general setting the outline 
of the algorithm and the notation are not restricted to the 
original problem dealt with in this paper. 

From equations (4) and (5) we obtain for the mean values 

and 

Uo = U.,i + (1 - U.,i)ut Vi 
Wi = U.,i + (1 - U.,i)W; Vi 

Uo = L UiWi + L ~Aih~2) , , 

(7) 

(8) 

The approximation algorithm for Wi uses these equations 
cyclically until the results of successive iterations converge. 
The steps in this cyclic procedure are outlined below. 

Step 0: The computations start with an initial estimate of 
the overall virtual mean waiting time, which can be 
approximated using the Pollaczek-Khintchine formula: 

Uo = 2(1- U) 

Step 1: ut is found from Uo and U.,i using (7). For the pur
pose of this determination, U.,i is found by first obtain
ing W.,i using the Kraemer-Langenbach-Belz formula 
[11] if we have a two- moment description of the inter
arrival time distribution, or by using an MMPP IG/1 
analysis, which in particular for 2-state MMPP arrival 
processes can be implemented very efficiently using an 
algorithm by Lucantoni [15]. U.,i is then found from 
equation (19) in appendix A 

U • - n .w . + 1 \ ·h(2) 
." - c."." '2"",.,i 

If U.,i is caused by an arrival process which is the depar
ture process of another server and is known to experi
ence no waiting if it does not interfere with other arrival 
processes we know U.,i exactly by setting W.,i = 0 in the 
above equation. 
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Step 2: For the determination of wt from ut we need the 
first and second moment of the class-i service time mod
ified to include the class-( -.i) delay busy period. The 
first moment is given by 

M=_h_i_ 
a 1- U.,i 

and we seek the correct value of ct.,i so that 

gives us the same estimate for ut as obtained in step 1. 
This can be done by an iterative algorithm involv
ing again the Kraemer-Langenbach-Belz formula or the 
MMPP IG/1 analysis, where in the latter case Hi is 
represented by a shifted r-distribution (sum of a deter
ministic and a r-distributed RV). An initial estimate 
for ch. i is obtained by assuming that the arrivals to 
class (~i) are Poisson: 

2 2 e.,i h.,i ( 2 1) 
CH • . = CH . + --- . - CH . + 

" ,a 1-e.,i hi .... , 

Step 3: Wi is obtained from w; using (8). These are the 
per-class waiting times we seek. 

Step 4: Having obtained estimates Wi for all classes by re
peating steps 1 to 3 with each class taking its turn as 
class i, a new estimate for Uo can be obtained by using 
equation (19) from appendix A. We now return to step 
I, and repeat the whole procedure until a desired level 
of accuracy is achieved in step 3. 

2.2.2 Delay probabilities 

From equation (24) in appendix B we know that 

With et = ei/(l - e.,i) and equations (6), (7) and (8) we 
obtain 

Wi-U.,i 
pw,i~ei +e.,i 

Uo - U.,i 
(9) 

2.2.3 Second moments of the waiting times 

From equations (4) and (5) we obtain for the second mo
ments of virtual waiting time and waiting time at customer 
arrival instants 

U~2) US~) + (1 - e.,i )2u;<2) Vi (10) 

w~2) = US~) + (1 - U"i)2w;(:~) Vi (11) 

Equation (20) tells us that 

w~(2) = ..!.. . (u~(2) _ Aih;(3) _ Aih~(2)w~) 
a ut a 3 a, 

With the approximation in equation (23) we can solve for 
h~(3): , 
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From equation (19) we obtain that 

Furthermore (see equations (6), (7) and (8)) 

• Uo - U.,i 
Ui = 1- q.,. ' 

• Wi-U.,i 
Wi = 1- q.,. ' 

• _ PW,' - q.,i 
PW,i - 1 - q.,i ' 

• Ui 
Ui = 1- U.,i 

This leads after some algebra to 

.(2) _ 1 w, -' 
qi(l - q.,i)2 

[(PW" - U.,,) (u~2) - US~») + 2Ui (Wi - U.,i)2 

- 2 (Wi - U.,i) (uo - U.,i) (pW,i - U.,i)] 

and to 

W~2) = U(2) + .!.. (12) 
, ." Ui 

[(PW,i - U.,i) (U~2) - US~») + 2Ui (Wi - U.,i)2 

- 2 (Wi - U.,i) (uo - U.,i) (pW,i - U.,i)] 

With equation (20) we then obtain for U~2) 

(2) _ 1 
Uo - . 

1 - L:(PW,i - U.,i) 
i 

{ ~ [(q - PW,I) .~? + 2ql (WI - .,,)' 

- 2 (Wi - U.,i) (uo - U.,i) (PW,i - q.,i)] 

+~ 2: Aih~3) + L: A'h~2)W'} , , 

(13) 

This means that after having calculated Uo, Wi, PW,i in
volving the alternative description of the arrival and service 
processes for stream 1 entering queue 11 we may, for the pur
pose of computing second moments of the per-class waiting 
time distribution, return to the original description of the 
service process without having to consider the arrival pro
cess except in terms of its arrival rate. Using PW,i according 
to equation (9), equations (12) and (13) can be further sim
plified, and we obtain 

2.3 A heuristic interpolation algorithm 

Having obtained the upper bounds for the moments of the 
waiting times WU,i and w~~ by the Ei MMPPi/D/1 anal-

ysis, and the lower bounds WL,i and W},2~ according to the 
analysis using the short-term properties 'of the output pro
cess we try to find an appropriate interpolation between 
these quantities which should have the following properties: 

is 

1. The actual first and second moments of the per-str~am 
waiting times are computed by a linear interpolation 
with a weighting factor 'Y such that 

2. 0 ~ 'Y ~ 1 

Wi = 'Y' WL,i + (1 - -y) . WU,i 

W~2) = 'Y' w},~~ + (1 - 'Y) • w~~ 

3. 'Y -+ 0 for qI,1 -+ 0, qu -+ 1 

hu 
4. 'Y -+ 1 for -h qI 1 -+ I, qu -+ 1 

I ' 

hn 
5. 'Y = 1 for - UI 1 = un 

hI ' 

(16) 

(17) 

6. Experience with simulation experiments has shown that 

lim !l = lim .!.l = 0 
".,1=0, "11-1 8qu ".,1=0, "11-1 8qI,1 

A candidate interpolation scheme having these properties 

( 
hu ) 2 

'Y = 1 + - . UI 1 - Un 
hI ' 

(18) 

3 Numerical examples 

In order to show the accuracy which can be obtained from 
the analysis approach outlined above, we carried out exten
sive numerical tests. As the example to be ' demonstrated 
here we chose a packetized voice system as described in [20] 
and [7]. We have scaled the service and arrival processes 
such that the service time in each stage is deterministic with 
duration 1. Each voice source is characterized by an active 
period during which the packet interarrival time is determin
istic with an arrival rate of 0.02083 (peak arrival rate) and 
a geometrically distributed number of packets per talkspurt 
with mean 22, and an idle time which is exponentially dis
tributed with a mean of 40.625 times the interarrival time 
during active periods. One such voice source occupies a 
server at 0.732%. The superposition of n of these voice 
streams is approximated by a two-state MMPP according 
to [14]. 

Table 1 shows the MMPP parameters for various numbers 
of n along with the occupancy q generated by the superpo-
sition of these streams, where ri are the negative diagonal 
elements of the 2 x 2 infinitesimal generator R and A~ the 
entries of the rate matrix A. 

In order to assess both the accuracy of our approximation 
against the exact results and of the MMPP approximation 
against the real system we simulated both the actual system 
with the precise mapping of the voice sources and the struc
turally equivalent system with the MMPP arrival processes 



n Q/'fo rl/ lO-· r2/10-· .\1/10-1 .\;,./10-1 

14 10.2 7.00 6.23 1.39 0.70 
27 19.8 6.90 6.34 2.41 1.52 
60 43.9 6.80 6.43 5.12 3.71 
68 49.8 6.79 6.44 5.75 4.25 

109 79.8 6.76 6.48 8.95 7.05 

Table 1: MMPP-parameters for the super position of packe
tized voice arrival processes 

according to Table 1. Table 2 shows the 9 configurations 
which have been investigated. n, refers to the number of 
voice sources contributing to stream i. 

_fA nl n2 n3 

1 14 68 68 
2 14 109 109 
3 60 60 60 
4 14 27 27 
5 109 14 14 
6 27 14 14 
7 14 109 27 
8 14 27 109 
9 68 14 14 

Table 2: Definition of configurations 

I#-II 1.111 L I I 1.111 SMMPP I I 1.111 SV I 1 I 0 .. 

1 0.750 0 .823 0.847 0.797 0.659 
±1.27·10-2 ±1.36·10-2 

2 14.8 21.7 22.0 20.2 21.6 
±I.85 ±2.78 

3 4.21 10.8 13.8 11.9 10.6 
±0.847 ±1.33 

4 0.182 0.199 0.231 0.176 0.159 
±1.17·10-3 ±4.03·10-3 

5 1.35 5.24 21.4 12.1 10.2 
±0.606 ±I.26 

6 0.137 0.155 0.231 0 .108 0.098 
±1 .41·10-3 ±1.58·10-3 

7 0.182 0.199 0.231 0.164 0.153 
±2.46 · 10-3 ±2.32·10-3 

8 14.8 21.7 22.0 21.6 21.2 
±0.860 ±2.03 

9 0.315 0.418 0.844 0.317 0.251 
±2.53·10-3 ±6.16·10-3 

Table 3: Mean waiting time of stream 1 in queue 11 

Tables 3 and 4 present the mean waiting times of streams 
1 and 3, resp., in queue 11. The first colunm indicates the 
number of the configuration defined in Table 2. Columns 
2-4 show the lower bound, the value obtained by the inter
polation scheme, and the upper bound of the mean waiting 
time. Columns 6 and 6 represent the simulation results, 
along with their 96% confidence intervals, for the system 
with MMPP input processes and the actual system with the 
voice sources. 

As could be expected, the approximation accuracy is fairly 
good as long as the system is not dominated by stream 1. If 
stream 1 dominates, then the lower and upper bound are far 
apart, and the heuristic interpolation algorithm fails. The 
results also show that the lower bound can in fact become 
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I # 11 1.II3L I 1.113 U 11 1.113 S MMPP I 1.113 SV I I I 0 C. 

1 0.825 0.839 0.845 0.835 0.689 
±9.81·10-3 ±1.43·10-2 

2 16.1 21.1 21.4 19.9 21.7 
±1.68 ±3.01 

3 4.84 11.0 13.8 12.2 11.0 
±0.870 ±1.25 

4 0.225 0.227 0.231 0.224 0.197 
±1.51·10-3 ±2.89 · 10-3 

5 2.00 5.89 22.0 13.4 11.1 
±0.709 ±1.45 

6 0.211 0.215 0.231 0.204 0.181 
±7.05 · 10-' ±3.19·10-3 

7 0.225 0.227 0.231 0.222 0.197 
±2.14 · 10-3 ±4.48·10-3 

8 16.1 21.1 21.3 21.0 21.4 
±0.901 ±2.38 

9 0.549 0 .606 0.847 0 .550 0.455 
±3.05·10-3 ±5.19·1O-3 

Table 4: Mean waiting time of stream 3 in queue 11 

slightly higher than the real value. This is due to the approx
imative nature of the Li Gi/Gi/l-algorithm. The approx
imation accuracy of the MMPP compared with the actual 
arrival process is in general sufficient for practical purposes. 

It should be stressed that there is a significant difference 
between Wl and Ws. Despite the absolute inaccuracies, the 
results from the approximation algorithm do reflect this be
haviour rather well. Furthermore, the difference between 
the actual value of the waiting time and the upper bound 
shows the inaccuracy involved if one uses a "conservative 
approach" for the investigation of such a system, i.e., by 
treating each multiplexer as if it would be fed by the ex
ternal arrival processes rather than by the output processes 
which are "smoothed". 

It is also interesting to note that in the case where the 
system is dominated by stream 1 the waiting times are not 
very different when {)11 is high. This is an observation which 
has also been made in [6]. Differences between waiting times 
in a Ei Gi/Gdl system occur mainly in a medium range of 
the occupancy and vanish for very high and very low load 
(Cf. configuration 6). 

An analysis of the second moments of the waiting times 
basically shows the same accuracy of the results, although 
the approximation of the superposition of the voice arrival 
processes by MMPP shows a slightly worse behaviour com
pared to the computation of the mean values. 

Tables 5 and 6 show the mean and the standard devi
ation of the flow time of stream 1 through both stages. 
The approximate values in colunm 2 are obtained by adding 
the means and variances of the flow times through stages 
I and 11, thus, making the usual independence assumption. 
Columns 3 and 4 again represent the simulation results as 
defined for Tables 3 and 4. 

The accuracy obtained for the flow times is significantly 
better since the waiting times in the first stage are calculated 
exactly, which reduces the impact of the error occurring in 
stage 11. 
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I # 11 it It 5 MMPP I I It 5 v I I I 0 ce 

1 3.67 3.63 3.36 
±1.07 ·10-l ±2.84 ·10-l 

2 46.8 46.6 46.6 
±3.41 ±6.87 

3 26.6 28.2 26.6 
±1.13 ±3.03 

4 2.43 2.41 2.36 
±2.19.1O-3 ±6.00 .10-3 

5 28.6 36.1 34.3 
±1.41 ±2.92 

6 2.39 2.34 2.30 
±1.10 .10-3 ±3.83·1O-3 

7 24.2 24.1 24.6 
±1.16 ±3.46 

8 24.0 23.8 23.4 
±0.861 ±2.04 

9 3.26 3.16 2.95 
±9.85·1O-3 ±1.41·1O-l 

Table 5: Mean flow time for stream 1 

1#11 uFl , UFl 5 MMPP I I I UFl SV I I I I 0 ce 

1 1.63 1.73 1.35 
±1.27·1O-3 ±2.48 .1O-l 

2 60.5 62.7 75.3 
±4.92 ±9.46 

3 32.7 36.1 48.3 
±1.86 ±6.20 

4 0.499 0.643 0.576 
±2.09·1O-3 ±6.66.1O-3 

5 39.2 45.6 66.6 
±2.49 ±7.58 

6 0.500 0.596 0.538 
±1.28·1O-3 ±6.24·1O-3 

7 36.0 34.8 53.0 
±2.10 ±11.6 

8 35.4 34.9 48.2 
±1.72 ±3.35 

9 1.40 1.51 1.18 
±1.09·1O-2 ±1.92·1O-2 

Table 6: Standard deviation of flow time for stream 1 

4 Conclusion and Outlook 

We have presented an approximate approach to the waiting 
time analysis of a tandem queueing system where the exter

nal arrival processes are given as Markov Modulated Poisson 
Processes (MMPP). We have emphasized on the per-stream 
waiting times in the queue which is fed by both the depar
ture process from the previous stage and an external arrival 
process. We could show that there can be significant differ
ences between these waiting times and we have been able to 
quantify them with an accuracy which, for most practical 
cases should be sufficient. Furthermore, we ha.ve obta.ined 
very good results for the flow time of the stream which trav

els through both stages. 

The approach has been demonstrated for the case of 2 
stages with 2 streams per stage involved. The extension to 
a more complex system is straightforward. It is, however, 
not quite clear how in this case an interpolation algorithm 
has to look like. Nonetheless, upper and lower bounds can 
be obtained easily. 
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A Moments of U 

From [6] we know that for FCFS systems serving a super
position of arrival streams it holds under fairly general con
ditione (E, GI/GII/1) that 

~ 1- Hi(S) 
U (s) = L- (li • h. . Wi (s) + 1 - (l 

is. 

The moment relationships then simply read as 

(19) 

which is the G/G/1 conservation law (see e.g., [9]) and 

,,(2) = L: (liW~2) + ~ L: .\,h~3) + L: .\ih~2)Wi (20) 
i 3 , i 

B Waiting time approximation for 
G/G/1 

From the well known results for the M/GI/1 and the 
GI/M/1 systems one finds that the LST of the waiting time 
distribution can be written in both cases as 

1-pw 
W(s) = 1- H(s) 

1- pw' sh 

(21) 

In addition, this is also true for 0/0/1. We use this as an 
approximation for G/G/1 assuming that pw is given. 

The first two moments of the waiting time are then 

w = 
PW h(2) 

2h(l- pw) 
2 Pw h(3) 

2w + 3h(1 - Pw ) 

(22) 

(23) 
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If a better approximation for w is available we can plug 
this value into equation (23). From equation (22) we may 
then obtain an approximation for Pw which again can be 
used in equation (23). Using the exact relationship between 
the virtual waiting time and the waiting time at customer 
arrival instants we obtain a very interesting approximate 
relationship: 

(24) 

which, of course, holds exactly in all cases where equa..
tion (21) is exact. 


