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Analysis of Large-Scale Three-Stage Networks Serving Multirate Traffic 
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An analysis is given for three-stage networks serving multirate traffic where connection setup 
blocking may occur through mismatch of free link capacity. Connection setup by allocating equiva
lent bandwidth leads to the same traffic description whether an Asynchronous Transfer Mode 
(A TM) or a Synchronous Transfer Mode (STM) switch is considered. Connection setup blockiIig is 
analyzed in detail, leading to a computationally robust calculation for mismatch probability. The 
accuracy of the model is tested by simulation for selected multirate traffic profiles. The model 
gives a conservative design rule ensuring connection setup blocking below specification for each 
multirate traffic component. Expansion factors for blocking and nonblocking designs are com
pared, illustrating the considerable reductions in equipment attainable over nonblocking designs. 

l.Introduction 

Traffic design of the switching network of a very 
large A TM switch may be performed if connection
oriented admission control is postulated for A TM, 
and the switching network is a three-stage network of 
non-blocking modules. When this traffic design has 
limited occupancy, the expansion requirements may 
be reduced for such three-stage networks. Designers 
and potential users of Asynchronous Transfer Mode 
(ATM) switches have the option of an internal 
switching network which will gracefully expand, and 
which can be provisioned for unimpaired service. 

Section 2 explains how implementations of large 
A TM switches have had a strong preference for 
three-stage networks of individually non-blocking 
modules [1, 2]. The property of linear modular 
expansion possessed by three-stage networks may 
have been a strong factor in selection of this switching 
network architecture. The first proposals for 
provisioning of such three-stage networks [1] favored 
a nonblocking network based on peak bandwidth 
allocation. The capacity requirements of a 
non blocking three-stage network serving multirate 
traffic have been given [3]. 

Section 3 gives the context of traffic control 
assumptions for ATM. Section 4 describes the 
analytical model, calculation method, and simulation 
validation of mismatch probability calculations. The 
analysis of internal connection setup blocking in 
multirate circuit switching is the new technical 
contribution of this paper. An upper bound is tested 
by simulation with multirate traffic. With arbitrarily 
chosen mixes of traffic, it is illustrated that an 

accurate approximation is available for ensuring that 
mismatch probability (probability of internal switch 
blocking) is negligibly small. 

Section 5 applies the method to an example network 
to determine the mismatch probability for various 
traffic mixtures and a heuristic expansion rule. Using 
the calculation procedures of this method, the 
necessary expansion to ach.ieve negligible mismatch 
probabilities are given. 

2.Large A TM Switch Architectures 

A single stage output buffered [4] or common buffer 
[5] ATM switch provides the lowest delay and highest 
link utilization. Fairly high capacity single stage 
switches can be built, and it may be argued that up to 
the limits of a given technology, a single stage switch 
will not only perform better, but also use less 
hardware [1] than an equivalent size multi-stage 
switch using the same technology. 

But as we wish to increase the capacity of, say, the 
common memory switch, physical laws impose limits. 
For a given ATM cell size, the achievable single 
module switch capacity is limited by cell size and bus 
speed. For example, a 50 MHz bus speed, combined 
with a 424 bit cell size results in the moderate 
capacity of 21.4 Obit/so 

An obvious path to a larger switch capacity is to 
arrange multiple such switch modules (Figure 1) in a 
multi-stage arrangement. This paper addresses the 
traffic characteristics of a three-stage A TM switch 
(Figure 2), based upon ideal (output buffered or 
common memory) switch modules. 
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Figure 2: Three-stage Switching Networks 

For very large switches, we assume that the individual 
switch modules are physically distinct, and linked 
together by short fiber optic links. For system 
control and maintenance reasons, it is desirable that 
these links be considered as bidirectional links; both 
directions of a link tenninate in the same modules. 
This leads us to group input and output modules of 
the switch into single modules. The three-stage 
switch becomes folded and we can speak of central 
switch modules, and expansion switch modules where 
expansion modules are internally partitioned into an 
"input" and an "output" switch section (Figure 3). 

To reduce subsystem diversity and costs then, it is 
desirable that all switch stages be built with the same 
type of module. Links entering the expansion 

Llnlets/ n 
outlets U 
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Figure 3: Folded Switching Module 

modules and links between the expansion and central 
modules are of the same speed. 

Based on these principles, we can summarize this 
large-switch architecture: 

- All link speeds are equal. 

- A substantial number of links (16 to 64 or more 
per module) may be employed. 

- Numerical link expansion is easy to achieve, by 
assigning more ports to central links than 
external links. 

- Smooth growth can be realized by factoring the 
number of central switch modules into the num
ber of central side ports of each expansion 
module. 

3. Traffic Design of a Large Three-Stage 
ATM Switch 

3.1 Connection-Oriented Admission Control 

We shall assume that bandwidth is allocated on an 
equivalent bandwidth basis, where the sum of 
equivalent bandwidth admitted is limited to the bit
rate of the port. The parameters necessary to define 
such an equivalent bandwidth have been suggested 
[6, 7, 8]. In the control framework of [9] we 
postulate admission at the call and burst level to make 
cell loss so improbable as to be unlikely in any given 
connection. 

3.2 Admission Control and A TM Cell Loss 

Connection oriented admission control deals with the 
acceptance or rejection of a connection request in a 
similar manner to a circuit switched system. 
Bandwidth allocation for an end-to-end connection is 
attempted and if successful, the connection request is 
accepted and the connection established. Blocking is 
the action of refusing to allocate the requested 
bandwidth. Admission control acts to avoid cell loss 
by blocking connection admissions w here free 
resources are limited. 

3.3 Mismatch Probability 

Mismatch in a three-stage network is defined to occur 
when a connection cannot be accepted due to lack of 
matching free capacity on links to any central module 
even though the inlet and outlet bandwidth is 
available. Mismatch probability is completely 



equivalent to the well-known term "matching loss" 
for circuit-switching networks. We avoid the term 
matching loss to prevent confusion with A TM cell 
loss. 

Mismatch occurs at the time of allocation of band
width for a connection setup, and appears for a traffic 
stream i as an additional blocking 111 combined with 
external blocking bl experienced between switches 
(Figure 4). Mismatch is detected inside the switch as 
a failure of the simple search process for bandwidth 
across the central stage of the three-stage network. 

~ 
-~ 

11 i mismatch probability 

Figure 4: Blocking Components 

A mismatch probability may be established which is 
negligible relative to external blocking. Occupancies 
are limited at high external blocking by grade-of
service tolerance of users or application protocols. 
Multirate allocation also reduces switch outlet 
oc~upancy over a single low rate allocation as a 
consequence of regulating blocking between traffic 
streams of differing bandwidth. 

Outlet occupancies depend on the application. In the 
current telephony environment, the overwhelming 
mode of service is lost-calls-cleared. We may expect 
that some portions of a large ATM switch at least will 
be handling service on a lost-connections cleared ba
sis. The analysis here applies directly. Where queued 
service is considered, higher occupancies will result, 
and a larger expansion may be required. 

The method for calculating mismatch probability of a 
three-stage switch will now be given. 

4.AnaJysis of Three-Stage Blocking Network 

4.1 Analytical Model 

This section describes the analytical method used to 
determine the network performance. The main 
assumption is that the arrival process of each traffic 
stream is Poissonian. The network architecture was 
discussed in section 2. It is important to note that the 
analysis below applies to the unfolded network of 
figure 2 and overestimates the mismatch probability 
for the folded network. In the folded network, 
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intramodule traffic is switched internally, thus 
reducing the load on the inter-module links, and 
hence the mismatch probability. 

In order to guarantee the proper order of packet 
delivery for each call, we impose the major 
restriction that the packets of a particular call be 
transported through the same link-pair. 

It is convenient to view the call's bandwidth 
requirement as an integer multiple of a basic bit rate, 
which can be selected to be sufficiently low to permit 
accurate representation of any bit-rate. The network 
is offered S streams and we let the integer vi 
represent the bandwidth requirement of a call 
belonging to stream i, expressed as a multiple of the 
basic rate. In an isolated link, if the arrival process 
of each stream is Poissonian, the probability of 
blocking of a new request can be determined using the 
classical recursion of Roberts[lO] and Kaufman[11]. 
In the network case, we must consider the interaction 
of the network components. 

4.1.1 Notation 

S Number of traffic streams 
ai Load intensity of stream i , i = 1 ... S 
Vi Bandwidth units per stream-i call 
A Number of inlets/outlets per outer module 
L Number of inner links per module 
n Number of bandwidth units per inlet 
m Number of bandwidth units per link 
n 1ti, i = O .. n, Probability function of the 

occupancy of a given inlet 

pG) : pp), i = 0 ... (in), Probability function of the 
occupancy of j inlets, 1 ~ j ~ A . 

R ri, i = O .... m, Probability function of the 
occupancy of a given (inner) link. 

Q qi, i = O .... m, Complementary function of 
the occupancy of a given (inner) link. 

bi Probability of external blocking, of a 
stream-i call, at inlet or outlet. 

l1i mismatch probability of a stream-i call. 

~j Intermediate variable; ~i = bi + l1i ( 1 -bi) 

4.1.2 Analysis 

When the number of links L is sufficiently large, the 
correlation between the states of the inlets/outlets and 
the states of the links can be neglected. When L 
is small ( less than eight for example), the correlation 
is negative resulting in a lower mismatch probability 
for a given occupancy condition. The analysis based 
on large L should, therefore, provide conservative 
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results. Similarly, when the number of inlets (and 
outlets) A is large, the inlet-outlet correlation is 
negligible, and as A decreases, the blocking at a given 
occupancy decreases. 

The probability function n is determined from the 
modified Roberts-Kaufman recursion: 

S 

x 1tx = L ai ( 1 -J3i) 1tx -Vi ' (1) 
i = 1 

J3i = bi + lli ( 1 -bi), (2) 
n 

bi = L 1tx (3) 
x = n -Vi'+ 1 

The mismatch probability lli is yet to be determined. 
Our objective is to find the system parameters which 
would render lli negligibly small for all streams. 

To determine lli ' i = l .. S, we must frrst find the 
probability function of the number of busy bandwidth 
units per switching module. 

Vector P(k), with elements pP') ,i = O ... (kn) , 
represents the probability function of the number of 
inlets per switching module. This can be determined 
exactly using convolution summations. 

To reduce the computational effort, we follow the 
procedure below: 

p(1) = n, 
p(2j) = p(j) * p(j), (* denotes convolution), thus 

p~l) = 1ti' i = O ... n, 

p~2j)= ± p(j)p9) , j = 1... L log2A J , i = 0 ... (2jn) 
I 0 x I-X 

x= 

The computational effort can further be reduced, by 
about one half, by exploiting the fact that each 
convolution step involves identical functions. Thus: 

Li -lJ here t = --
2 

and 6 = { 0 if i is odd . 
1 otherwise 

If A is a power of 2, then p(A) will be readily 
available after executing log2A convolution 
summations. For example, if A = 128 (links) , then 
we need to execute only seven convolution 
summations, each of which is further reduced by 
using expression (4) above. If A is not a power of 

2, then the computation of p(A) requires slightly 
more effort. For example, if A = 118, ten 
convolution summations would be needed. 

Once we have p(A), the next step is to determine 
the mismatch probability. First, we determine the 
distribution of free bandwidth units in a given link 
of m bandwidth units. The total number of free units 
at the inner (link) side of each module is: M = m L, 
and the probability of i free bandwidth units in a 
link when there are j free bandwidth units in the en
tire module is given by the hypergeometric function: 

r' . 1 ,J 

where j = (M N) ... M, and i = 0 ... m , i ~ j , 
and N is the number of bandwidth units at the outer 
side of the module: N = nA. 

Rather than using R to determine the mismatch 
probability (which would involve a double 
summation), it is convenient, and computationally 
efficient, to use the complementary function Q: 

qi,j =qi-l,j -ri-l,j , with qO,j = 1. 

Then, the mismatch probability for a call originating 
from a module in state-j (j free units) and terminat
ing at a module in state-k is: 

Si ,j , k ::: ( 1 - qi ,j qi, k)L , where 
bandwidth requirement per call. 

is the 

We assume that the probabilities of mismatch states of 
the link-pairs are mutually independent. In fact, for a 
given occupancy (i and j) , the link-pair mismatch 
probability decreases each time a mismatched pair is 
encountered. Thus, the above calculation yields a 
conservative (upper bound) mismatch probability. 

The mean mismatch probability for a call belonging 
to stream i is then: 

M 

lli= L 
k=M-N 

M 

p~A) L pfA}( l-qt ,j qt, k )L, t =Vi (5) 
j=M-N 

The number M, representing the bandwidth units at 
the inner side of the module, can be excessively large. 
For example, if L = 32 and if we choose m = 1000, 
then M = 32000, which is prohibitively large for 
execution of the double summation in (5). Fortunately 
the function P varies smoothly with the number of 



free bandwidth units and interpolation techniques can 
be used. 

Furthermore, since ai, j, k = ai, k, j, the 
computational effort can be reduced by about one half 
for large M. 

The values of 11 i ' i = 1..S, are then inserted in 
equation (2) and the standard methods of successive 
approximations can be applied to determine the 
solution to any desired accuracy. When lli «1 
(for example 10-4) for all values of i, then successive 
refinements become unnecessary. 

In section 5, we demonstrate that with appropriate 
network dimensions, and with a relatively small 
expansion, the internal loss in the network becomes 
orders of magnitude smaller than the external 
blocking and the network can be treated as virtually 
nonblocking. 

4.2 Simulation Verification 

The bound calculation has been compared to 
simulation. Figures 5a, 5b, and 5c show mismatch of 
a 32x32 module switch. The calculation assumes a 
fully available link to the multirate streams. 

It is easy to see that the maximum bandwidth Vmax 
will experience the highest blocking and many 
regulating methods have been investigated to control 
this. Both unregulated blocking (full availability 
outlet» and regulated blocking (limited availability 
outlet) have been simulated. In the interests of 
simplicity, a regulated outlet which accepts new 
connections only when the current free capacity is not 
less than vmax has been simulated (equivalent to the 
trunk reservation method of [12]). In the regulated 
outlet, all Poisson arriving multirate streams see equal 
blocking. Equal blocking simplifies many operations, 
such as traffic overflow, so this regulation method is 
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reasonable to assume for network operation. 

Figures 5a, 5b and 5c show the accuracy of the bound 
over the range simulated. The mismatch of the 
maximum bandwidth Vmax stream is shown. As can be 
seen, the upper bound gives a conservative estimate of 
the mismatch probability. A load consisting of 
streams of bandwidth units (1,2,3... 10) to an 
m = 100 unit inlet was assumed. The load is 
equalized over streams in the sense that each stream 
offers equal total bitrate. As a function of normalized 
offered load (Figure 5a), occupancy at the inlets 
(Figure 5b), and blocking of the maximum bandwidth 
stream (Figure 5c) the analysis gives an effective 
bound for mismatch probability. 

5.Expansion 

U sing the method of section 4, the occupancies and 
blockings at which mismatch probability is significant 
can be estimated for any size of external and central 
stage modules. In order to illustrate the attainable 
reductions in expansion, folded modules whose inlet 
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TABLE 1 Limiting Traffic Maintaining 
Mismatch Probability under 10-6 (m = 100 ). 

Expansion Expansion Vmax Offered Inlet Vmax 
Module Ratio Load Occup. Blocking 

Limit 

32x32 1.0 5 1.78 0.92 0.64 
31x33 1.06 5 >10 >.987 >.996 

32x32 1.0 10 1.46 0.86 0.67 
31x33 1.06 10 3.5 0.94 0.96 
30x34 1.13 10 >10 >.98 >.999 

32x32 1.0 20 1.13 0.73 0.63 
31x33 1.06 20 1.52 0.80 0.79 
30x34 1.13 20 2.61 0.87 0.94 
29x35 1.20 20 8.95 0.95 0.9998 

and links total 64 are evaluated. The traffic mixture 
chosen is an even mixture of traffic from 1 to Vmax in 
increments of 1, within inlets whose capacity is 100 
bandwidth units. 

Table 1 shows levels of occupancy in the inlets and 
blocking in the outlets of a nominally 32x32 module 
which can be reached before giving a mismatch 
probability of 10-6 for the V max stream. For traffic 
streams of Vmax = 5, 10 and 20 (out of the inlet 
capacity 100), expansion is applied by changing 
inlet/outlets to links. The very high levels of occu
pancy and external blocking which produce even 10-6 

mismatch imply that at blocking levels more consis
tent with normal grades-of-service, no mismatch will 
ever be observed. These results are suggestive that a 
heuristic of using expansion ratio equal to 1 + (vmax/m) 
will ensure negligible mismatch probability. 

These heuristic expansion ratios are much less than 
those of the strictly nonblocking design [3], which 
requires expansion ratios greater than 2.0. For the 
given conditions, the opportunity exists for a 
conditionally non blocking design which saves almost 
half the capacity of a strictly non blocking design. 

6.Conclusions 

Where offered loads are those which lead to a stable 
occupancy lower than 100% at all feasible operating 
conditions, considerable economy of equipment and 
regularity in modules are obtained in three-stage 
switching networks. The architecture of Figures 1, 2 
and 3 permits the graceful adjustment of expansion 
by trading input-outlets for links to the center stage. 
The methods of this paper permit the engineering of 
this expansion to be performed to give the most 
economical expansion consistent with unimpaired 
service. 
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