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Correlation in ATM Traffic Streams - Some Results* 

Bjarne E. Helvikt Per Hokstadt Norvald Stolt 

The correlationlcovariance in the cell stream from a single ATM source or a group of sources is an important 
characteristic in addition to the more commonly regarded characteristics. Knowledge of the correlation in the cell 
stream is necessary for dimensioning. policing. resource allocation and valuation of service characteristics. This 
paper provides results related to the correlation between the arrivals of cells from single and mUltiple sources, 
necessary for engineering of ATM systems. The serial correlation is introduced and discussed and its relation to 
the index of dispersion is shown. A state oriented source with general. dependent phase type distributed sojourn 
times at the active-passive (burst) level is introduced. At the cell level. cells may be generated according to a 
number of rules depending on the state of the source. The correlation in the cell stream from the above type of 
source is determined. The results are also extended to account for connections and disconnections. The single 
source correlations are used to obtain exact and approximate results for the superpositioned cell stream from a 
number of different sources. e.g. the volume of cells in an interval and excess duration. 

1 Introduction 

The introduction of a broadband multiservice network. B-ISDN. 
based on the asynchronous transfer mode (ATM) is very likely. 
This network will handle a very wide range of traffic types. Some 
of these have known characteristics like telephony and low/medium 
speed data traffic. while others have unknown or at best antic
ipated characteristics like variable bitrate coded video. For all 
traffic types. it is extremely important to be able to characterize 
the cell stream stemming from both single sources and mixes of a 
number of sources in a way that allows an appropriate dimension
ing of the network and the network elements, and the construction 
of mechanisms for policing, resource allocation, etc. 

The importance of characteristics like the mean cell rate. the peak 
cell rate and instantaneous variance of the cell rate is commonly 
recognized. The correlation of the cell stream, however, is an im
portant property which so far has received little attention. The 
correlation reflects the dynamic properties of the cell steam. A 
cell stream with rapid fluctuations of the cell rate may for instance 
have the same mean, peak and variance as a stream with slow vari
ations. The correlation structure of the two streams will however 
be different. The importance of this for dimensioning, policing, 
resource allocation and valuation of service characteristics is ob
vious [1, 11, 13}. 

The limited attention paid to the correlation as a major characteris
tic of a cell stream may be due to the Palm-Khinchin Theorem [9. 
Chapter 5}. Misinterpretation of this theorem may lead to the as
sumption that a cell stream stemming from a number of sources 
may be regarded as a Poisson process. This has also led to too 
simple models for a composite source, like the Markov Modu-
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lated Poisson Process (MMPP) [13}. The first to point out that 
the traffic stemming from a large number of independent sources 
may be heavily correlated were Sriram and Whitt [14}. A dis
cussion of the importance of taking the correlation into account 
is given by Ramaswami [13}. In both the above papers a simple 
source model was used, only superposition of traffic from homo
geneous sources and traffic uncoloured by multiplexing and split
ting in the network was studied. To investigate the effect of more 
complex and heterogeneous sources and colouring. a simulation 
study was performed [7}. This study showed that the overall cor
relation structure was maintained. The results give no reason to 
assume that the cell arrival process may be approximated by a 
Poisson process. Recently, some results are presented for queue 
lengths arising when the offered traffic stems from a number of 
heterogeneous correlated sources [11}. 

The present paper addresses the serial correlation in ATM cell 
streams. The results presented provide improved insight into the 
correlation by results useful for traffic engineering. More specific. 
after a brief introduction to correlation and related measures of 
traffic streams in Section 2, a quite general state oriented model of 
a single source is introduced in Section 3. The sources have gen
eral dependent phase type distributed sojourn times at the active
passive (burst) level. At the cell level cells may be generated ac
cording to a number of rules depending on the state of the source. 
In Section 4, the correlation in the cell stream from the above 
class of sources is determined. The results are also extended to 
account for connections and disconnections. Next. in Section 5. it 
is shown how the correlation of traffic streams stemming from a 
large number of heterogeneous sources may be determined. Ap
proximations for such traffic streams are also derived. based on 
the assumption of normality. The distribution of the volume of 
cells arriving in a period is derived. and so is the duration ofperi
ods where the number of cells arriving exceeds a certain capacity. 
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2 Correlation 

The 'correlation structure' of a point process can be described ei
ther by correlations of the inter-event times or by the serial corre
lation of the number of events within various intervals. In general 
there seems to be no simple expression for the relation between 
these two sets of correlations. Using the serial correlations as a 
measure for dependence in the traffic seems advantageous when 
there are various sources of traffic. When these serial correlations 
are obtained for each source of traffic, also the corresponding re
sult for the total traffic is rather directly obtained (see Section 5). 
In the present paper we restrict to consider the serial correlations. 

2.1 Serial Correlation 

For a stationary point process, let N(t) be the number of 'events' 
(i.e. generated cells) within an interval oflength t. The unit of time 
equals one slot, and we actually restrict to consider time instants 
being a multiple of one slot. Further, the time axis is divided into 
intervals of constant length i, see Figure 1. Thus, one interval is 
made up of i slots. 

Y, r - Cell arrival r - - - - - Two cell, ,rrivin, in 
I I lheaamealot 

, , 
Xi') I I 

~ 
11,(1) t 

J \(/) 

N(4-l) 

Figure 1: Correlation between subsequent intervals 

Further, let 

= N(i ·f) - N«i - 1) ·f) 

# generated cells in the i'th interval of length i 
Cov(Xi(i), Xi+j(l» 

Var(Xi (l» 
hj(l) 

Correlation between X i(l) and Xi+j(f) , 

Finally, it is noted that hk(f) is obtained from hj = hj(1) by the 
following expression (see Section 5.1), i.e. hk(i) = 

Ej!(k-I)l+1 [j - (k - l)f] . hj + E}::~:ll [(k + 1)1 - j] . hj 

1+ 2 E~:l(f- j). hj 
(1) 

It is seen that a triangular weight is put on the single cell correla
tion around the ones with distance kl. 

2.2 Index of Dispersion 

The number of generated cells in the interval [0, t} is denoted 
N(t). The index of dispersion for this process, D(t), is defined 
by (see e.g. [2]) 

D( ) = Var(N(t» 
t E(N(t» 

This provides an alternative way of describing the dependence in 
the traffic. For any process without multiple arrivals, D(O) = 1. 
Further, for any stationary process E(N(t» is directly propor
tional to t, i.e. E(N(t» = p.t. If in addition the number of ar
rivals in successive intervals are independent (giving a Poisson 
prossess) also V ar(N (t» = Itt, and D(t) == 1. However, if the 
number of arrivals in successive intervals are positively correlated, 
Var(N(t» obviously becomes> p.t, and D(t) is an increasing 
function. Basic properties of the index of dispersion are discussed 
for instance in [2, 10, 14]. 

In [12] it is focused on the fact that D(t) provides information on 
the correlation structure of the process. This paper provides inter
esting results on how to identify the range oftimescales for which 
two processes are 'similar'. Also the discussion of the index of 
dispersion in the present paper will focus on the close connec
tion to the correlation structure of the process. It will be seen that 
D(t) incorporates the total information about the correlations ex
isting between the number of arrivals in nonoverlapping intervals. 
Thus, essentially D(t) represents an alternative and compact way 
of presenting this information about the correlation structure. 

2.3 Relation between serial correlation and Index of 
Dispersion 

The present section provides a relation between the index of dis
persion, D(t), for time instants t = k . f (k = 1,2,·· .), and the 
serial correlation of the arrival process, i.e. hj(l). Thus, observe 
that the time axis is now discretized, considering time instants be
ing a multiple of I. Main results only, are presented here; see [5] 
for details. We start from the obvious relation, 

and calculate the variance of this sum. Observing that 
Var(Xi(i» = D(i) . E(Xi(f» and that E(N(ki» = k . E(Xi(I», 
it follows by rather straightforward calculations that 

2 k-I 
D(kl) = D(l) . [1 + k l)k - j)hj(f)], k = 2,3, . . . (2) 

j=1 

Thus the index of dispersion at a time t = k . i (k = 2,3, ... ) is 
given by the index of dispersion at time t and a weighted sum of 
all correlation coefficients, hi (i), h2(i), ... hk-I (i). 

Typically, the hj(i) will decrease gradually to o. It is not simple to 
draw precise conclusions on hj(l) from the behaviour of D(ki). 
In panicular, the point in time where the correlations hj(i) reach 
o is not easily seen from D(t). However, the hj(t) can actually 
be obtained from the index of dispersion D(t) by the following 
relation (see [5] for details): hk(i) = 

(k + 1) . D«k + I)i) - 2k . D(kl) + (k - I) . D«k - I)l) (3) 
2D(i) 

Thus, a • one-to-one , relation between the index of dispersion 
and the correlation structure has been demonstrated: When the 
hj(t), j < k are given (with fixed value of t), then D(t) can be 
calculated in the points t = jl, j ~ k, using equations (2). Note 
that this panicular set of hj(l) will provide D(t) for t being a mul
tiple of i only. Funher, knowledge of D(r) for r $ t gives full 



infonnation of all the correlations hj(l) satisfying jt < t. Thus. 
as also pointed out by [12], D(r), r :5 t provides the correlation 
structure related to intervals within a distance of t. 

3 Single source model 

The model of a single source is state oriented and is split into 
two levels. The first of these is called active-passive level (also 
called the burst level), with sojourn times in the range of 100 ms. 
At this level the source is described by a finite state model. For 
each of these states. cells are generated according to a rule which 
may be different for the various states. These rules constitute the 
cell level models. A cell duration is about 3 J.l.s. Detailed mod
els for these levels are introduced in Sections 3.1 and 3.2 respec
tively. This model is a generalization of the previously presented 
models [5, 4]. A third level, with longer sojourn times than the 
active-passive level, representing either the alternating sides in a 
conversation, or the connection and disconnection of a virtual cir
cuit may also be included and accounted for. This is discussed 
further in Section 4.6. 

In the model and the subsequent derivations. the time, denoted t, 
is regarded as continuous at the active-passive level, while it is 
regarded as discrete at the cell level with one cell duration as unit. 
This is done for computation efficiency and has negligible effect 
since sojourn times at the active-passive level are extremely long 
compared to a cell-length. 

3.1 Active-passive level 

At the active-passive level the source is modelled as a stochastic 
process with M states, {I, 2, ... M}. Given that the source is in 
a specific state, i, a rule for the generation of cells is known. see 
Section 3.2. The M states might be divided into two subsets A 
and P. For states belonging to the set 

A = {1,2,··· Mt} 

the source generates cells, but when the source is in any of the 
states 

P={Mt+1,·.· M} 

there is no generation. Thus A and P are the sets of 'active' and 
'passive' states respectively. 

A Markov model is applied. The transition rate from state i to 
state j is denoted Wij. see Figure 2. A generalization to a phase 
type distribution for the sojourn times of the generation rules is 
also treated, see Section 3.3. 

3.2 Cellleve) 

There is a cell level model associated with each state at the active
passive level. In the passive states no cells are generated. A cell 
is generated in the first slot of an active state. Thereafter cells are 
generated according to a specific rule as long as the source is in 
this state. Denote this state i. The v'th cell interarrival time is 
denoted Li.II' where Li.O = 00 for a passive state and Li.,o = 0 for 
an active state. Two cases are regarded: 
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Active states 

Figure 2: Transitions between the states of the sourr::c process 

Deterministic The cell interarrivals follows a detenninistic se
quence. We consider two subcases: 

Infinite The sequence has no repetitive pattern. It must how
ever be stationary in the sense that the various interarrivals 
must not be steadily increasing or decreasing and all values 
are in the.same range. Hence. it is required that the sum of 
m subsequent interarrival times starting from any point in 
the sequence. tends to the same average value. Li.. with the 
order of ..;rrm, Le. 

1 L:~t Li,II+:& _ L'I- _1_ Vv > 0 
m 'y0n'-

Periodic The sequence has a pattern which repeats itself ev
ery J(t'thcell, Le. Li.,II+K, = Li,lI' Vv ~ 1. The length of the 
pattern is Li = L:~t Li,lI and the mean interarrivallength 
Li = Ld !(i. If Li. becomes similar to or longer than the 
average state sojourn time on the active-passive level, the 
"stationarity" requirement above must be obeyed. The peri
odic case is illustrated in Figure 3. 

Renewal The cell interarrivals are LLd. from a distribution Ti. I = 
P{Li.,1I = I}, Vv ~ 1 on the slotted time axis. As for 'the 
detenninistic processes the mean interarrival time is denoted 
Li = E(Li,II). 

~-- -- -- ~ -- -- - ~ 
MIMMIIIIIIr-MIMM 

- .... - r::-- --Lu La Li3 L.. LiS Li6 LI7 

State i is entered 

Figure 3: Example of a periodic detenninistic ceJJ level rule. 

3.3 Generalization of sojourn times 

In the fonnulation of the model presented in Section 3.1, there are 
M - Mt passive states with exponential sojourn times. Since 
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these M - Mt states are identical with respect to generation of 
cells (there is actually no cell generation), the introduction of more 
than one such state is merely used to specify more general (Phase 
type) sojourn time distributions, the actual distribution being de
pendent on the first passive state. 

Similarly, we may specify a general phase type distribution for the 
duration of a specific rule for cell generation. Now, divide A into 
disjoint sets, At, A2, .. " and assume that all the states within a 
specific set A,,(11 = 1,2",,) have the same rule concerning gen
eration of cells. Thus, each set of states define a phase type dis
tribution for the (uninterrupted) duration of a specific rule for cell 
generation. 

Note that by this generalization of the model, we may intro
duce dependencies between the sojourn times of the different sets 
P, A" (11 = 1,2, ... ). See Figure 4 for a simple example. 

Figure 4: Example of a source model having altemating non
exponential and positively correlated active and passive periods. 

4 Derivation of the serial correlation 

Consider the model and notation is as defined in Section 3. In 
the present section the objective is to obtain an expression for the 
correlation between the traffic in slots of various distances. It is 
assumed that the process has reached stationary conditions. Let 
the indicator variables, It. be defined by 

I = {I if a cell is generated in the slot at time t 
t 0 otherwise 

Consider an arbitrary time instant (slot) t. The probability that a 
cell is generated at this instant is given by (4), and thus the vari
ance of It is given by (5). 

Q 
Var(lt) 

E(lt) 

Q. (1 - Q) 

(4) 

(5) 

Next, to determine the covariances of the It's, we need the prob
ability 

qt = P {generate a cell in slot r + t I cell generated in slot r} 

Using (4) it now follows that covariances of the It's are given by 

(6) 

Further, the correlations equal 

(7) 

Thus second order properties of the process will be given directly 
from qt. These will be obtained in sections 4.3 and 4.4. Of course 
qO = 1. Further, as t -+ 00 , the probability qt of generating a cell 
in slot r + t becomes independent of the given condition that there 
is a cell in slot r. Thus qt -+ Q as t -+ 00 and so ht -+ O. 

Experiences from previous simulation studies and modelling ef
forts, e.g. [7,5], indicate that it is the correlation caused by cells 
generated within the same state occupancy which gives the dom
inating contribution to the overall correlation. Hence, we derive 
exact results for the quantities related to this state occupancies and 
approximate results for the contributions to the correlation due to 
subsequent state occupancies. Symbols relating to the initial state 
occupancy are marked with an asterisk, *. 

4.1 Active-passive level 

Now consider the calculation of the probability that the source is 
in a state i at time t, given that the source generated a cell at time 
t = O. Let k denote the initial state occupied at time t = 0, and let 
S(t) denote the state occupied at t. Until the first transition of state 
occurs, it will be known that the generation of cells follows the 
original rule of the initial state k. Therefore, it should be specified 
whether the source is still in the initial state, or whether at least one 
transition has occurred. Thus, the following state probabilities are 
defined 

P {S(t) = i, 3r E [0" . " t] S(r) ::f k I S(O) = k} 

= P {S(r) = k, Vr E [0" . " t] I S(O) = k} 

It is observed that the total probability of being in state k at time 
t equals 7rkk(t) + 7rZ(t). The total probability of being in any state 
i ::f k equals 7rki(t). Obviously 

(8) 

By standard Markov analysis, it is found that the remaining state 
probabilities are obtained from the equations 

7r~i(t) = -Wii7r.lci(t)+ l: Wji 7rkj(t)+Wki 7r'k(t), i = 1, ... M (9) 
jti 

The equations (9) are now combined with the result (8) and the 
initial condition 7rki(O) = 0, V k, i and may be solved to give the 
state probabilities 7rki(t). 

4.~ Cell level 

Denote the event that a cell is generated at t by C(t). We then need 
the following 

bi.t P {C(t) I C(O), 3r E [0" . " t] S(r) 7' i, S(t) = i} 

bk,t = P {C(t) I C(O), S(r) = k Vr E [0" . " t]} 

First, an approximation for hi,t is given, and thereafter expressions 
for bk,t in the various cases. 



Since it is assumed that all phase infonnation relative to the cell 
at t = 0 is lost in subsequent states. and that Li is very short com
pared to the sojourn time of state i. the probability of finding a 
cell at time t is proportional to the average cell generation rate. 
Hence. 

1 
b' t ~ =- (10) 

I, Li 

where Li are defined for the various cases in Section 3.2. If Li 
becomes comparable to the sojourn time. (10) is easily modified 
to give the correct average rate [6]. 

In a deterministic infinite sequence. the probability of choosing 
the n·th cell at time O. Ci,n is approximately proportional to the 
probability density function of the backward recurrence time at 
the active-passive level. Since backward and foreward recurrence 
time distributions are equal. we may use 7r;(t) from (8). From this 
starting point. the Li,n+1I must sum up to t in order to experience 
a cell at this time. Hence. 

bi,o = (11) 

bi,t = f: Ci,n . I (3 j E {I, ... , t} so that t Li,n+1I = t) 
n=O 11=1 

Ci,n ~ C· -~7r~(t)1 (12) 
dt I t=~" L . 

L.J.,JJ ','" 

where C is a nonnalizing constant. and 10 is the indicator func
tion. If the sequence has no regularities, it is reasonable to use the 
approximation bt,t ~ 1 (Ii . 

For the deterministic periodic sequence we assume that Li is short 
compared to the sojourn time of state i. and. as a result of this. the 
cell at 0 is chosen approximately unifonn within the pattern with 
probability 1/ J(i. Hence. the probabilities are obtained by finding 
the average relative positions in the pattern. 

1 Ki-1 

bi,t = 1(' I: 
I n=O 

I (3j E {n,·· . , J(i + n - I} 

so that E~=n+l Li,v = t mod Li) (13) 

where the mod operation shifts the actual time t within the first 
Li - 1 cell lengths from time zero, and 1(·) denotes the indica
tor function as above. See Figure 5 for an illustration. For short 
sojourn times. (13) are easily enhanced as in the detenninistic in
finite case [6]. 

Li --------------. 

~-.--+_ .. t·································· ... ·· ... ······ .. ·· .................... .............. .. 
LIl La La LI4 L" Li6 .. 

~-o 
tmodL I 

Figure 5: Example showing onc tenn in the equation deteJ7!lining 
bi,t for the detenninistic periodic role. 

When cells are generated according to a renewal process, bi,t is 
equal to the renewal density of an ordinary process. From [3] we 
have 

t 

bi,t = I:[ri,t]*n (14) 
n=1 
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where *n denotes n-fold convolution. The above equation may 
become computational demanding if an analytical solution is not 
found. Note however that the number of tenns in the sum will be 
reduced by a factorx if we require that Li,lI ~ x. Furthennore. bi,t 
will tend to its stationary value I/Li with a speed depending on 
the standard deviation of the distribution of Li,,,. For sufficiently 
large t. and no periodicity in ri,/. the approximation bt,t ~ I/Li 
suffices. E.g. for a cell process with a coefficient of variation of 
1. this approximation is reasonable when t > 5Li. 

4.3 Probability of cell generation 

Given that the process at time t = 0 is in state k. the probability 
of generation ofa cell at time t. P{C(t) I S(O) = k, C(O)}. equals 

M 

qk,t = bk,t7rZ(t) + I: bi,t'lrki(t), k = 1,2, ... M (15) 
i=1 

Actually qk,t = 0 for k > Ml. 

Now consider the initial conditions for the transient process un
der investigation. The state at time t = 0 actually equals the state 
at an 'arbitrarily' chosen instant of the stationary source process. 
imposing the restriction that a cell is generated at this instant In 
order to find the state probability distribution at time t = 0, intro
duce 

'lri = lim 'lrki(t) 
t-+oo 

bi = lim bi t t-+oo ' 
Qi bi7ri 

M 

Q I:Qi 
i=1 

°i = Qa/Q, i = 1,2,,·, M (16) 

Here Q i is the probability that the stationary process is in state i at 
an arbitrary instant in time and that a cell is generated. Observe 
that Qi = 0 for i > Ml (i.e. for the passive states) and that the 
cell generation probability defined in (4) is now detennined by the 
above relations. By nonnalization, we obtain the probabilities, Ok 

of k being the initial state at time t = 0 of the transient process. 
Hence, Ok = P{S(O) = k, C(O)}. Thus, the overall probability of 
a cell being generated at time t equals 

M MI 

qt = I: Okqk,t = I: Okqk,t (17) 
k=1 k=1 

where the q~,t are given by equation (15). 

4.4 Generalization of sojourn times 

Now consider the mote general model described in Section' 3.3. 
The total set of active states A, is divided into disjoint subsets, 
Al 1 Al,' . " so that the rule for cell generation is the same for all 
states within a subset. Let A(t) denote the subset occupied at t. 

The initial state at time t =0 belongs to the set A'1" Now the proba
bilities 'lrZ(t) and 'lrki(t) no longer provide the desired infonnation 
from the process. Presently it is not important whether the initial 
state k has been left. The key point is whether the process has left 
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the initial subset of states, A", occupied at time t = O. Thus, for 
any k E A" the previous definitions of the state probabilities are 
modified as: 

"'ki(t) = 
P {S(t) = i, 3r E [0, .. ·, t] A(r);l A" I S(O) = k EA,,} 

"'ki(t) = 

P {S(t) = i, A(r) = A" Vr E [0,,, " t] I S(O) = k EA,,} 

For a given k E A" these probabilities are obtained from the fol-

Serial conelIIion, " 

l..~~------------~ 

Analytical 
0.8'~-----1ppIOX. 

0.64-----=r------1 

Simulalion 

lowing state equations 0.2 

"'k;(t) = -Wii"'ki(t) + E Wji1rkj(t), i E A" 

jEA" 

j'li 

"'ki(t) = -Wii"'ki(t) + L Wji"'kj(t) 
j'li 

(18) 

+I(i ~ A,,) L Wji"'kj(t), i = 1,2" . " M (19) 
jEA" 

By these two sets of equations, the state probabilities are obtained 
for any initial state within the set A". Here the "'ki(t) are first 
found from equation (18). 

Nearly all the cell level results in Section 4.2 holds for the model 
with generalized holding times, simply replacing index i with f'J. 
The only exception is the backward (forward) recurrence times in 
(12), which should be replaced by: 

c",n ~ C· L Ok L -~ "'ki(t)l " (20) 
kEA" ieA" t=E"..,L",,, 

Where C is a normalizing constant as before, and "'ki(' ) is given 
by (18) and Ok by (16). 

Now the equation (15) for the probability of generation of a cell 
at time t, given state k at time 0 is replaced by 

qk,t = b;,t L "'ki(t) + L bC,t L "'ki(t), k E A" (21) 
iEA" c iEA, 

The asymptotic distribution "'i is also obtained from (19) by in
serting "'~i(t) = "'ki(t) = O. This distribution is independent ~f.k, 
and the corresponding o~s follow from (16). The total probablhty 
qc of a cell being generated at time t is found by inserting these 
Ok and the result (21) into equation (17). 

4.5 Comparison with simulations 

The accuracy of the approximation is investigated [6]. It is good 
as long as there are no deterministic sojourn times, which would 
require an infinite number of states in our model. Figure 6 shows 
the results from a simple example source, having a passive state, 
1, an ordinary active state, 2, and a burst state, 3. For exempli
fication, short sojourn times (and cell patterns) are used. Hence, 
enhanced versions of (10) and (13), taking this into account, is 
used for the comparison. 

4.6 Generalization to three levels 

The results in the previous section can be extended to traffic sources 
which alternate between being 'connected' and 'disconnected' or 

~~~~--~r-~~--~~--~---1 

o 10 20 30 .so Cellla&. j 

Figure 6: Simple source model, and a comparison between the 
analytical approximation and simulation results. The time unit is 
onc cell duration. Cell generation is detenninistic with period 10. 
5105 cell durations are simulated. 

being the 'talking' and 'listening' part in a dialogue. Assume 
that the connect periods, C, are random variables having means 
E(C) = c. It is assumed that c :> w;;l, Vi. Similarly for the 
disconnect periods, which have the mean d. C· is the recurrence 
time of the connect period, which is easily obtained from its dis
tribution [3]. 

Considering one traffic source only, the following approximate 
results can be derived for this new situation [5]: 

E(1c) = Qed = _c_Q 
c+d 

qt . P(C· ~ t) - Qed 
~ 

1- Qed 

(22) 

(23) 

The probabilities qc are as given in (17). The condition for apply
ing this approximation is that there is a negligible contamination 
between traffic of different connect periods, which follows from 
the assumption c, d::> w;;l. 

5 The cell stream from many sources 

In Section 4 first and second order moments of the cell stream Ic 
from a single source was derived. In the present section general
izations and applications of these results to a cell stream generated 
by a number of sources, are given. 

Consider the case that there are S sources of traffic, with different 
distributions for the sojourn times at the active-passive level, and 
having different rules for generation of cells. Funher, the sources 
are assumed to be mutually independent Thus there is no corre
lation between traffic of different sources. The various variables 
are illustrated in Figure 1. The results of Section 4 are valid for 
any specific source 8 (8 = 1,2"" S). The previous notation is 
maintained. However, all parameters L, Q, H h ••• of Section 4 
are given a superscript (8) to identify the various sources. The 
total number of generated cells in slot t now equals 



It follows that E(Y,) = E t=1 Q('). Var(Yt) = E~=1 Q(')(1-Q('». 
Cov(YT'~ YT'+t) = E:=1 Ht .). Here the actual expressions for Q(') 

and H~' are given by (4. 16) and (6) respectively. 

5.1 Volume of cells 

First consider the traffic from a specific source over an interval 
of length t. N(')(t) = E~=1 l$·). Here E(N(')(t» = t . Q('). 
Var(N(')(t» = t· Q(')(1- Q('» + 2 E~::(t - T)H$') Further. the 
total traffic from S independent traffic sources (in an interval of 
leRgth t) equals 

s 
N(t) = L: N(')(t) 

• =1 
Thus. the mean and variance of N(t) follows directly E(N(t» = 
E:=1 E(N(·)(t», V ar(N(t» = E~=1 Var(N(·)(t». 

Now consider the correlation between the traffic in intervals of 
length I being separated by a distance t = kl. i.e. the time axis 
is discretized as described in Section 2. The total traffic from 
a specific source s over an interval of length I equals Xi')(I) = 
N(')(kl) - N(')«k - 1)1). The covariances between these vari
ables are denoted 

By letting I = 1. we get k = t. and thus the previously intro
duced covariances equal H~') = H~')(1). Rather straightforward 
calculations give. cf. (1). 

~ ~+n~1 

Hi')(I) = L: (t - (k - l)I)H~') + L: «k + l)l - t)H~') 
t=(k-l)t+l t=kl+l 

(24) 

The H~') in this formula are the covariances (for source s) directly 
given by (6). 

The total traffic from all sources equals Xk(l) = E:=1 xi')(l) = 
N(kl) - N«k - 1)l). and the covariances of these are given by 
the above result: 

s 
H k(l) = C ov(Xi(I), Xi+k(I» = L: Hi')(I) (25) 

,=1 

As Xk(l) = N(l). mean and variance of Xk(l) directly follow 
from the results previous in this subsection. In panicular. 

S 1-1 
Var(Xk(l» = Ho(l) = L: {IQ(')(1 - Q('» + 2 L:(I - t)H~')} 

.=1 t=1 

The correlation coefficients are now found from hk(l) = 
Hk(l)j Ho(I). By inserting I = 1 in the above formulas. they 
reduce to the results for the Yt = X t (1) above. By the present 
results. also the index of dispersion of the arriving traffic is found 
from the relations given in Section 2. see equation (2). 

5.2 Distribution of the traffic volume 

1be mean and variance of the total traffic. N(t). over an interval 
t was obtained in Section 5.1. Thus. the parameters 

p. = E(N(t»jt, eTl = Var(N(t» (26) 
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are given by these results. 

Further, asymptotically, as the number of traffic sources, S, ap
proaches infinity, the traffic over one slot, Yn becomes normally 
distributed. Thus, asymptotically, (Yl, Y2, ... , Yt) has a multinor
mal distribution, and also N(t) = E~.1 YT' has asymptotically a 
normal distribution. It should be noted that for a finite S this will 
not necessarily give a good approximation for the distribution of 
the Y:s and N(t). Ifa small number of sources dominate the total 
traffic, the normality approximation might be rather bad. 

However, the normal distribution might be applied for N(t) even 
if it gives a rather bad fit for the Y:s. Under the assumption that 
N(t) is approximately normally distributed, the use of (26) will 
provide useful results on the traffic over an interval of finite length . 
Now let 4»(.) be the distribution function of the standard normal 
distribution (having mean 0 and variance 1). Then 

Pt = P{N(t) > Kt} = 1 _ <I>(Kt - tp.) 
eTt 

eTt -~(KI-t~j 
E(N(t)IN(t) > let) = tp. + . PC e I 

ptV211' 

Observe that these expressions for Pt and E(N(t)IN(t) > Kt) 
depend on p., eTt essentially through the (squared) coefficient of 
variation of N(t), i.e. Cf = Var(N(t»j E 2(N(t» = eTl j(tp.)2 = 
D(t)jp.t. If also l(t = t· K, the results will depend on l( and 
p. through 'traffic intensity' p = l( j p. only. Details are found 
in [5], which also presents the mean and variance of the 'traffic 
overflow', 

W(t) = { ON(t) - Kt if N(t) > l(t 
otherwise 

5.3 Peak duration 

Figure 7: Example of a peak duration. 

Now consider 

Tp = The length of an uninterrupted period with YT' > K, 

as illustrated in Figure 7. Thus, Tp is the 'peak duration', be
ing related to the 'overflow' discussed in the previous section. In 
principle, the distribution of Tp is given from the joint distribution 
of the YT" Introducing f(Yl, 1/2, ... , Yt) as the joint multinormal 
distribution, we define 

'I'(t) = P{Yl > K, Y2 > l(, .. ·, Yt > K} 

= koo koo 

... iK
oo 

I(Yl, 1/2, ... , Yt)dYl d1/2 ... dYt 

Then the distribution of Tp equals 

P{Tp ~ t} = P { Yo ~ K n~=1 YT' > K I Yo ~ K, Yl > K} 

= 
'I'(t) - 'I'(t + 1) 

'1'(1) - '1'(2) 
(27) 
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The integral 'I'(t) of dimension t is in general not easy to calcu
late. Such calculations are discussed in Chapters 35 and 36 of [8]. 
There it is concluded that the multidimensional integrals of the 
nonnal distribution are rather difficult to handle unless the dimen
sion, t, is rather small (up to 4-5). Therefore, the calculation of 
the exact distribution of T, is not pursued in the present paper. 
However, expressions for mean and variance are easily obtained: 

00 '1'(1) 
E(T,) = ~ PiT, ~ t} = '1'(1) _ '1'(2) (28) 

and, as 
00 E(T2) + E(T ) E tP{T, ~ t} = p 2 ' 
t=1 

it follows that 

E(T2) = '1'(1) + 2 L~2 'I'(t) 
, '1'(1) - '1'(2) 

(29) 

By calculating the first tenns in (29) at least a lower limit for 
Var(T,) can be obtained. 

Note that the variable T, defined above does not necessarily give 
the most interesting definition of 'peak duration'. If there are fre
quent fluctuations in the traffic. there might also be frequently oc
curring (butshort) T;s. Thus, looking at E(T,) alone might give a 
misleading picture (the small E(T,)'s indicating satisfactory be
haviour of the traffic, even in cases where the traffic is actually 
very high). Thus, both the mean of T, and the frequency of these 
intervals should be calculated in order to obtain a proper under
standing of the traffic. Secondly, it might be advisable to 'smooth' 
the traffic, before calculating the mean ofTI" This could be done, 
by considering the traffic in intervals of length i, rather than the 
traffic in single slots. That is, Yr should be replaced by X i(i) when 
calculating the peak duration (the previous discussion based on Yr 

corresponds to l = 1). The calculations for Xi(i) can be carried 
out in exactly the same manner, using the results of Section 5.1. 
When this is done for various values of t, a rather good picture of 
the traffic is obtained. 

6 Concluding remarks 

This paper provides a set of results useful for the study of ATM 
traffic. It gives improved insight in the traffic process. The rela
tion between the Index of Dispersion and the correlation structure 
allows an interpretation of this commonly used index. A sim
ple and useful approximation for the serial correlation of the cell 
stream for a class of sources are derived. This class has three 
activity levels with different time constants: a level with alternat
ing connected and disconnected periods, an active-passive (burst) 
level with possibly dependent and general phase type distributed 
'state' durations, and a cell level where detenninistic and stochas
tic cell generation rules are associated with each of the above 
states. Furthennore, results are derived for a number of important 
properties of a composite traffic stream based on the correlation 
in the single streams. These results may help in the buffer dim en
sioning, policing and resource allocation problems in the design 
of ATM systems. 

Ongoing work supplements the above, by considering changes of 
the correlation of a stream introduced by FIFO buffering [6]. 
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