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This paper presents a general model which optimizes the decision process for routing circuit
switched calls of a' given private distribution network. The public network, in which the private 
network is embedded, is used as a back-up source for routing the calls whenever it is econom
ically justified. The model is presented as a Markov decision process and the value iteration 
algorithm is selected for solving it. The structure of the optimal solution achieved by the model 
can practically be implemented by translating it to simple routing rules. Computational consid
erations when solving real dimensional private networks are widely discussed and two examples 
are fully presented. The main contribution of the paper is by applying a Markov decision 
model to solve real dimensional network problems within reasonable CPU time limits. 

1 Introduction 

Past limitations of Public Switched Telephone Net
works (PSTN) in performance, quality and reliability 
in addition to considerations of cost saving, have been 
decisive factors for the establishment of private net
works. 

Although-the introduction of advanced digital tech
nology facilities in the public network, such as Com
mon Channel Signaling No. 7, ISDN and Intelligent 
Network, may weaken some of the above factors (e.g. 
introducing Closed User Group facilities), new possi
bilities have been created at the same time for im
plementing private networks, such as virtual private 
networks and the use of semi-permanent connection 
channels within ISDN. The possibility of using semi
permanent channels becomes a significant advantage 
when considering private networks as it overcomes the 
modularity constraints which conventionally apply to 
digital transmission. 
Furthermore, the increased competition for supplying 
telecommunication facilities resulting in the introduc
ing of more than one supplier for long distance bearer 
services, accompanied usually by different tariff poli
cies, is another incentive factor for cost saving when 
considering private network opportunities. 
The above emphasizes the important role private net
works may play in the future. Private ISDN, which 
takes into considerations private network standards 
(signalling, equipment etc.), is therefore a natural de
velopment in this area (see for example Jordan [5], 
Kelton [7] and Nguyen, Jordan & Lee [9]). 

The above developments may naturally create new 
utilization possibilities for private networks. An im
proved utilization of a given private network can be 
achieved by dynamically using the public network 
(public networks) as a back-up source oftelecommuni
cation facilities whenever an Origin-Destination (OD) 
path within the private network (pure private OD 
path) cannot be found (due to temporary loads of the 
private network resources) or even does not exist. 
In such cases either pure public OD paths or mixed 
private-public OD paths are eligible for use. Accord
ing to this approach the routing process of calls orig
inated by users of a private network is dependent on 
the instantaneous status of the leased lines (time slots) 
each of which is either occupied or idle. (The status of 
the lines, which is required for the model, can techni
cally be achieved when using advanced signalling ca
pabilities, that can be implemented in various ways, 
e.g. within the framework of Customer Network Man
agement (CNM).) 

It is required therefore to develop an analytical 
model for dynamic routing decisions, on a call-by-call 
basis, which will take fully into account the cost of 
using the public network' alternatives. Thus, we are 
looking for a particular state dependent routing which 
is applicable for private networks. 

A special case of private networks is a private distri
bution network which has usually a "tree" structure. 
Such a network might represent a service centre hav
ing routes (direct and indirect) to various destinations 
for distributing the calls originated at its centre. 
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The model, which is applied to a private distribution 
network, can be extended to a general private network 
or to a general distribution network in an ISDN en
vironment where calls are classified into classes, each 
of which require a different bit rate (time slots). The 
computational considerations of such extensions will 
be discussed in section 3. 

The natural objective function of the model is to 
minimise the average cost per unit time for carrying 
the calls of a given private network. 
Moreover, such a model might be used for comparing 
analysis of average cost values according to changes in 
the private network dimension and consequently might 
be an auxiliary tool for determining the optimal struc
ture and dimension of private networks. 

Under the commonly used assumptions, of expo
nential holding time of the occupied lines and Poisson 
arrival rate of calls, the state-to-state transition of the 
network is a Markov process, so a Markov decision 
approach seems appropriate to present the dynamic 
evolution of the network. 
The Markov decision approach has been applied for 
a variety of communication network problems (see 
Gopal &; Stern [1], Kraimeche &; Schwartz [8)' Ross 
&; Tsang [11] and Tijms &; Eikeboom [14]). 

In section 2 we present the required model. Section 
3 is dedicated to computational considerations of the 
model. In section 4 two examples are analysed from 
which one can learn about the practical aspects of the 
model. 

2 The Model 

As mentioned, we consider a private distribution net
work with a "tree" topology where calls are originated 
at its "root" (centre). 
To analyse the Markov Decision Process (MDP), on 
which the model is based, we define the following no
tation. 

N = Set of private network nodes, indexed by i = 
0,1,2, ... n, where node 0 represents the centre of 
the private network. 

Lij = No. of leased lines (time slots) from node i to 
node;' where 0 ~ i ~ n - 1, 1 ~ ;' ~ n, i < ;' 
and Lij ~ O. 

Ai = Random traffic offered from the centre to node 
i, 1 ~ i ~ n. 

Cij Cost per unit time when using the public net-
work from node i to node ;', Cij ~ 0 Vi,;' ~ n. 

S = Set of possible states of the network. 

D, = The set of decisions admissible when in state 
s, sE S. 

pd(s, r) = One-step transition probability from 
state 8 to state r when selecting decision (action) 
d, dE D,. 

Cd (s) = One-step expected cost per unit time associ
ated with the selection of decision d while in state 
s, sE Sand dE D,. 

I S I = Total number of possible states of the network. 

We are looking for an optimal stationary decision 
policy which includes a collection of I S I decisions, 
each of which represents the optimal decision while in 
s~ate s, 8 E S. 

To solve the model we select the Value Itera
tion Algorithm (VIA), which is considered as one of 
the best computational methods for solving large-scale 
MDPs (see Tijms [13]). 
The VIA, based on a Dynamic Programming ap
proach, can be presented by the following recursive 
equation: 

(1) 
where, 

k = The serial iteration number, k ~ 1. 

Vo(s), sE S, is an arbitrary cost function. 

Vk(S) = minimal total expected cost when starting 
at state s, moving k steps and paying terminal 
cost Vo(r) if the process ends up at state r. 

Consider now the differences, 

8 E S (2) 

For large k the value cS'k(S) represent very closely the 
minimal average' cost per unit time, 
as Vk(S) ,..., k· cS'k(S). 

The algorithm stops at a certain iteration k when 
the values cS' k ( S ), S E S, become close to each other. 

A possible stopping criterion is 

(3) 

where ~ is a predetermined error. The decisions for 
which Eq.(1) is satisfied when the algorithm stops 
comprise the optimal stationary decision policy, pro
vided that ~ is chosen sufficiently small. 



3 Computational Considerations 

In order to reach an optimal solution for the model 
presented in section 2 within a reasonable CPU time 
limit, computational aspects should be considered. 

The computational complexity per iteration of the 
VIA for a matrix [pd(s, r)J with no zero elements is 
of order D· 1 S 12 (where lJ is the average number of 
decisions per state). In our case, 

n-l n 

1 S 1 = IT· IT (Lij + 1) (4) 
i=O j=i+l 

For public networks the number of possible states 
1 S 1 is enormously large, so the Markov decision ap
proach might not be directly applicable (see for exam
ple Kelly [6J and Ott & Krishnan [10]). 
However, for private networks in general and private 
distribution networks in particular, the value 1 S 1 is 
significantly smaller even it might be still quite large. 

The reduction of computational effort of the model 
in order to solve real dimensional problems was 
achieved by using the following complement actions. 

3.1 The Semi-Markov Decision Process 

We use a well known technique (see Tijms & Eike
boom [14]) to convert the model to a semi-Markov 
Decision Process (SMDP) by introducing artificial de
cision epochs related to the departure events of calls 
even though no decisions are taken at those events. 
This technique leads to sparse and simple One-Step 
Transition Probability Matrices (OSTPM), so the 
computational complexity per iteration is reduced to 
D . N· 1 SI, where N « 1 S 1 represents the average 
number of non-zero elements per row in the OSTPM. 
(The value N is in the range 2R - 3R , where R is the 
number of line-groups in the analysed network) . 

When applying SMDP models, a data transforma
tion on both the cost values and the OSTPM elements 
has to be performed (see Schweitzer [12]) . 

The modified cost values are: 

Cd(s) = Cd(s)/rd(s) 

The modified probabilities are: 

where, 

(5) 

s=/:.r 
s=r 

(6) 

rd(s) = Expected sojourn time of the network in 
state s when selecting decision d 

455 

and 

o < r < min {rd(s)} 
,ES, dED. 

(7) 

In our case rd(s) is independent of d. 

3.2 Decision Considerations 

In the previous subsection we have reduced the compu
tational effort per iteration to the order of D· N· 1 S I. 
Further improvement can be achieved when reducing 
D - the average number of decisions considered per 
state - by eliminating, in advance, decisions that can
not be in the optimal decision policy. 

The decision d, dE D" while in state s, sE S, in
cludes in fact n components, each of which represents 
the routing decision of calls to a certain destination. 
Thus d can be presented in the following way: 

Similarly the state s can be presented by: 

We define di = j as the decision to route calls to 
destination i via destination j, i,j ~ n. 
For practical considerations we assume a "Triangle 
Cost Policy" within the public network where: 

i,j,l~n (8) 

Based on this assumption one can use the simple 
rule di = i when SOi < LOi, and hence significantly 
reduce the number of decisions of the set D,. 

Another useful rule is the elimination of decisions 
that are not economically justified. E.g. di =/:. j if 
COi ~ Cji. 

A third rule relates to destinations not having di
rect leased lines. 
E.g. Two close destinations having a similar cost 
structure when using the public network can practi
cally be presented as a single node only. 

The last rule in this subsection is related to the 
elimination of decisions that can lead to infeasible 
states. E .g. di =/:. J' if so; = Lo; . 

3.3 Accelerating Techniques 

An additional way of saving computational efforts, 
which complements the previous actions, is the use of 
accelerating techniques, aimed at reducing the num
ber of iterations of the VIA until getting the optimal 
solution. 



456 

For the model presented, we apply an accelerating 
technique developed by Herzberg & Yechiali [2], [3] 
& [4] based on a look-ahead analysis and the devel
opment of criteria for selecting the relaxation factor , 
being used in speeding-up the VIA. 
This technique, which significantly accelerates the 
VIA, is particularly effective for Markov decision mod
els having large values of D. 

3.4 Model Extensions 

Although the model was developed originally for pri
vate distribution networks, it can be extended to more 
general private networks as well. 

For these cases the values 1 S 1 might be quite large 
but still manageable. The significant change in the 
analysis relates to the decision vector d which will 
have in general the order of n2 components instead 
of n components only in the original case. 
As the effectiveness of the accelerating technique used 
inc·reases with the growth of the value D, real dimen
sional problems, representing moderate private net
works, can still be solved within reasonable CPU time 
limits. 

The extension of the model for a general distribu
tion network in ISDN using various bit rates affects 
both the sets D 6 and the value I S I. The case of 
introducing classes of calls in the ISDN environment 
when using the Markov decision approach was inves
tigated by Ross & Tsang [11]. 

4 Numerical Examples 

To illustrate the model, we present two numerical ex
amples from which one can learn about the nature of 
the optimal solution and its practical aspects . 

4.1 Example No. 1 

We consider here only a single private route from node 
"0" to node "1" with 16 leased lines and 4 various des
tinations. For sensitivity analysis purposes we use the 
traffic Al as a parameter. The relevant data are: 

Al = 9,12,15 and 18 E. 
A2 = 5 E., As = 3 E., A4 = 4 .5 E . 

COl = CO2 = Cos = C04 = 10 
Cll = 0, C 12 = 4 , ClS = CH = 6 

Clearly I S I = 17. Since nodes 3 and 4 have an 
identical cost structure, they can be presented by a 
single node, say, node 34 where: 

Ao,s4 = 7.5 E., CO,S4 = 10.0 and Cl,S4 = 6.0 . 

The relative VA: (8) values obtained from the last 
iteration of the VIA are: 
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FIG. 1 - Changes of Relative State Values 

The optimal decisions and cost values are: 

d = d(dl, d2 , dS4 ) 

SOl Al = 9 Al = 12 Al = 15 Al = 18 
00 111 111 111 111 
01 111 111 111 111 
02 111 111 111 111 
03 111 111 111 111 
04 111 111 111 111 
05 111 111 111 110 
06 111 111 111 110 
07 111 111 111 110 
08 111 111 110 110 
09 111 111 110 110 
10 111 111 110 110 
11 111 110 110- 110 
12 110 110 110 100 
13 110 110 100 100 
14 110 100 100 100 
15 100 100 100 100 
16 000 000 000 000 

5 .15 5.32 5.54 

From the above (consider the case of Al = 18 E.) 
one can create simple routing rules as follows: 



• Calls for destination 1 will be routed via the pri
vate route whenever there is an idle channel in 
the route. 

• Calls for destination 2 (3 and 4) will be routed via 
the private route only if the number of occupied 
channels does not exceed the value of 11 (4). 

• For all other cases the calls will be routed via the 
public network (zero decision values). 

4.2 Example No. 2 

In this case we consider two private routes and a total 
of 5 various destinations. The relevant data are: 

LOl = 10 leased lines, and L02 = 20 leased lines, 

15 E ., 
5 E., As = 6 E. 

COl = CO2 

Cll 1, Cl2 
C2l = 8, C22 

= C03 = C04 = Cos 10 
8, C13 7, CH 5, C1S 3 
1, C23 = 3, C24 = 5, C2S = 7 

The total number of states I S I = 11· 21 = 231 . 

The relative Vk(S) values obtained from the last it
eration (the 7th iteration) of the VIA are: 
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The optimal decision tables are: 

State 000000000011 111 111 112 
802 012 345 678 901 234 567 890 

801 For Destination No. 1 
00 111 111 111 111 111 111 111 
01 111 111 111 111 111 111 111 

111 111 111 111 111 111 111 
111 111 111111 111 111 111 

09 111 111 111 111 111 111 111 
10 000 000 000 000 000 000 000 

801 For Destination No. 2 
00 222 222 222 222 222 222 220 
01 222 222 222 222 222 222 220 

222 222 222 222 222 222 220 
222 222 222 222 222 222 220 

09 222 222 222 222 222 222 220 
10 222 222 222 222 222 222 220 

801 For Destination No. 3 
00 222 222 222 222 222 222 200 
01 222 222 222 222 222 222 200 

222 222 222 222 222 222 200 
222 222 222 222 222 222 200 

09 222 222 222 222 222 222 200 
10 222 222 222 222 222 222 200 

801 For Destination No. 4 
00 222 222 222 211 111 111 111 
01 222 222 222 221 111 111 111 
02 222 222 222 222 111 111 111 
03 222 222 222 222 211 111 111 
04 222 222 222 222 221 111 111 
05 222 222 222 222 222 111 111 
06 222 222 222 222 222 211 111 
07 222 222 222 222 222 200 000 
08 222 222 222 222 222 200 000 
09 222 222 222 222 222 200 000 
10 222 222 222 222 222 200 000 

801 For Destination No. 5 
00 111 111111111 111 111111 
01 111 111111111 111111 111 
02 111 111 111 111 111 111 111 
03 111 111 111 111 111 111 111 
04 111 111 111 111 111 111 111 
05 111 111 111 111 111 111 111 
06 111 111111 111 111111111 
07 111 111 111 111 111 111 111 
08 111 111 111111 111 111111 
09 222 222 211 111 111 111 111 
10 222 222 220 000 000 000 000 

The above decision tables can be translated to man
ageable routing rules as follows: 
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• Calls for destination 1 (2) will be routed via the 
private route (0,1) ((0,2)) whenever there is an 
idle channel in this route. In other cases the calls 
will be routed via the public network. 

• Calls for destination 3 will be routed via the pri
vate route (0,2) only if there are at least 2 idle 
lines in this route. In other cases the calls will be 
routed via the public network. 

• Calls for destination 4 will be routed according to 
the following priority orders: 
Priority I-via route (0,2) if 

the Idle Lines (IL) in route (0,2) are at least 
5 and are greater than the number of IL in 
route (0,1) or simply 5 ~ IL(0,2) > IL(O,l). 

Priority 2-via route (0; 1) if 
4 ~ IL(O,I) ~ IL(0,2). 

Priority 3-via the public network. 

• Calls for destination 5 will be routed according to 
the following priority orders: 
Priority I-via route (0,1) if 

IL(O, 1) ~ 2 or IL(O, 1) = 1 and IL(O, 2) ~ 13. 
Priority 2-via route (0,2) if 

I L(O, 2) - I L(O, 1) ~ 13 and I L(O, 1) ~ 1. 
Priority 3-via the public network. 

The minimal average cost per unit time is 4.49 . 
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