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Abstract In this paper a finite capacity multiplexer in ATM environments with modulated deterministic 
sources is investigated. We consider three cases of input traffic: (1) a fixed number of deterministic cell
generating sources, (2) a fixed number of sources, each modulated by an ON-OFF process and (3) 
a number of ON-OFF sources, modulated by a call arrival process in conjunction with a connection 
admission control scheme. The main performance measures are the cell and call blocking probabilities. 
For case (1) we give a tight upper bound of the transient phase for the state process to reach stationary 
conditions. The state probabilities and the cell blocking probability are determined by means of an exact 
analysis. For more complex modulating processes, e.g. the cases (2) and (3), the compound state process 
and the overall cell blocking probability are analyzed using a quasi-stationary approximation technique. 
The approximation is validated by means of simulations. The analysis presented is shown to be able 
to give reasonable approximate results to analyze the ATM-multiplexer performance also for cases, in 
which conventional simulative and analytic methods approach already computing time and complexity 
boundaries. 

1 ATM-multiplexer modelling and 
quasi-stationary analysis 

1.1 General model 

We consider a multiplexer in Asynchronous Transfer Mode 
(ATM) systems which multiplexes the cell traffic of a 
number of un correlated and isochronous input sources 
(e.g. voice traffic). All input traffic sources have a cell 
duration Tt and the output line has the cell duration 
time T2' This leads to a speedup-factor of N = Tt!T2' 

The multiplexer operates in discrete time, so the input 
lines are slotted by Tt and the output-line by Tt! N. Du
ring a slot length the multiplexer can transmit exactly 
one cell from an input line. Each source is assumed to 
be of ON-OFF type, i.e. it will be alternatingly in two 
phases: the cell-generating phase TACT and the silence 
phase TsIL. We consider both phases TACT and TSIL to 
be geometrically distributed with means 1/ Q and 1/ f3 
according to 

Pr{TSIL = k} = (1- (3)k-l{3, k = 1,2, ... 

(1) 

(2) 

The number of waiting places is assumed to be finite by 
S. For an ON-OFF source, a line activity factor a is 
defined by 

E[TACT] f3 
a = E[TACT] + E[TsIL] = Q + f3 (3) 

The class of multiplexer models considered in this paper 
has been the subject of a number of studies [1-13]. Such 
systems with a fixed number of cell-generating sources 
have been investigated by means of analysis or simula
tion in several cases: [1], [3] and [4] consider a multiple
xer with an infinite buffer where no blocking of cells can 
occur. Taking into account a finite buffer, [2] derived an 
analytical solution for the case where the offered traf
fic does not exceed the multiplexer capacity, where the 
blocking phenomenon is also considered. 

Connection ~ 
Admission 
Control 

k _ ........... --'--"-_~ 
ON/OFF 
sources 

Fig.l: Overall model structure 

Observing the input process of traffic streams offered to 
the multiplexer at a slot, we will see a number r of sour-
ces being in the cell-generating phase. Clearly, r can be 
controlled by another random process, which will be re
ferred to in this paper as the modulating process. Using 
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an appropriate model to generate the desired process for 
r, a wide class of Generally Modulated Deterministic 
Process (GMDP) can be constructed. 

In this paper we focus our interest on the calculation of 
the cell blocking probability, assuming some particular 
modulating processes. The following input processes will 
be investigated: 

1) We start with a fixed number (r = const) of determi
nistic cell-generating sources, where an exact calcula
tion algorithm for the cell blocking probability will be 
derived. This recursive algorithm is a generalization 
of the recursion given in [2]. 

2) Based on results of 1) and a quasi-stationary appro
ximation technique which was also used in [8], a fixed 
number of sources, each modulated by an ON-OFF 
process, is treated. This model has been also inve
stigated using different approximation techniques in 
[13]. 

3) A number of ON-OFF sources, modulated by a call 
arrival process in conjunction with a connection ad
mission control mechanism, is taken into account. In 
this case r is modulated by the number of ON-OFF 
sources. This number is, in turn, modulated by the 
call arrival and acceptance process according to the 
admission control (cf. Fig.l). 

For 1) we give a tight upper bound of the transient phase 
for the state process before reaching stationary conditi
ons. This bound is used in the state process analysis and 
is an indication for the applicability and accuracy of the 
quasi-stationary analysis. The cell blocking probability 
is determined by means of an exact analysis. For 1) and 
2) the approximate results are validated by simulations. 

1.2 Quasi-stationary analysis 

The cell arrival process offered to the multiplexer con
sists of consecutive process intervals, during each the 
number of sources being in the cell-generating phase, de
noted by the random variable r, is constant. The num
ber r, in turn, follows a modulating process. We devote 
our attention now to the time-dependent development of 
the cell blocking probability B CELL . After an increase 
from r = k to k + 1, if the quasi-stationary interval is 
of sufficient length, the cell blocking probability will in
crease from Bk to Bk+I during a transient phase and stay 
at Bk+1 until the next change of r. An analogous deve
lopment can also be observed by a decreasing step from 
r = k to k - 1. In section 2.1.1, a tight upper bound 
for the transient phase is given. Subsequently, the cell 

blocking probability Bk for the model with a fixed num
ber of sources being in the cell-generating phase will be 
derived. This forms a basic requirement for the quasi
stationary approximation technique. 

Denote the state probability of the modulating process 
by 11. = Pr{r = k}, i.e. the state seen from an arbitrary 
outside observer. The probability for a test cell to be in 
a quasi-stationary interval with r = k sources being in 
the cell-generating phase can easily be derived: 

Ik Pr {the test cell is in an interval with r = k} 
k 

~[r]'k' (4) 

The main step of the quasi-stationary approximation is 
to assume the cell blocking probability conditioned on 
r = k to be constant at B k , i.e. to approximate the 
blocking probability dynamic to be quasi-stationary seg
ments of Bk • We obtain the compound cell blocking 
probability by 

BCELL = ~ IkBk = ~~r] ~ k,kBk· (5) 

2 Submodel analysis 

In this section the main steps of the sub model analysis 
will be described. We proceed with the traffic processes 
1), 2) and 3) as discussed in the previous section. 

2.1 Fixed number of cell-generating sources 

According to case 1), the number of cell-generating sour
ces is considered as constant (r = M) in this subsection. 
The analysis is a generalization of the recursion derived 
in [2], where the case M :s; N was investigated. Here we 
focus attention to the overload case M > N. 

2.1.1 Bound of the transient phase 

We observe the state process of the finite capacity mul
tiplexer with the output-line time discretization T2. The 
ratio N = T2/Tl will be referred to as the periodicity in
terval. The state of the multiplexer is characterized by 
the number of cells in the buffer at the end of a slot and 
the number of this slot. 

The number of arriving cells at the beginning of slot 
number i is denoted by mj. Due to the periodicity of 
the sources we have mj = mj+jN and 'L:~t'-1 mj = M 
for k ~ 1. Each source is independent of the N -1 other 
sources and transmits its first cell in one of the first N 
slots. The probability for this transmission is uniformly 
distributed over N slots. The number of occupied buffer 



places at the end of the i-th slot, i.e. the "backlog" of 
the i-th slot, will be denoted by bi. The evolution of the 
backlog can be expressed by: bi = max{O, min{S, bi - 1 + 
mi - I}} for all i ~ 1 and bo can be chosen arbitrarily 
(bo E {O, ... ,S}). 

To derive the length of time until the multiplexer is in 
the steady-state we have proved in [6] the following: 

Theorem 1: The buffer of the multiplexer becomes full 
in at most L = r M:N 1· N slots. 

Theorem 2: The backlog bL+i at the end of slot number 
L + i is the same as the backlog bL +i+iN at the end of 
slot number L + i + jN for i = 0, ... , N - 1; j ~ 1. 

Theorems 1 and 2 show that, beginning with slot number 
L, there are the same number of arriving, transmitted 
and stored cells every N slots later. According to this 
the multiplexer is said to reach the steady-state when 
the buffer becomes full for the first time. This situation 
will be given in at most L = r M:N l·N slots. L is thus an 
upper bound for the transient phase of the multiplexer 
state process. It should be noted that the bound L given 
here is often smaller than S· N, a bound derived in [9]. 

2.1.2 Steady-state probabilities 

Using the bound L for the length of the transient phase 
from the previous subsection we can derive the steady
state of the multiplexer in dependence on the parameters 
M,N and S. 

One method to calculate the steady-state probabilities 
is to consider all possible arrival patterns (M+::-l) in 
a combinatorial way. Considering realistic parameters 
(e.g. M = 100, N = 48) the total number of arrival pat
terns is very large (about 1040

). Clearly, an exhaustive 
computation approach is impracticable. 

Another method is to construct a "closed system" descri
bing the multiplexer steady-state backlog process. Ob
viously, the behavior of this system is periodic when the 
multiplexer is in the steady-state (see Fig.2). Then we 
reconstruct from this closed system an aperiodic process 
at the beginning of the transient phase (see Fig.3). It 
can be shown that using this method the computation 
is simplified since we only have to consider the backlog 
at an arbitrarily chosen slot instead of at N consecutive 
slots. Therefore we have to prove that the distribution 
of the backlog is independent of the observed slot in 
an interval of periodicity when the multiplexer is under 
steady-state conditions. Out of the evolution of the buf
fer occupation we extract the time between slot number 
Land L + N - 1. As stated in Theorem 2 the backlog 
of slot number L + N is the same as the backlog of slot 
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number L. Thus the evolution of the buffer occupation 
in the extracted time interval can be written as: 

b . - { max{0,min{S,bL+i _ 1 + mi -I}}, i i= ° (6) 
L+, - max{O, min{S, bL + N - 1 + mN - I}}, i = ° 

bearing in mind that mo = mN. This set of N equations 
describes the buffer state just after the transient phase. 
It describes the state development of the closed system, 
as illustrated in Fig.2. 

Fig2.: Evolution of the state process in equilibrium 

This closed system can be modified by truncating the 
system of state development at an arbitrary slot with 
number k E {L, ... , L + N - I} and forming an open 
system as depicted in Fig.3 (cf. [2]). For this purpose 
we set slot number k to be the last slot of the modified 
system, slot number k - 1 as the next to the last and so 
on until slot number k - N + 2. Slot number k - N + 1 
becomes the first slot of the modified system and the 
backlog at the end of this slot is set to S. A graphical 
representation of the modified system is given in Fig.3. 

Fig3.: The modified system 

In [6] a proof for the following Theorem is given. 

Theorem 3: The backlog at the end of the k-th slot in 
the modified system is equal to the backlog at the end 
of slot number k in the original system. 

Since slot number k is arbitrarily chosen from the closed 
system and the sources are assumed to be independent 
of each other, we can compute the steady-state probabi
lities by looking at only one slot which is in the steady
state instead of at N consecutive slots. Theorem 3 states 
that this result holds when we set the backlog to S at the 
beginning of the consideration (bk - N +1 := S). Accordin
gly, we can start the computation with a full system and 
arrive N slots later at a slot where the backlog is statisti
cally indistinguishable from the backlog of an arbitrary 
slot under steady-state conditions. 
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On account of the independence of the sources the pro
bability that there arrive m of M cells in one of N slots 
is binomially distributed, denoted by QN,M(m): 

(M) ( 1 )m ( 1 )M-m 
QN,M(m) = m N 1 - N (7) 

Observing slot number N and using QN,M(m) we can re
cursively compute the probability of having k cells stored 
in the finite buffer at the end of slot number N. If there 
arrive m cells at the beginning of slot number Nand 
there shall be k stored cells and one transmitted cell in 
slot number N, there must have been k + 1 - m stored 
cells at the end of slot number N - 1 when no boundary 
condition is violated and the multiplexer is busy. The 
probability for that backlog in slot number N -1 is given 
by PN-1,M-m(k + 1 - m) since m of the M cells arrive 
at the beginning of the N-th slot and one cell is trans
mitted. Therefore we can look at an equivalent system 
one slot before with only M - m arriving cells and have 
reduced the problem to compute the steady-state proba
bilities of slot number N to the problem of computing 
it for slot number N - 1. This can be done recursively 
until we reach the first slot and the probabilities P1 ,M( k) 
can be given directly. 

Corresponding to the parameters N, M and S and the 
boundaries, we distinguish between the cases below: 

{

' 1, k = S,M >= 1 
P1,M(k) = 1, k = S - 1, M = 0 

0, else 
for N = 1 (8) 

PN,o(k) = 0 for N ~ 1, M = 0, k ~ 1 (9) 

PN,o(O) = QN,O(O) (PN-1,O(0) + PN- 1,O(I» 

for N ~ 2, M = 0, k = 0 (10) 

QN,M(1 )PN-l,M-l (0) 

+ QN,M(O) (PN-l,M(O) + PN- 1,M(I» 

for N ~ 2, M ~ 1, k = 0 (11) 

min{k+1,M} 
PN,M(k) = l: QN,M(m)PN-1,M-m(k + 1 - m) 

m=O 

for N ~ 2, 1 ~ k ~ S - 1 (12) 

for N ~ 2, k = S (13) 

for N ~ 2, k > S. (14) 

2.1.3 Cell blocking probability 

The probability for a cell to be blocked is an essential 
performance measure for an ATM-multiplexer. In the 
following we dlstinguish between the two cases: (i) mo
derate load, i.e. less or equal cell-generating sources as 
the speed up-factor of the ATM-multiplexer (M :::; N) 
or (ii) overload conditions (M > N). In case (i) the 
multiplexer is not overutilized on average while in the 
latter case (ii) there must be some blocked cells during 
the process development. 

The case (i) M :::; N was investigated in [2], where the 
bound of the transient phase is shown to be N slots. The 
probability of blocking a cell when there are S buffer 
places and M :::; N sources is given by: 

It is obvious that in case (i) the blocking probability dis
appears when there are S ~ M - 1 buffer places availa
ble. 

In the case of M > N sources we observe one periodi
city interval while the multiplexer is in the steady-state 
to determine the cell blocking probability. Two diffe
rent factors influencing the cell blocking effect must be 
taken into account. First of all, the maximum number 
of cells which can be transmitted by the multiplexer in 
one periodicity interval is N. Thus a minimum number 
of M - N out of the M arriving cells is blocked in each 
periodicity interval. Additionally, due to different cell 
arrival patterns, the multiplexer can be in the idle state 
for a number of slots during a periodicity interval. Every 
time the multiplexer is idle there is one more blocked cell 
than M - N in each periodicity interval. Taking these 
two factors, the cell blocking probability can be derived 
as follows: 

B _ M - N + PN-1,M(0)QN,M(0)N 
M- M . (16) 

The term PN-1,M(0)QN,M(0) gives the probability that 
the multiplexer is idle. As can be seen in (19) and (20) 
the blocking probability is computed by using the exact 
steady-state probabilities derived in subsection 2.1.2 and 
the effort for the computation is of polynomial order. 

2.1.4 Some numerical results 

We take a set of parameters for the ATM-multiplexer 
which has been used in various studies (e.g. [5], [11], 
[12], [13]). The periodicity interv~l is chosen at N = 48 
and the slot duration at 72 = 0.3 msec. FigA shows the 



cell blocking probability in dependence of the number of 
sources for different buffer spaces (3 = 8,12,20). 
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Fig.4: Cell blocking vs buffer capacity 

We can observe a step characteristic when the traffic 
intensity reaches the region of overload. The analytic 
computation shows the effect that with extremely high 
overload the cell blocking probability is rather indepen
dent of the number of buffer places. This result is also 
obtained for a similar queueing model in [10]. Moreo
ver it can be seen that the step in the diagrams of the 
cell blocking probability becomes significantly larger by 
increasing number of buffer places. 

2.2 Fixed number of ON-OFF-sources 

Having the exact analysis of the case with M sources 
being in the cell-generating phase as presented in the 
previous subsection we can apply the quasi-stationary 
analysis to deal with more complex and realistic input 
processes. In particular we will devote attention to the 
class of Generally Modulated Deterministic Processes 
(GMDP) offered to the above described finite capacity 
multiplexer. In this paper we will adopt the parame
ter choice of E[TACT] = 352 msec and E[TsIL] = 650 
msec according to an often used (cf. e.g. [5], [11], [12], 
[13]) ON-OFF model of packetized voice processes with 
silence suppression. 

The first step is to take a fixed number F of ON-OFF 
sources. This process is mentioned quite often in the 
literature, e.g. in [13] , and the approximation techni
que to compute the compound cell blocking probability 
is known to be challenging. The model is also often re-
ferred to as nD/D/1 with modulated number n. The 
modulating process is driven accordingly by F indepen
dent ON-OFF sources, i.e. by F two-state processes. 
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Since both the cell-generating phase TACT and the si
lence phase TSIL of each ON-OFF source are assumed 
to be geometrically distributed, the modulating process 
has the memory less property. Thus, the state probabi
lity of the modulating process, i. e. the probability of 
f = k sources being in the cell-generating phase, can 
simply be given by: 

(F) k( )F-k 'Yk = Pr{f = k} = k a 1 - a (17) 

with a as defined in (3). According to the characteriza
tion of an ON-OFF source it is obvious that 

E[f] = F· E[TACT] = F . a. 
E[TACT] + E[TsIL] 

(18) 

The compound cell blocking probability following the 
quasi-stationary approximation approach in (5) is: 

1 ~ (F) k( )F-kB BCELL = -.- L..J k k a 1 - a k 
F a k=O 

(19) 

with Bk given in the analysis of the last subsection. To 
show the approximation accuracy, we take a Tt Euro
pean line with 2.048 Mbps, which multiplexes a number 
of 64 kbps payload input lines with deterministic traffic. 
We consider the cell size to be 48 Byte payload with 5 
Byte overhead. Each line generates a cell every 6 msec. 
Accordingly the speedup-factor is chosen as N = 28. 

Fig.5 shows the compound cell blocking probability as 
a function of the number of modulated sources F. We 
validate the analysis by means of simulations and com
pare the results further with a simple M/D/I-K appro
ximation. It should be noted here that simulations will 
be enormously extensive if we wish to obtain results for 
BCELL less than 10-6 . For the observed parameter range 
the approximation is sufficiently accurate aiming system 
scaling purposes. In the parameter range of larger num
ber of buffer places S, where the M/D/I-K approxima
tion failed, the quasi-stationary approximation techni
que still delivers reasonably accurate results. 

2.3 Model with connection admission control 

We apply in the following the quasi-stationary analy
sis concept to a multiplexer model with connection ad
mission control. The basic structure of the multiplexer 
remains the same as in the previous subsections. The call 
arrival process is assumed to be Poisson with rate'\. Due 
to the connection admission control, a call will be rejec
ted if there are already e calls being active in the system. 
If a call is accepted, it will be active for an arbitrarily 
distributed time TCALL. We choose E[TcALd = 7; = 90 
sec. During the active interval TCALL of a connection, an 
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Fig.5: Cell blocking for a fixed number of modulated 
ON-OFF sources 

ON-OFF source is thought of to be activated. It should 
be recalled here that an ON-OFF cell-generating source 
is built by an alternating process of cell-generating pe
riods (TACT) and silence periods (Ts/L), both geometri
cally distributed with mean ~ and ~ respectively. 

Corresponding to these modelling assumptions, the dis
tribution of the number of calls in the system can be cal
culated by means of an MjGje loss system with state 
probability qj, the probability that j calls are active: 

~j fj! 
qj=~ 

E ~'ji! 
i=O J.' 

(20) 

Note that the call blocking probability is simply the Er
lang's loss formula BCALL = qe. Taking into account 
the conditional probability 

Iklj = Pr{ k sources are in the cell-generating phase 

Ij calls are in the system} 

(~)ak(l_a)j-k (21) 

we arrive at the state probability Ik of the modulating 
process r 

e ( -) J k . k 
Ik =?= k a (1 - a)'- qj. 

J=k 

(22) 

The mean number E[r] of sources being in the cell
generating phase is 

-X 
E[r] = -(1 - BCALL)a. 

J.t 
(23) 

Finally we obtain the compound cell blocking probabi
lity according to the quasi-stationary approximation as 
stated in (5): 

(24) 

with E[r]"k and Bk given in (23), (22), (15) and (16) 
respectively. The call traffic intensity is normalized by 

-XE[TcALL]a 
p= N . (25) 

In Fig.6 and Fig.7 the call and cell blocking probabi
lities in conjunction with the above described connec
tion admission control are investigated. Fig.6 shows the 
blocking effect as a function of the chosen overload con
trol threshold e. As expected, an increase of the call 
acceptance limit will help to decrease the call blocking 
probability, while the cell blocking probability becomes 
higher. However, for a given call traffic intensity, the cell 
blocking approaches an asymtotic level beyond a certain 
overload control threshold level. 

~ 10EO 

:c 
~ 10E-1 
0 
Ci 
2'10E-2 

~ 
25 10E-3 N -28 

10E-4 S=20 

10E-5 call 

10E-6 cell 

10E-7 

10E-8 

10E-9 
20 30 40 50 60 70 80 

connection admission control threshold e 

Fig.6: Call and cell blocking vs admission control 
threshold e. 

In Fig. 7, the blocking probabilities are depicted as func
tions of the call traffic intensity p. Again, cell blocking 
probabilities have asymptotic limits by increasing call 
traffic intensity. By an appropriate choice of the admis
sion control threshold, the cell blocking probability can 
be kept below a predefined level corresponding to desi
red grade of service values, independent of offered call 
traffic intensities. 
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Fig_7: Call and cell blocking with call-level input and 
admission con trol 

3 Conclusion and outlook 

In this paper a finite capacity ATM-multiplexer with dif
ferent modulated deterministic source models has been 
investigated. The sources were assumed to be uncorre
lated and isochronous. The multiplexer modelling was 
done in discrete-time domain. We have considered three 
cases of input traffic: a fixed number of deterministic 
cell-generating sources, a fixed number of sources, each 
modulated by an ON-OFF process and a number of ON
OFF sources, modulated by a call arrival process in con
junction with a connection admission control scheme. 

For the first case a tight upper bound of the transient 
phase for the state process has been derived. The state 
probabilities and the cell blocking probability are de
termined using an exact analysis approach. For more 
complex modulating processes, e.g. in the second and 
third case, the compound state process and the over
all cell blocking probability were derived using a quasi
stationary approximation technique. The analysis pre
sented was shown to be able to give reasonable appro
ximate results to analyze the ATM-multiplexer perfor
mance also for cases, where analytic results are not availa
ble in the literature. Using the approximation tech
nique presented, extensions can be done to deal with 
more complex traffic processes, e.g. sources with diffe
rent bit rates or traffic superpositions of periodic and 

non-periodic sources. 
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