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The packet-switched network design problem can be formulated as a capacity and flow assignment 
(CFA) problem, which esser..t,ially has a non-convex structure. Efficient methods for obtaining 
the global optimum or a good local optimum are introduced by confining attention to the class of 
hierarchical networks which consist of elementa.ry networks. A basic iterative procedure obtains 
the global optimum of the elementary networks within finite iterations. 

1 Introduction 

The packet-switched network design problem can be 
formulated as a capacity and flow assignment (CFA) 
problem which minimizes total line cost subject to given 
nodal locations and traffic between nodal pairs[l][2][ll]. 
Because of the non-convex structure of this problem, it 
is difficult to obtain the global optimum with computa
tional efficiency by using ordinary non-linear program
ming techniques. 

This paper proposes efficient methods for obtaining 
the global optimum or a good local optimum by con
fining attention to the class of hierarchical networks. 
Large-scale packet-switched networks are usually de
signed as hierarchically structured networks[4][5][9][12] 
[13]. It. is well known that a hierarchical structure offers 
many practical advantages in network design and oper
ation. Traffic routing is simplified since traffic is either 
routed directly or passed up to the next hierarchical 
level. Local switches that originate or terminate traffic 
need not get invol ved in passing and controlling tandem 
t.raffic for other switches. Control and network moni
toring are also simplified. Numerical examples of large
scale packet-switched network design show that these 
advantages balance t.he nominal increase in network line 
cost[13], and t.hat introducing a hierarchical structure 
int.o packet-switched networks usually does not produce 
economical disadvantages[12]. In fact, it is sometimes 
more economical than non-hierarchical structures ob
tained by heuristic approaches[12]. 

A hierarchical structure consists of elementary net
works, each of which has a tandem switch (TS) and n 
local switches (LS) as shown in Figure 1.. Traffic among 
LSs in the elementary network is assigned to either the 
direct rout.e or the tandem route which runs through 
TS . Traffic among other elementary networks is routed 
to external links through T S. An elementary network 
represents an arbitrary-level cluster in a large hierarchi
cally structured network, as shown by Kamoun [9], Ros
ner [13], Kuribayashi and Takenaka [12], and Kamimura 
[4] [5]. Figure 2 shows the hierarchical structure of a 
large-scale network and elementary networks, where (a) 
is a.n illustration provided by Kamoun [9]' and (b) is a 
layered representation of (a). 

Figure 1: Elementary packet-switched network 
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The global optimum of the CFA problem for an en
tire hierarchical network consists of the global optima of 
the CFA problems for elementary networks, and can be 
obtained systematically by solving these sub-problems. 
Thus, we can confine our attention to the CFA problem 
for elementa.ry networks. 

For the line installation condition, this paper as
sumes only one line of any speed for each link, which 
is implicit in most previous studies [1] [2] [10] [11] [13]. 
The cost of each line is calculated with any concave 
function of its speed, as is usual in actual tariff tables of 
leased lines. This paper employs link-delay constraints 
which specify the delay for each link[3][6][12] . The ad
vantages of introducing link delay constraints are fully 
discussed by Kamimura and Nishino[6]. 

Because of the length limitation, this paper omits 
proofs which are or will be provided byelsewhere[6][7][8] 
[14], and overviews studies for CFA problems concern
ing elementary networks. 

2 Basic Iterative Procedures 

A basic iterative procedu re for obtaining the global op
timum for the CFA problem of the elementary network 
is defined as follows. 
[Step 1] Assign all flow between LSs to tandem routes 
(LSi-T S -LSj ) , and set the iterative stage number m = 
O. 
[Step 2] Find a set Dm of (i, j)s representing node 
pairs of LSi and LSj • which satisfies the following con
ditions . 

(a) Hierarchical clustering 

i) Decreasing cost: Total line cost is reduced by 
setting each flow from LSi to LSj of Dm to the direct 
route. 

ii) Minimality: Th ere is no subset of Dm which sat
isfies the decreasing cost condition. 
[Step 3] Set each flow from LSi to LSj of Dm to the 
direct route between them. Increment the iterative stage 
number by 1. 
[Termination Condition] Repeat Step 2 and Step 3 
until there is no set which satisfies the decreasing cost 
condition. 
One cycle of Step 2 and Step 3 is an iterative stage. 

Kamimura a.nd Nishino[7] prove that the basic pro
cedure obt.ains the global optimum. 

When there is no set satisfying the cost decreasing 
condition at the O-th iterative stage, the basic iterative 
procedure evaluates total line cost for E~i~-l) (n(n1-l») = 
2n

(n-l) - 1 cases to check for the decreasing cost con
dition, and is an exponential time algorithm. Here n is 
the number of LSs in the elementary network. 

How('Yer , this procedure requires less computation 
in many cases, as shown by the numerical examples in 
Section 4. Once we find a Dm in Step 2, the number 
of sets to be checked in the (m + 1)-th iterative stage 
is drastically reduced, because each flow from LSi to 
LS) of Dm is set to the direct route in Step 3 of m
t.h iterative stage. When the initial situation, that is, 
the star configuration, is the global optimum, the basic 
iterative procedure investigates all patterns of setting 
up direct routes and then confirms the global optimality. 

} Layer 3 

} Layer 2 

} Layer 1 

(b) Layered representation 

Figure 2: Hierarchical structure of a large-scale network 



3 Modified Procedures 

Simple procedures are derived from the basic iterative 
procedure by adding some restrictions. 

The q-cardinal procedure is defined as the ba
sic iterative procedure with the additional constraint on 
Dm that IDml ~ q. Here , q is any given natural number 
which r/.pfcrmines the trade-off between the permissible 
computational time and the exactness 01' fhe solution. 
In the worst case, this procedure evaluates total line 
cost for E7=1 (n<nj-l)) sets to check for the cost decreas

ing condition, and is a polynomial (n2q order) time al
gorithm. 

The I-J procedure is defined as the basic iter
ative procedure with the additional constraint on Dm 
that Dm ~ Ji ~£ {( i, k) I Traffic from LSi to LSk 

is still assigned to the tandem route } for some i, or 

Dm ~ Ij ~£ {(t, j) I Traffic from LSI to LSj is still 
assigned to the tandem route} for some j. These con
straints mean that all members of Dm have the same 
i or j. Although the solution of this procedure is not 
guaranteed to be a global optimum, it satisfies N ash-like 
optimality similar to the N ash solution in multi-person 
game theory. 

[Nash-like optimality] No Dm reduces total line 
cost, if Dm ~ Ji for some i, or Dm ~ Ij for some j. 
In the worst case, I-J procedure evaluates total line cost 
for 2n · E/=1 (7) = 2n(2n - 1) sets to check for the cost 
decreasing condition, and is an exponential time algo
rithm. 

Ordered sub-gradient procedure proposed by 
Tokoro [14] obtains a N ash-like solution within n5 order 
of calculation. It is possible to define this procedure as . 
the I-J procedure with the additional constraint that 
Dm have all elements of Jt (or If) of which the i
sub-gradient (07' j-sub-gradient) is smaller or equal to 
the maximum value among members of Dm . Here , 
the i-sub-gradient or j-sub-gradient of (i, k) or (l , j) is 
defined as the cost reduction per unit traffic on LSi-LSj 
and TS-LSk (or LS/-TS) links obtained by assigning 
Pij to the direct route. The N ash-like optimality of 
this solution is shown by Tokoro[14]. A simple proof 
using the properties of the basic iterative procedure is 
provided by Kamimura, et al.[8] . 

If the cost of each line is a linear function of its 
speed, with a fixed charge for installation, the 1-cardi
nal procedure attains the global optimum whenever 
the elementary network has external traffic from/to ex
ternal links through T S. The cost decreasing condition 

is rewritten to the threshold 1'ule[6] such that, Pij > 
(d;j /Wij+U;j/L)/(dit +dtj-dij) and, (d;t+dtj-dij) > 0, 
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where , ~j is the traffic intensity (packets/second) from 
LSi to LSj , Uij is the fixed charge for line installation, 
a.nd dij is the distance from LS; to LSj which is the cost 
coefficient of line speed. Proof is provided by Kamimura 
and Nishino[6]' 

4 Numerical Examples 

4.1 Example Definition 

In this section, the line cost function is 

The distance and delay constraints are shown in Fig
ure 3. We assume no external traffic from/to exter
nal links through TS. Traffic matrix bases (BP) and 
a series of magnifying powers (MP) are introduced to 

yield several series of traffic matrices such that Mp · 
BP;. BPk , (k = 1, 2,3,4) and a series of 12 M Ps 
(= 7"", 1000) are chosen (Figure 4). Thus, four se
ries of traffic matrices, that is, 48 traffic matrices, are 
defined. 

Programs were coded in LISP and FORTRAN, and 
run on a SUN-3/260. 

(a) Locat.ion image of TS and LSs 

0.0 3.0 6.0 .5.5 3.0 
3.0 0.0 4.0 5.0 4.5 

D = [dill = 6.0 4.0 0.0 3.0 5.5 
.5 .5 .5.0 3.0 0.0 3 . .5 
3.0 4.5 5 . .5 3.5 0.0 

dlt = do = 4.0 
d2t = dt2 = 3 . .5 
d3t = dt3 = 4.0 
d4t = dt4 = 3.0 

d5t = di5 = 2.5 

Delay constraints : Wi) = 0.2.5 seconds , Wit = Wtj = 0.5 seconds 

(b) Dist.ance and delay 

Figure 3: Distance among nodes and link delay con
straints 
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4.2 Results 

The CPU time required by the basic procedure to obtain 
the global optimum is shown in Figure 5. Some global 
optima are obtained within 10 seconds. On the other 

hand, B2 with MP = 7 requires 74671 seconds (about 
21 hours) of CPU time. Cases aborted after 72000 -
115200 seconds (20 - 32 hours) of CPU time are not 
plotted in this figure. 

0.0 25. 36. 0.2 1.2 3.1 0.2 0.0 2.9 5.8 0.2 0.0 0.0 0.2 

22. 0.0 15. 0.4 2.3 0.6 0.2 2.1 0.0 2.2 0.4 0.0 0.0 0.2 

31. 29. 0.0 18. 0.1 1.239. 5.5 2.1 0.0 1.3 0.0 0.0 9.1 

B1 = 0.8 0.2 32. 0.0 11. 13. 23. B2 = 0.8 0.2 2.2 0.0 0.0 0.0 0.9 

1.22.1 0.8 18. 0.0 15. 12. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

0.1 2.1 3.2 13. 11. 0.0 21. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

2.6 0.5 10. 0.8 17. 19. 0.0 2.6 0.5 10. 0.8 0.0 0.0 0.0 

0.0 2.9 5.8 0.2 0.3 0.1 3.6 0.0 2.9 8.8 0.2 0.3 0.1 3.6 

2.1 0.0 5.2 0.4 0.3 0.2 0.2 2.1 0.0 5.2 0.4 0.3 0.2 0.2 

5.5 6.1 0.0 2.9 2.9 3.0 9.1 9.5 8.1 0.0 2.9 6.9 8.0 9.1 

B3= 0.8 9.9 2.2 0.0 1.0 8.5 4.3 B4= 5.8 9.9 8.2 0.0 1.0 8.5 7.3 

0.3 0.2 1.0 0.2 0.0 3.3 0.2 0.3 0.2 5.7 0.2 0.0 3.3 0.2 

0.2 0.3 6.8 0.2 5.1 0.0 1.1 0.2 0.3 9.8 0.2 5.1 0.0 1.1 

4.2 0 .. 5 10. 3.8 3.9 1.4 0.0 4.2 8.5 9.7 7.8 8.9 1.4 0.0 

MP = 7,10,20,30,50,70,100,200, 300,500,700,1000 

Traffic matrix = Mp· BPi 

Figure 2: Traffic matrices for the example 

U') 
Note: Cases aborted a.fte~ 20 - 32 hours of CPU time are not plotted. 
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Figure 5: CPU time to obta.in the globa.l opt.imum by t.he basic procedure 



Figure 6 shows CPU time for the ordered sub
gradient procedure . This procedure requires only about 
10 seconds of CPU time or less to obtain a solution sat
isfying the N ash-like optimality in all cases. Table 1 
shows the cost-increase from the global optimum result
ing from use of the ordered sub-gradient procedure. We 
can see that the ordered sub-gradient procedure obtains 
the global optima in 12 cases, and good solutions with 
at most a 2.158% cost-increase over the global optimum 
in the other cases. 

5 Concluding remarks 

The CFA problem for a large-scale hierarchical network 
can be solved by solving a series of CFA problems for 
the elementary networks. 

The basic iterative procedure obtains the global op
timum within finite iterations. Although this procedure 
is an exponential order algorithm, it requires relatively 
little computational time in many cases. A very long 
computational time is needed to obtain the global op
timum only if the global optimum is very close to the 
initial situation. When the initial situation is the global 
optimum, the basic iterative procedure investigates all 
patterns of setting direct routes and then confirms the 
global optimality. 
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By adding some restrictions to this procedure, we 
can obtain q-cardinal procedure, J-J procedure, ordered 
sub-gradient procedure, and t.he threshold rule. The or
dered sub-gradient method requires only about 10 sec
onds or less of CPU time to obtain a solution satisfy
ing N ash-like optimality which introduces, at most, a 
cost-increase of 2.158% above the global optimum in 
numerical p.xamples. 

Given network clustering, a whole hierarchical net
work can be designed by applying one of the procedures 
ment.ioned in this paper to the elementary networks. 

Ta.ble 1: Cost-increase resulting from use of the ordered 
sub-gradient procedure 

Magnifying [ Traffic matrix base 
power (mp) 11 BI B2 B3 B4 

1000 0.302% 0.0% 0.204% 2.158% 
700 0.288% 0.0% 0.172% 2.122% 
500 0.269% 0.0% 0.130% 2.075% 
300 0.223% 0.0% 0.079% 2.000% 
200 0.166% 0.0% 0.022% 1.912% 
100 - 0.0% 0.0% 1.761% 
70 - 0.0% 0.0% 1.647% 
50 - 0.227% 0.993% 1.496% 
30 - 0.166% - 1.151% 
20 - 0.0% - -

10 - 0.0% - -

7 - 0.0% - -

O~ ______ ~ ______ ~ ____ ~ ____ ~ __ ~~ __ ~ ______ ~ ____ ~ ____ ~ ____ ~ __ ~ 

10 20 30 50 70 100 200 300 500 700 1000 

Magnifying power (!vIP) of Bi 

Figure 6: CPU time for the ordered sub-gradient procedure 
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