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ABSTRACT 

This paper reviews some of the recent results on studies on the properties of stability asso
ciated with the dynamic flows in different network schemes such as Input Buffer Limiting, Non
hierarchical Alternate Routing and Combined Random-reservation Multiple Access schemes. Results 
from catastrophe theory are applied on the potential function to characterize the instablli ty 
involved in each case. It is also found that, apart form the prediction and characterization of 
instability, the models concurrently lend themselves for quantitative performance estimates. These 
methods promise a unifying approach in the characterization of structural stabilities and in the 
identification of stable regions in telecommunication networks. 

I INTRODUCTION 

The traditional approach of assessing the 
stability aspects of communication networks 
had been either by analyzing them with results 
from the queuing theory or by simUlation. 
Since the analysis is often carried out for 
the steady state conditions, the stability 
aspects are often not revealed. For example, 
if the system possesses two or more equilibri
um states, spatially distributed wide apart, 
the steady state analysis would be incomplete 
unless carried out for each of the equilibrium 
states. Thus it is necessary to find out 
effective means of establishing the number and 
the spatial distribution of the equilibrium 
states. The traditional approaches of analyses 
such as diffusion approximation, static flow 
modeling etc. are inadequate when mul ti-equi
librium states manifest in the state space. 

Stochastic catastrophe theory is a very new 
approach of investigating the instabilities 
associated with the nonlinear dynamics of 
network models in stochastic environments. 
This theory is the result of relating the dif
fusion process in a stochastic system with 
the deterministic catastrophe theory. Nelson 
[1] established the equivalence of the sto
chastic cusp catastrophe with its determinis
tic counterpart under the assumption that: 
(a) the c-potential function of the diffusion 

model of the stochastic system is equivalent 
to the deterministic cusp catastrophe poten
tial funcpon, 

(b) loge (q ) is shape preserving with respect 
to the c-Potential function where q is 
the variance of diffusion process. 

Earlier, Cobb [2] also established the corre-

spondence between the stochastic and determin
istic potential functions under the assumption 
that the infinitesimal variance of the diffu
sIon process is a small constant. Fontecha et 
al. [3] related these two approaches in the 
context of Flow Balance Equation in various 
network models. The seminal investigations by 
Birrel [4] and Nelson [1] demonstrated the po
wer and reach of catastrophe theory as a mode
ling tool for investigating the performance 
aspects of ALOHA schemes. Nelson [1] utilizes 
this theory further to characterize the sudden 
degradations in computer performance models. 
Structural stabilities involved in the control 
of a fast switched network and non-hierarchi
cal alternate routing scheme have been studied 
by Fitzpatrick [7] and Onozato et al. [8] res
pectively. This paper, intended to be a sup
plement to the study reported in [3], reviews 
some of the recent results on investigations 
on the stability aspects in Input Buffer Limi
ting (IBL) [9-11], Non-hierarchical Alternate 
Routing (NHAR) [11-13] and Combined Random-Re
servation Multiple Access Schemes. 

Recently, Filipiak [14] formulated models 
of various network elements with respect to 
the dynamic flows. The time dependent average 
quantities in the system are considered to 
represent the state of the system. We apply 
s imllar concept in the modeling of IBL, NHAR 
and Combined Random-Reservation Schemes. The 
state equation is formulated by relating the 
input and output rates to the time dependent 
average quantities in the system as follows: 

di(t)/dt = A (t)- tdt) ..... (1) 
where, at time t, x(t) = Average number of 
entities in the system, A (t) = Average rate 
of input and # (t) = Average rate of service. 
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The state of the system is represented by 
the state variable i (t). The right hand side 
of eq. (1) will be referred as the flow bal
ance equation; in each of the schemes under 
our investigation, it is expressed as a func
tion of i(t) and control variable cas: 

di(t)/dt f(X(t), c) ..... (2) 

With the above dynamic flow modeling, 
our prime concern would be to look for the 
internal dynamics of the perturbed systems in 
the neighborhood of equilibrium states. In 
stochastic systems, the fluctuation in arrival 
rates presents one source of perturbation. 
Taking advantage of the analogy between the 
stochastic and deterministic catastrophes 
established by Nelson [1] and Cobb [2], we 
find in the network structures under investi
gation an appropriate potential function; the 
evolution of the perturbed system would always 
be to reduce the potential function. For 
reasons of easy representations, we will 
denote in the succeeding discussions i (t) by 
i. The potential function V(x, c) of the 
scheme under consideration would be found out 
by relating the above state equation with the 
Gradient Dynamic Equation [15]: 

di/dt = - dV(i, c)1 d i ..... (3) 
For a given c, V(i) can be found out as: 

i 

VIi) = - f f(y,c)dy ..•.. (4) 

y=O 
Eq. (4) is the potential function of time 
invariant systems (see [16]) only; we do not 
consider the state equations represented as: 

di/dt f(i,c, t). ..... (5) 

The shape of Vex) determines the qualita
tive behavior [1]. By analyzing V(i) with the 
results from catastrophe theory, the behavior 
is classified into elementary catastrophes 
[1,2,15]. According to the degree of degen
eracy [1] of V(i), the behavior of the system 
around the equilibrium state varies: it it is 
two, there exists fold catastrophe; if it is 
three, there exists cusp catastrophe, and so 
on. 

In the next section, the stability as
pects of three distinctly different structures 
- IBL. NHAR and Combined Random-Reservation 
ALOHA-type Multiple Access Schemes - are 
represented in terms of catastrophes. For each 
of the schemes, firstly the potential function 
is identified. Thereafter, the catastrophe in
volved in the model is identified. Finally. a 
numerical example is presented. Even though 
the emphasis of analysis central to the catas
trophe approach is the qual! tati ve aspect, we 
find in these numerical examples how the above 
approach concurrently facilitates the quanti
tative performance est imation as well with 
relative ease. 

II STABILITY ASPECTS IX VARIOUS STRUCTURES 

11. A INPUT BUFFER LDlITING SCIIDIE 

Store and Forward schemes are employed in 
computer communication networks when the users 
in the network originate messages in burst 
mode. IBL schemes prevent the network entering 
into congestion [9-11] by awarding higher 
priori ty to transit messages over local mes
sages. If the node has a total of NT buffers, 
the local messages can access only NI' NI<NT, 
buffers, whereas the transit messages can 
access the whole of the buffer. To avoid 
congestion, Lam and Reiser [9] proposed the 
capacity law as: 

NI/NT < a Q ..... (A.1) 
where, a o is ratio of Input message throughput 
to the total message throughput. 

II.A.1. Model 

Lam and Reiser [9] studied the queuing 
model of IBL scheme consisting of a nodal pro
cessor and an output channel processor (desig
nated as servers 0 and 1 respectively in this 
paper). The nodal processor performs functions 
like error checking, routing function etc .. 
The output channel processor performs the me
ssage transmission over each output link. Both 
of the processors operate under the First In 
First Out discipline. The capacity of server 
i (i =0,1) is denoted as # i messages per se
cond; the mean queue length at the server i is 
<ii' A I and AT are the arrival rates of fresh . 
input messages and transit messages re
specti vely at the node. When # 0> #1' the out
put channel processor becomes the bottleneck. 
We consider such a situation in a homogeneous 
ring network for the investigation. BI and 
BT are the equilibrium blocking probabil ties 
of the input and transit messages respective
ly. PT is the exit probability with which the 
message leaves the network at a given node. 
Assuming that the message is directed to any 
node wi th identical probabili ty, P f1/if, 
where n is the average number of links tra
versed by messages [10]. The local messages do 
not leave the local node itself for the local 
message sink. Then, the rate of flow of mess
ages which are to be directed to the next 
node, denoted by A eff' can be expressed as: 

Aeff = AI(l-Br) + AT (l-Br)(l-PT) .... (A.2) 
But, at equIlibrium, 

(l-B
f
) A I = A T (l-Bor) PT ..... (A.3) 

From eqs. A.2) and (A.3), ' 
A eft = A I(1-Brl/PT ..... (A.4) 

The average numtier of retransmission Nr of a 
tagged packet from the queue is: 

(1J 

Nr = l:iBr i (1-Br)-l = Br/(l-Br) .... ·(A.5) 
i=l 

Then, the average service time required by 
the tagged packet on account of retransmission 
alone is ~alculated as Tr' where 

T = {<Ijl Jl.l}{B'!V'(1-BT } ..... (A.S) 
Let the effective service time at the node, 



denoted by 11 # ff' be the sum of the above 
retransmission Jelay and the average service 
time corresponding to no queue. So, # eff can 
be expressed as: 

#eff = #1 1 {1 +(<i1B.r)/(1-B.r)} ..... (A.7) 
The dynamic flow at the node can be ex
pressed, with respect to eq. (1), as: 

dQ.1/dt = A eff - # eff .. ::.(A.8) 
As stated in the foregoing section, ql repre
sents the state of the system. Performance 
parameters are numerically estimated as in the 
decomposition approach by substituting # iff 
for #l(1-Br). Fig. A.1 represents the dynam c 
flow at tne node model. A eff and # eff for 
various rBL ratios are shown in Fig. A.2. 

II.A.2. Potential function 

By relating eq. (A.B) to the gradient dynamic 
equation as per eq.(2), 

d<i1/dt = dVIBLI d <i1' ..... (A.9) 
where V IBL is the potential function of the 
system. But, 
dVIBL/~q1 = (dVIBL/dBr)/( ~<i1/:;)BI) 

..... (A.10) 
Under the above relation, we may consider Br 
as the state variable. Then, at BI=b, 

b 

VrBL = - 1(1/")( l. err- It eff )dBr .•• (A.ll) 

o 
where, 1/ TJ = d <ill d Br. It is numerically 
found out that, in the non-congested states of 
the system, <i1 is a strictly increasing 
function in BI so that 11 TJ can be considered 
to be continuous and strictly positive. That 
is, the number, type and sequence of equilib
rium states of (A efr- # eff) are not affected 
on multiplication oy (1/ TJ ) • So, the flow 
balance function and the integrand in (A.ll) 
have the same shape (see [1] for details on 
shape preserving functions). Hence, by ignor
ing (11 TJ) in (A.1~), we consider that the 
potential function, VIBL , of the scheme, is: 

b 

VIBL = -i (l. err- It err)dBI •••• (A.12) 

o 
II.A.3. Stability Aspects 

To represent # eff as function in Br' we 
consult wi th the Fig. A. 2. # eff can tie ap
proximated as a strictly decreasing third 
degree funct!on i~ BI as: 

#eff = Bi + aBI + bBI + #L ..... (A.13) 
where a and bare cons.tants dependent on the 
rBL ratio. Then, the VIBL is a fourth degree 
function in BI. 

It eau be proved that the degree of dege
neracy of VIBL is two. This specifies that fold 
catastrophe, out no higher order catastrophes, 
exist in the system. It follows immediately 
that the potential function can be approximat
ed as a third degree function in BI and that 

A eff 
) 

1 err' Il err 
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Fig. A.1 Node Model 

p. eff:(N1=5) .. 
1.0-iro:::--------=-=-=---=---~----

0.5 

, 
\ , 

'" ~ eff:(N1=14) ---O.O+--.-----r---r---,---=-T--=-:..:-...::;-c..:-'-"-=-=-.... -=-=-........... _____ -~' B 
M ~ w I 

Fig. A. 2 Flow as determined by p. eff and 
!- eff for various IBL ratios: NT=20, 
n=2, p. 1 =1, P. 0=5 and N1=O.443 

the number of non-dummy parameters if one. For 
a given node, A I' {AIJA lee ~ R } can be 
selected as the control arameter. Further,the 
following rela~Jon hOI~S good [1,15]: 
dVIBL/J b = d VIBLI db = 0 ..... (A.14) 

The rBL ratio determines the incidence 
of congestion [9,11]. Let A be the input 
rate corresponding to the folf point. Then, 
it can be seen that: 

{po 1/ (iiNT)} < Ao < P.1/ii ..... (A.15) 
The above equation implies that there never is 
incidence of catastrophe for Ar<{P.1 / (iiNT)}. 

II.A.4. Numerical Example 

In Fig. A.3, the sudden change in block
ing at higher loads for high rBL ratios corre
sponding to different p. 0' s is illustrated. For 
low rBL ratios, the increase in blocking is 
gradual. Since, under steady state, the node 
throughput is p (I-Br), there is no sudden per
formance degradation under gradually increas-· 
ing loads for these rBL ratios. But, in nodes 
with higher IBL ratios, note that Br suddenly 
increases from a value almost zero to a very 
high value; this denotes that congestion 
springs up quite abruptly. Results on simula
tion studies are given in Fig. A.4. Note the 
sudden decrease in simulated throughput at 
values of A I between 0.4 and 0.5. Further, 
we investigated on the relationship of A 0 with 
the IBL ratio. Let Nlo be the number of input 
buffers exceeding which there exists catastro
phe for the control parameter A.l= A o' Fig. A.S 
presents such a relationship for a range of 
Ao's. This plot specifies the safe limit of 
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Fig. A.3 BI versus A- I f~r different IBL 
ratios: NT=20, n=2, JJ. 1 =1 
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control parameter for a given lBL ratio. It 
also indicates the range of A'S for which, 
irrespective of the lBL ratio, lhere never is 
congestion. Note that the plots of Fig. A.S 
approach the Capacity Law Hmi t specified by 
the eq. (A.l) at higher AO'S. This points out 
that, for low A 0' s, the capacity law may be 
exceeded so as to improve the throughput rate. 

n.B NON-BlERARCmCAL ALTERNATE ROUTING 

Alternate routing techniques are employed 
in non-hierarchical networks to effectively 
utilize the links when the input traffic is 
low. At each node, the messages are firstly 
tried to be sent over the direct path failing 
which they are attempted over alternate paths. 
At low loads, this scheme provides higher 
throughput: but, at higher loads, the network 
is prone to congestion and the throughput 
reduces [11-13]. 

lLB.l. Model 

The scheme described in [8] is considered 
here. The network is a completely connected 
homogeneous one with N nodes. At any node, the 
generation of new messages directed towards 
each of the remaining N-l nodes is assumed to 
be a Poisson process with mean rate A; so, the 
total traffic generated at any node is Poisson 
with mean (N-l)A. The service rate of messages 
is according to exponential distribution with 
mean J1.. The first attempt to transmit a mes
sage would be over the direct link. If this is 
unsuccessful, maximum of N-2 alternate paths 
through two links are attempted. It is 
assumed that all of the links have the same 
blocking probability. The node under consider
ation accepts direct messages with the proba
bili ty s= (I-b); alternate routed messages are 
accepted in the netw~r~ ~i ~hN_~he probability 
Ps [8], where, P~-1 (1 s ) ..... (B.l) 
F1g B.l represents tne flow at the model node. 

Transit messages from 
other nodes 

Locally generated 
Messages 

b 

To (N-1) nodes 

Fig. B.l Flow at state b 
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Fig. B.2 Flow and corresponding poten-
tial function: N=10 

Fold point at (b=O. 5, P =U.714J 
(a) Flow,F 
(b) Potential function 

From [8], 
A eff=(N-l) A [1-b+2b{1-(1-s2) N-2}] 

J1. eff = ( N -1) J1. 

..... (B.2) 

.. . .. (B.3) 
the growth of aver
at the node can be 

With reference to eq. (1) , 
age number of entities i 
represented as: 

di/dt = A eff - J1. eff ..... (B.4) 
From eqs. (B.2 - B.4), 
di/dt = -(N-1)J1.[1-p-pb+2pb1-s2)N-2] ..... (B.5) 

So we now consider that the state of the 
system can as well be repr~sented by b. Then, 

,... db/dt = . F(b), ..... (B.6) 
where, F(b) = (dbl ~ X)F(b), ..... (B.7) 
F(b)= -(N-1)J1. [1-p-pb+2pb(1-s2)N-2], .... (B.8) 
and, P A I J1. • • ••••• (B.9) 
It can be found that F(b) has a single peak 
throughout the state space. There will be 
either only two states at which F(b)=O or none 
at all. In the former situation, bn and b 
represent the two equilibrium states. Fig~ 
B. 2 (a) illustrates both of these situations. 
At this stage, we may anticipate that the 
congested state found out earlier (see[ll]) 
would correspond to bn. 

II.B.2. Potential Function 

We assume that db/ dX is strictly 
positive and continuous in a non-congested 
system. By comparing with the gradient equa
tion (3), the potential function Var is: 

b 

V.r(b) - J ,F(B)dB ••••. (B.10) 

B=O 
where, ,,= Cl bl d i. Since, d bl d i is strictly 
positive and continuous, we can consider that 
both F(b) and (db/dX)F(b) have the sa.e 
shape. UnRer these circumstances, we will 
consider Var , given by the following rela-
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(a) Stable and unstable equilIbrIum 
states 

(b) Throughput at stable and un
stable equIlibrIum states 

tion. to be the potential function of the 
system: 

b 

V.r(b) -~F(B)dB ..... (B.11) 

J-O 
Fig. B.2(b) shows Var(b) associated with the 
flows in Fig. B.2(a). 

II.B.a. Stability Aspects 

It was predicted in [8] that the catas
trophe resident in the system is a fold one 
implying that the canonical form of the 
potential function Vc is a third order func
tion in b as gi~en by the following relation: 

Vc = (b /3) - ab ..... (B.12) 
where a is related to the control parameter 
[1.15] . Note that the plots of Fig. B. 2 (b) 
correspond to fold catastrophe potential 
functions (see [15]). 

II.B.4. Numerical Example 

Fig. B.3 indicates the stable and unsta
ble equilibrium states and the corresponding 
throughput after the fold catastrophe at 
p=0.114 and b=O.5. , Note that the unstable 
equilibrium states approach the state b=O at 
higher p's; correspondingly, beyond the fold 
point, the throughput at these unstable states 
closely approximate with that when there is no 
blocking (Fig. B.3 (b». Since the throughput 
at these unstable states are not sustained. we 
cannot take them into consideration. The 
transients on overloading reported in the 
study of Akinpelu [13] can be explained as the 
result of the excursion of the system between 
the two equilibrium states. 

With reference to the catastrophe in the 
IBL scheme. it is easy to verify that whenever 
the dynamic flow function has single peak and 
the value of the peak is greater than zero. 
fold catastrophes can be expected. 

H.C COMBINED RANDOM-RESERVATION SC1I91E 
(ALOHA-type MultIple Access) 

Almost all of the previous studies on the 
application of catastrophe theory in the tele
communication networks considered the pure and 
slotted ALOHA systems as the paradigm (see 
[1,4-6]). References [6.14] considered the 
gradient dynamic equation in arriving at the 
potential function. 

The Combined Random-Reservation Multiple 
Access scheme accommodates efficiently both 
interactive type users and batch type users. 
The batch type users benefit from higher 
throughput rate while the interactive type 
users face with delays similar to that in the 
case of slotted ALOHA only. Reference [11] de
monstrates the unique advantage of catastrophe 
analysis in such a scheme in identifying the 
effect of reservation related parameters on 
the system stability. 

II.C.1. Model 

We consider the same model described in 
[17]. VS AT mini-earth stations. numbering N. 
are connected in a star configuration to the 
hub station through the satellite. The user 
population consists of both batch mode (send
ing long messages consisting of u+1 packets) 
and interactive mode users (sending short mes
sages each consisting of only a single pa
cket). All packets are of constant length 
equal to that of a slot and the channel is 
assumed to be noiseless. The channel bandwidth 
is divided into frames. each frame consisting 
of L slots which are once again grouped into 
two parts: ALOHA channel part and reservation 
channel part consisting of AL and (l-A)L slots 
respectively. O~A~1. The ratio of long 
messages to short messages that are success
fully transmitted is expressed as LPR: SPR; 
LPR+SPR=l. Users who want to send short mes
sages occupy slots of ALOHA channel part in 
the same way as that in slotted ALOHA scheme. 
To transmit a long message. the user success
fully transmits the very first packet over the 
ALOHA ' channel part. This packet would be re
cognized by the hub station which In turn re
serves u slots for the transmission of the re
maining u packets of the long message. We as
sume that the number of slots in the reserva
tion channel part is an integer multiple of u. 

At any time. each one of the users 
corresponds to one of the exclusive modes: 
Origination Mode (OM). Transmission Mode (TM) 
and Retransmission Mode. In OM. users generate 
new message packets which are transmitted in 
RM under the 'Delayed First Transmission (DIT) 



policy. The last u packets of long messages 
are transmitted in !M. Generation of new mes
sages and retransmission are assumed to be 
governed by Poisson processes with mean rates 
q and r respectively per frame. Let y be a 
fraction, OSysl, such that Ny represents the 
number of users in RM. Then, 

Channel Traffic, G Nyr ..... (C.l) 

Congestion arises due to large number of 
backlogs in RM. The number of users at time t 
wai ting for acknowledgement is 2aG where ' a' 
is one hop propagation delay normalized to 
slot length: then, x(t)=NY+2aG. Nf in and 
Nf designate the total packet inflow to and 
ou~¥Iow from the contention state respectively 
in one frame (see Fig. C.I). Then from eq.(l), 

di/dt N(f ip - fout ) •.... (C.2) 
where, i = Ny+2aG. So, rom (C.l), 
di/dt N(1+2ar)dy/dt ..... (C.3) 

In view of the above equation, we will now 
onwards consider that y represents the state 
of the system. So, 

dy/dt = {N(1+2ar)}-1(fin-fout) ..... (C.4) 

II.C.2. Potential Function 

By comparing with (2), the gradient 
dynamic equation of the scheme is: 

dy/dt = - dVRi~y ..... (C.5) 
where, VRR(y) denotes the potential function 
of the Comblned Random-Reservation scheme. 
Then, the potential function of the scheme at 
s~ate y=y is given by the following equation: 

y 

VIIIl(Y) = -f K(f In - f out)dy • • .... (C.G) 

. y=O 
where, K={N(1+2ark/jl and, from [17], 

f out = yre- rA, ••••• (C.7) 
fin = {l-(2ar+l)y-(2a+l)foutLPR}q ..... (C.B) 

II.C.3. Stability Aspects 

It can be proved [17] that cusp catas
trophe, and no other higher order elementary 
catastrophes, exist in the syste.. There are 
six candidate control parameters viz., A, a, 
q, r, M, LPR, where M= N/L. Two of them can be 
chosen in SC2 = 15 different ways. For each 
pair of control parameters, the bifurcation 
set can be identified by solving the relation: 

~.········~;~~·i~NY~2~~;;~··a~~~;;g----' ~ 
) . 

Nf' (Ny ledgement,(2aG) : 
in l 1 Nfout 

L ____________________________________________________ .. -_. 

Fig. C.l Flow at the congestion prone 
element of the system 

259 

r 

Fig. C.2 Stable and unstable regions: a=3/10 

II.C.4. Numerical Example 

Let us consider the configuration: N=lOO, 
L=20, A=1/2, a=6/20, u=5, and LPR=0.5437. The 
bifurcation set obtained by the above analy
sis, for two different values of A, are as re
presented in Fig C.2. This indicates that the 
structurally stable region increases when A 
increases. But, the throughput of reservation 
message reduces (increases) as A increases 
(decreases). An appropriate trade-off between 
the reserv~tion throughput and structural 
stability can be arrived at. 

Ill. CONCLUSION 

We have presented the review of some of the 
recent investigations on stability aspects in 
diverse telecommunication network structures. 
These stablli ty a'spects, classified in terms 
of the respect! ve catastrophes, provides a 
picturesque perspective of the instability in
volved. The numerical examples indicate that 
the above method can effectively be employed 
in finding the control parameters exceeding 
which congestion springs up. Under the consid
eration of shape preserving function, the 
potential function of each of the systems con
sidered above is expressed as the integral of 
the dynamic flow balance function. Hence, it 
is enough to know the shape of flow balance 
function to predict the catastrophe. Our re
sults, supplementing those reported earlier in 
references [3-B], appear to suggest that such 
a unified approach can be extensively employed 
in an effective characterization of structural 
stablli ties and in a sufficiently accurate 
estimation of performance measures in conges
tion-prone telecommunication networks. 
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