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Abstract 

This paper considers the equilibrium behavior of a group
arrival group-departure queueing model with c servers, one 

in which customers arrive in groups and depart from the 
system in groups after receiving their services. Group sizes 
are assumed to be integer valued LLd.r.v.'s with a general 

probability distribution. Idle servers are assigned to wait
ing groups according to a groupwise FIFO queueing disci

pline. This system is referred to here as the Glx IGx le 
queueing system in extended Kendall's notation. Analytic 

results for M x I M x 12 model are first obtained, after which 
an approximate solu tion for M x I M x le is proposed and nu

merical examples are presented and compared with the an
alytic results. Finally, the analytic results for a saturated 
Glx IGX 12 model are obtained, and it is shown that system 
throughput increases as service time distribution decreases 

in terms of convex ordering. 

1 Introduction 

A class of group-arrival queueing models is characterized 
by the following features: 1) group-departure or individual

departure, 2) waiting or loss system, 3) saturated or non
saturated system, where individual-departure means that 
servers assigned to a group may free up individually, waiting 

system means that arriving groups may wait in a queue if 
the system is busy, loss system means the converse, and 
a saturated system means that the arrival rate of groups is 
high enough to prevent the waiting queue from ever being 

to be empty. 
In this paper, the group-arrival model with a num

ber of c (e > 1) servers is denoted by Glx IGle in ex

tended Kendall's notation if it belongs a class of individual
departure models, and by Glx IGx le if it belongs a class 

of group-departure models, where the symbol X indicates a 

random variable associated with group size. 

In previous studies, Green[5] introduced a M x/M / e 
model. Federgruen and Green [4] extended this model 
to allow non-exponential servers. In the case of loss sys
tem, Fakinos[3] studied a MX IGX le loss system. In the 
case of saturated model, Bettridge[l] analyzed a saturated 

Glx IMx le model by Markov chains assuming processor 

sharing queueing discipline. Further, Bryant[2] studied a 

saturated Glx IMx le system with FIFO(First In First Out) 
queue discipline in the context of a computer system perfor
mance evaluation. 

Among the class of group-arrival models, a class of group
departure queueing models provides practical models for 

performance evaluation in computer systems and communi
cation systems, e.g., multiprogramming computer systems, 

for which each program requires a random number of mem
ory units (pages) from a main memory storage to be loaded 

on; switched message systems with a variety of message 
types, which may require type-dependent buffer sizes, etc. 

Motivated by those examples, we investigate the equilib
rium behavior of a group-arrival group-departure queueing 

model. 
In section 3,analytic results for a M x I M x 12 model are 

derived via generating function techniques. We propose next 
an approximate solution for a MX IMx le model in section 
4, and numerical examples are presented and compared with 
analytic results for the M x I M x 12 model. In section 5, an

alytic results for a saturated model Glx IGX 12 are obtained 
via the supplementary variable method and it is shown that 
the throughput of the system increases as the service time 

distribution decreases in terms of convex ordering[6]. 

2 Model description 

The system consists of c servers and a waiting queue. 
Groups of customers arrive at the service station according 

t~ a Poisson process with rate>. . Group sizes are assumed 
to be integer valued Li.d.r.v.'s with a general probability 

distribution denoted by O'n = P(X. = n) for n = 1,2"", e 
and for i = 1,2,··· , where X. denotes the size of the i-th 

arriving group. We assume that L:~=l O'n = 1. Group sizes 
and inter arrival times of groups are stochastically indepen

dent. Each of the c servers can serve one customer at a time. 

Service for all customers in an arriving group starts immedi

ately upon their arrival, if no other group is already waiting 

and if the number of idle servers is greater than or equal to 
the arriving group size. Otherwise, the new group joins the 

tail of the waiting queue. No group will overtake another in 
the queue even if it finds a sufficient number of idle servers 

at the time of its arrival. Waiting queue capacity is infi-



672 

(!) I @ 
Poisson arrival 

® S@ (I) c servers 
A. .~ 

(I) 

1 Waiting batches 
@ 

@ 

• : busy server 

G : idle server 

a vector valued random variable Y = (N, Gb G2 ), where 

Gl E {0,I,2} ,G2 E {O,I} , subject to 0 ~ Gl + G2 ~ 2 
and 0'1 + 0'2 = 1. The equilibrium state probabilities for the 

process Y are denoted by 

for n = O,I,···ji = 0,1,2 and for j = 0,1. 
In equilibrium, we have 

= Pl(I,O) + Pl(O, 1) 
= PO'2PO(0,0) + O'2P2(0, 1) + P2(I, 0) 
= PO'l Po{o, 0) + 0'1 P2(0, 1) + 2P2(2, 0) 
= PO'2Pl(I, 0) + O'lO'2P3(0, 1) + 2O'2P3(2, 0) 
= PO'lPl(I,O) + O'~P3(0, 1) + 2O'l P3(2,0) 

(3.Ia) 

Figure 1: An example of a MX IGX Ic model in which c = and 

lO,N = 7,Gl = I,G2 = 2,G3 = 1 and Gi = 0 for i = 
4,··· ,10. 

nite, so no customer is lost. Service times for customers in 

the same group are identical, and so customers depart from 

the system in precisely those groups in which they arrive. 

Distinct group service times are stochastically independent 

from one another and from the arrival process. 

At the instant a group departure occurs, a number of 

servers becomes idle. Those idle servers, together with oth

ers already idle, are assigned to as many waiting groups 

as possible. This assignment is instantaneous, following a 

groupwise FIFO queue discipline, and it terminates when a 

group is found whose size is greater than the number of avail

able idle servers. Since service for customers in a group never 

begins until the full number of required servers are available, 

servers may be idle in this model even when there are groups 

in line waiting to be served. In some cases, service time Sn 
may depend on the size of the group to which the customer 

belongs(subscript n denotes group size). The distribution 

of Sn is denoted by Fn . We assume that the expectation 

E(Sn) is finite and that Fn(O) = 0 for n = 1,2,···, c. N 
denotes the number of groups waiting or in service at time. 

o and Gn (n = 1,2, ... , c) denotes the number of groups of 

size n being served at time o. An example of a MX IGx Ic 
model is shown in Fig.I. 

3 Analysis of MX /Mx /2 

3.1 State equations 

In this section we assume exponential service times Sl and 
S2 with identical expectations E(Sl) and E(S2)' i.e.,Fn(t) = 
1 - e-pt and J.I. = 11 E(Si) for n = 1,2. 

Let p = AI J.I.. In the equilibrium analysis which follows, 
we denote the state of the MX IMx 12 system at time 0 by 

(1 + p)Pn(O, 1) 

(1 + p)Pn(I, 0) 

(2 + p)Pn(2, 0) 

= pPn-l(O, 1) + O'2Pn+l(0, 1) 

+Pn+l(I,O) 
= pPn-l(I, 0) + O'lO'2Pn+l(0, 1) 

+2O'2Pn+l(2,0) 

= pPn-l(2,0) + O'~Pn+l(O, 1) 
+2O'l Pn+l (2,0) 

for 2 ~ n, 

for 3 ~ n, 

for 3 ~ n. 
(3.Ib) 

To better understand (3.1), we introduce the following gen-
erating functions: 

00 00 

Po(z) = Po(O, 0) + L: Pn(O, I)zn , Pl(Z) = L: Pn(I, O)zn 
n=l n=l 

and 

where z is a complex variable whose modulus is at most one. 

For the sake of notational brevity, let Po = Po(O,O), Pl = 
Pl(I, 0), u = 1 + p(I - z) and v = 1 + pz(I - z). The linear 
system (3.1) is equivalent to 

F(z)A(z) = pB(z) (3.2) 

where F(z) = (Po(z), Pl(z), P2(z» , p = (Po,pd , 

( 

zu - 0'2 

A(z) = ~1 

and B( z) is the matrix 

Except for those parameter values which cause det[A(z)] 
to vanish, the solution of (3.2) can be written as F(z) = 



pB(z)A(z)-l, from which the generating function P(z) is 

derived as 

(3.3) 

where 

g(z) = p3 z4 - 2p2(p + 2)z3 + p{p2 + (5 + O'l)P + 5}z2 

{(I + O'l)p2 + (3 + O'l)p + 2}z + pO'l(I - 0'1), 

go(z) -(1 + O'np2z3 + p{2(I + O'np + O'~ + 3}z2 

{(I + O'np2 + (0'1 + 3)p + 2}z + 0'1(1 - O'dp, 

gl(Z) -O'lz2{1 + p(I - z)}2. 

Note that det[A(z)] = z(I - z)g(z) . 

3.2 Existence of stable solution 

In this subsection, we investigate the conditions under 
which a stable solution exists so as to determine a unique 

generating function P(z). 
P(z) includes two unknown probabilities, Le., p = (po, PI), 

which means that two constraints are necessary to determine 

p. One of them is the probability constraint, limz-+l P(z) = 
1, from which we get the relation 

2po + O'lPl = 2 - (2 - O'~)p. (3.4) 

To obtain the other constrain, we study the equation 

g( z) = O. By the definition of generating functions, P( z) 
is required to be analytic in the interior of the unit circle 

and continuous on its boundary. Therefore, if the equation 
g(z) = 0 has a root, say 'f/ , in the closed unit disc, then the 
numerator for P(z) is required to vanish at 'f/. Thus, the 
relation 

(3.5) 

provides the second constraint necessary for a precise deter

mination of p. 
Let 

p. = 2/(2 - O'n. 

Then some auxiliary results are summarized in the lem
mas which follows, while the main results of this section 
are summarized in Theorem 3.1, wherein the p. implies a 

boundary value for which Eq.(3.I) mayor may not have a 
set of stable solutions. 

Lemma 3.1 If 0 < p < p., then g( z) has only one zero in 
the closed unit disc. 

Proof: Let z = eie. Then g(z) has k zeros in the closed 
unit disc if arg{g(z)} increases by 27rk as B increases from 

zero to 27r. Hence,it should be proved that the increment 
of arg{g(z)} is equal to 27r as B increases from zero to 27r, 

assuming that 0 < p < p •. Let t = - cot(B/2). Then the 
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Figure 2: The locus of x(t) + iy(t) for two possible cases: 

qo ~ 0 and qo < 0 . 

unit circle z = eie and the polynomial g(z) are transformed 
to the forms 

t - i 
z=--

t + i 
and (z) = x(t) + iy(t) 

9 (t + i)4 

respectively, where 

in which all of coefficients are polynomial of p and 0'1. Value 
of parameter t increases from -00 to +00 as 0 increases 

from zero to 27r. Let 'Pe be defined as the increment of 

arg{g(z)} when 0 increases from 0 to 27r. Further, let 'Pn 

and 'Pd be defined as the increments of arg{x(t)+iy(t)} and 
arg{(t+i)4} when t increases from -00 to +00, respectively. 

It is clear that 'Pe = 'Pn - 'Pd and 'Pd = -47r, implying that 
'Pe = 'Pn + 47r. Therefore, if 'Pn = -27r then 'Pe = 27r which 
yields the statement to be proved. To prove 'Pn = -27r, the 

locus for x(t) + iy(t) is examined by way of ascertaining the 
real roots of equations x( t) = 0 and y( t) = 0 . 

The examination process requires straightforward but te
dious application of the theory of equations, and the discus
sion is omitted here for the sake of brevity. Summarizing 

those relations of real roots in the equations x(t) = 0 and 
yet) = 0, we can determine the locus of x(t) + iy(t) one of 
which example is illustrated in Fig.2 for two possible cases 
qo ~ 0 and qo < O. In both cases,we can find 'Pn = -27r. 0 

Following lemmas are derived with similar discussion to 
Lemma 3.1. 

Lemma 3.2 If p. < p, g(z) can have none, 2, or 4 zeros in 
the closed unit disc. 

Lemma 3.3 If p = p., then g(z) has one zero,namely z = 
I, on the unit circle and has two zeros inside the unit circle. 

Theorem 3.1 The set of equations (3.1) has a stable solu
tion if and only if 0 < p < p. and the generating function 

P(z) for the stable solution has the representation 

P(z) = gl('f/)gO(z) - gO(ll)gl(Z) 0 

gl(",)g(Z) P 
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where 

Po = 2 (" i2 - an(' )91('1) 
2g1 '1 - algo '1 

and '1 i$ a root 0/ the equation g( z) = 0 . 

Proof: It follows immediately from above lemmas. o 

Corollary 3.1 

where 
Bo = ad (2a~ - al -l)p - 2}{(2a~ - al -l)p + I} 

and 
Bl = -p{(2a~ - al - l)pa~ + 2(a~ - 2)}. 

Proof: tP(z) 1,,=1 yields the statement. 0 

Generating functions results for the M x / M x /2 model ex

emplify basic properties of the class of M X/M x / e models 

even though e is small. They can also provide exact numeric 

data points in order to assess the accuracy of approximate 

methods, one of which is proposed in next section. 

4 Approximation of MX IMx le 
In this section the service time Sn is assumed to have an 

exponential distribution with expectation E(Sn) = 1/ p. for 

each value where n = 1,2, ... e. 

A Markovian equilibrium description of the MX /Mx /e 

requires a vector valued random variable 

Y = (N, GlI G2 , •• • ,Gc, H), where H is the size of group 

waiting at the head of the waiting queue at time O. A 
straightforwardly attempt to extend the generating func

tion method of previous section appears intractable due to 

a combinatorial state explosion of Y as the number of servers 

grows larger. A simple approximate approach is proposed 

in this section. 

Let K = Gl + G2 + ... + Gc. Then K is the total number 

of groups in service at time O. Define N + and K + to be the 
value of Nand K respectively, just after a departure epoch. 

Then K + is a function of N, Gl, G2 , ••• ,Gc and H. 
The basic idea for the approximation is based 

on the assumption of independence between K + and 

GlJ G2 ," ' , Gc, H, or equivalently the assumption 

where UIc = Xl + X2 + ... + XIc , which implies immediately 

and 

where Hk(e) = P(Uk $ e). 
Since all service time distributions are assumed to be ex

ponential, the group departure rate of the system can be 

evaluated by p. • E(K+ 1 N+ = j) given condition N = j 
approximately. 

Let uj(e) = Hl(e) + H2(e) + ... + Hj(e). Then uj(e) 
can be calculated by the j-fold convolution operation of the 

distribution {an}. Thus the approximation model proposed 

here is a M/M /1 model with state dependent service rate 

p.(j) = p. • uj(e). 
Define the equilibrium state probabilities for the approxi-

mate model by Pn = P(N = n) for n = 0,1,2,···. 

Those probabilities satisfy the following equations: 

{ 
>'Po = p.'I./.t(e)Pl, 
{>. + un(e)p.}Pn = >'Pn-l + un+l(e)p.Pn+l , 1 $ n. 

(4.1) 

Let m be a maximum number of groups which can enter 

service simultaneously, i.e., m = [e/min(n 1 an '# 0, n = 
1,,'" e)] where [x] denotes a maximum integer smaller than 

or equal to x. Then the main result is summarized in the 

following theorem. 

Theorem 4.1 A $table solution for (4.1) exists if and only 
if 0 < p < um ( e) with the form: 

for n = 1,2" .. , m, 

{ 

pn 

Pn = ni=l uj(e) Po 
{_P_}m-n Pm for n = m + 1"", 

um(e) 

where p = >'/ p. and 

m-I n pm 
Po={l+L n

P 
.()+ m-I . }-l. n=l nj=l UJ e (Um(e) - p) nj=l uJ(e) 

Table 1 displays numerical examples for E(N) and compares 

exact results obtained as Corollary 3.1 in the previous sec

tion and approximate results derived in this section for the 

case e = 2, in which the boundary condition for stability is 

o < p < u2(2) = H l (2) + H2(2) (= 1 + an in the approxi

mate model and 0 < p < p. = 2/(2-an in the exact model. 
Since p. $ u2(2) for 0 $ al $ 1 , the approximate model 

estimates the boundary value of the stability greater than 

the value of exact model. 

We can easily extend the proposed approximate model 

to the case in which the group size is a random variable 

with continuous values. We can also extend it to the case in 

which the service rate for groups may depend on the number 
of groups in system according to set p.(j) = p. . v(j)uj(e) 

instead of p.(j) = p. . uj(e). 

5 Analysis of saturated G/x IGx 12 

5.1 State equations and boundary conditions 

We study a saturated model with two servers in this sec

tion. The service time distributions Fn(t) may depend upon 



Table 1: Numerica.l examples of E(N) in the case c = 2. 

al = 0.3 al = O.S al = 0.7 
p. = 1.047 p. = 1.143 p. = 1.32S 

pIp· Exact Appr. Exact Appr. Exact Appr. 

0.1 .116 .11S .12S .123 .143 .139 
0.2 .260 .2S6 .279 .267 .313 .29S 
0.3 ,444 ,440 ,474 ,446 .S2S ,476 

0.4 .689 .70S .731 .683 .802 .704 
O.S 1.031 1.136 1.089 1.038 1.186 1.019 
0.6 1.S43 1.9S6 1.627 1.646 1.7S8 1.S18 
0.7 2.398 3.829 2.S23 2.87S 2.712 2,447 
0.8 4.108 9.310 4.319 S.92S 4.626 4.S41 

the group size n and have a genera.l form provided the ex

istence of density function In(t) = ftFn(t) for n = 1,2 
is assumed. To study this model, we define two kinds of 
random variables,i.e.,the number of groups being served at 
time 0 and the past service time of them. The equilib
rium state for the saturated G/x IGx 12 system at time 

o is defined by the vector va.lued random variable Y = 
(Gl' G2, Rl , R2, Rn, R12), where Ri is the past service time 
for the customer who is in service at time 0 and belongs to a 
group of size j (j = 1,2). In the case that two groups are in 
st:rvice at time 0 , Rn and R12 are the past service time for 

the older and the younger group,respectively, and belonging 
to a group of size 1. Random variables Rl and R2 are de

fined if (Gl ,G2) = (1,0) and (Gl,G2) = (0,1), respectively. 
Further,Rn and R12 are defined ,if (Gl ,G2) = (2,0). Note 

that R12 ~ Rn, 1 ~ Gl + G2 ~ 2 and al + a2 = 1. Further, 
we define four states and their equilibrium state probabili

ties as follows: 

1 

Po(x)dx = P(Gl = 2, G2 = 0, X ~ Rn = R12 < X + dx), 
Pl(x)dx = P(Gl = 0,G2 = l,x ~ R2 < X + dx), 
P2(Xl,X2)dxldx2 = P(Gl = 2,G2 = O,Xl ~ Rn < Xl +dXl, 

X2 ~ R12 < X2 + dX2), 
P3(x)dx = P(Gl = I,G2 = O,x ~ Rl < X + dx). (S.I) 

Let I-'n(t) = In(t)/(1 - Fn(t)) for n = 1,2. Then the I-'n(t) 
describes the conditiona.l group departure rate for size n 
given that the group has been in service for time t . The 
state probabilities (S.I) satisfy the following equations: 

d 
dxPo(x) = -21-'1(X)PO(x), (S.2a) 

d 
dx P1(X) = -JL2(X)P1(x), (5.2b) 
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d 
dx P3(x) = -I-'I(X)P3(x) + a2{2Po(X)I-'I(X) 

+ fo:& P2(X, u)I-'I(u)du + 100 P2(X, U)I-'l(u)du} (S.2d) 

and boundary conditions 

Po(O) = ai fooo Pl (U)I-'2(U)du, (S.3a) 

P1(0) = fooo P3(U)I-'1(U)du + a2 10
00 

Pl (U)I-'2(U)du, (S.3b) 

P2(x, 0) ad2Po(X)I-'I(X) + fo:& P2(X,U)I-'I(U)du 

+ 100 P2(U,X)I-'1(U)du}, (S.3c) 

(S.3d) 

The genera.l solutions for Eq.(S.2) are given in terms of 

the unknown function g(x), the unknown constants kl' k2' k3 . 
and Fn(t) = 1 - Fn(t) for n = 1,2. 

5.2 

Po(x) = k2FHx)2, 

Pl(x) = kl F2(X), 

P2(Xl, X2) = A(Xl)Fl (X2)g(Xl - X2), 

P3(x) = Fl(X){k3 + - g(x)dx}. - 2a2 J 
al 

(S.4a) 

(S,4b) 

(SAc) 

(S,4d) 

Determination of the unknown function 
and constants 

In this subsection, we discuss how to determine the un

known function g(x) and unknown constants kl' k2 and k3, 
which appear in the genera.l solutions (S.4). Denote the m
fold convolution of Fn(t) by F~m)(t), its density function by 
lim)(t) (= ftF~m)(t)) and F~m)(t) = I-F~m)(t) for n = 1,2. 

Further, we define Fn(t) = 0 for t < O. We can derive 
the following integra.l equation from Eq.(S,4a),(S,4c) and the 
boundary condition (S.3c) to determine the unknown func

tion g(x). 

where / is the identity operator and T is the integra.l oper

ator defined by 

(Tg)(x) = fooo {!I(x - t) + 11(X + t)}g(t)dt. 

Lemma 5.1 The solu.tion of the integral Eq.{5.5} is 

m=l 

+ %;1; a~+m-l 10
00 

.tim)(x)/~n)(t + x)dt} (5.6) 

Proof: By substituting (5.6) into the left hand side of (5.5), 
it can be shown that g(x) satisfies Eq.(5.5). Since Eq.(5.5) 
is linear, the solution is unique. o 
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Lemma 5.2 

Proof: Substituting the general solutions (5.4) into the 
boundary conditions (5.3),after substituting (5.6) into (5.4c) 
and (5.4d),yields a set of linear equations,in which those con
stants appear as part of the solution. 0 

The equilibrium state probabilities for the model are given 
by the following theorem. 

Theorem 5.1 The solution for (5.2) which satisfies the 
boundary condition (5.3) is 

m=l 

+ f,t. a~+m-' j,ro !lm)(t)!ln)(t +" - .,)dtj, 

P3(X) i't(X)[O'I(1- 2O't) + 2O'~O'~{ t O'i- l F~m)(x) 
m=l 

Proof: The statement can be derived by calculation substi
tuting (5.6) and (5 .7) into the general solution (5.4) . 0 

Corollary 5.1 Let p(i,j) = P(GI = i,G2 = j) and 

(5 .8) 

then 

{ 
p(O, 1) = VO'2E(S2), p(2,0) = vO'?O'~K, 
p(l ,O) = v{O'IE(SI) - 2O'~O'~K} 

where v = [O'IE(SI) + O'2E(S2) - O'~O'~Ktl . 

Lemma 5.3 Let A be the throughput or equivalently the 
group departure rate for the system. Then 

Proof: Let Land W be the average number of groups in 

service at time ° and the average service time for each 

group,respectively. Since W = O'IE(SI) + O'2E(S2) and 
L = E(G1 + G2) , the rela.tion L = lIW follows from Corol

la.ry 5.1 . The result A = 11 follows from Little's Formula. 
L=,xW. o 

5.3 Convex ordering 

In this subsection we consider two saturated GIx /Gx /2 
models with the same service time expectations E(Sl) < 00 

a.nd E(S2) < 00, and the same group size distribution 

{ O'b O'2}. Those two models are distinguished by appending 
subscripts A and B throughout this subsection. It is read
ily seen from Corollary 5.1 and Lemma 5.3 that throughput 
A depends on the distribution Fl(t) , but not on F2(t) ex
cept for the first moment E(S2)' Thus the relation between 
parameters A and FI(t) are studied heI~. 

The result is summarized in the next theorem, where ::;0 
is the convex ordering introduced by Stoyan et al.[6] . 

Theorem 5.2 If SIA ::;0 SIB then AA ~ AB· 

Proof: The convex ordering ::;0 is closed under convolution, 
whence 

m times m times .. 
'SIA + ... + SIA' ::;0 SIB + ... + SIB' 

which is equivalent to the inequality 

r - (m) r -(m) 10 FIA (u)du ~ 10 FIB (u)du . (5 .9) 

Applying integration by parts to (5 .9), we can see that each 
term of the summation in (5.8) of the two models A and B 
satisfies the inequality 

loo -(m) -(n) loo -(m) -(n) 10 FIA (U)FIA (u)du ~ 10 FIB (U)FIB (u)du. 

Thus KA ~ KB,which implies that AA ~ AB. o 
Theorem 5.2 shows that the throughput is stochastically 

ordered in the sense of convex ordering. 
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