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The flexibility of fast packet switching has initiated the development of the Asynchronous Trans
fer Mode (ATM) which is the transmission, multiplexing, and switching technique for the future 
Broadband ISDN. The dimensioning of resources and the definition of an appropriate conges
tion control require careful analysis of switching and multiplexing facilities. This paper presents 
an exact and an approximate performance analysis of the statistical multiplexing of sporadic 
and constant bitrate sources based on a multi-variate Markov chain. The results confirm that 
the dimensioning of buffers is related to short-term characteristics described by simple queueing 
models (for example, M/D/l-S), and connection admission control can be mainly based on long
term characteristics covered by a fluid flow approximation or a simple convolution approach . 

1 Introd uction 

The Asynchronous Transfer Mode provides a very flexi
ble information transfer and is therefore accepted as the 
basis for the evolving Broadband ISDN [3] which has to 
cope with a variety of services with widely differing char
acteristics. ATM is basically a packet-oriented switch
ing technique, where the information is subdivided into 
small, fixed length packets called cells. The high trans
mission speed in a broadband network implies simple 
protocols within the ATM layer which comprises trans
mission, multiplexing, and switching functions. 
The inherent flexibility of the ATM technique with re
spect to bitrate allocation is very attractive for a net
work that integrates a variety of different services: A 
network based on ATM needs no bitrate hierarchy as an 
ordinary circuit-switched network. An additional flexi
bility can be achieved if the cell streams originating from 
constant bitrate, sporadic, and variable bitrate sources 
are multiplexed in a statistical way. This scheme al
lows an efficient use of the transport network by taking 
advantage of the bitrate variations of the multiplexed 
traffic streams. Therefore, less than peak bitrate could 
be allocated to connections with varying bitrate. 
On the other hand, some services have very stringent 
quality of service (QOS) requirements with respect to 
information loss and information delay. Especially the 
cell loss probability requirements are crucial and will re
strict the network load. In contrast, the cell transfer 
delay is mainly caused by the cell assembly time and 
the propagation delay which are both independent of 
the network load. Buffering of cells in the switching 
and multiplexing facilities and a preventive congestion 
control that is mainly based on connection admission 
control and source policing is mandatory in an ATM 

network to ensure the QOS of all services. This restricts 
the gain which can be achieved using a statistical multi
plexing scheme. This paper addresses the multiplexing 
gain that is possible in theory. Hence, we only consider 
sources which behave themselves according to the con
tract on which source policing and connection admission 
control is based. 
For proper dimensioning of the network (size of buffers, 
connection admission control procedure, etc.), it is nec
essary to evaluate the characteristic performance mea
sures of a statistical multiplexer, i.e., cell loss and de
lay, using realistic traffic models [5]. Similar studies 
have been performed for packet voice [15, 16] and data 
[1] communication systems. Standard simulation tech
niques are not applicable due to the extremely low cell 
loss probability requirements of some services. 
This paper focuses on the statistical multiplexing of spo
radic - for example, still picture or data sources - and 
continuous bitrate sources - for example, constant bit
rate video or voice sources. An exact and an approxi
mate analysis are presented which allow the calculation 
of the characteristic performance measures of the mul
tiplexer. 

2 Performance Evaluation 

There are two different ways to evaluate the performance 
characteristics of a statistical multiplexer. In a first 
approach, the superposition process of all cell arrival 
streams is approximated by a substitute point process 
for which an exact queueing analysis is possible (see, 
for example, [5]). In [11], however, it is stated that a 
good approximation over all time scales of interest is 
very difficult and not known up to now. A second, more 
detailed model incorporates the characteristics of each 
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individual traffic source [1, 6, 15, 16]. 
The analysis described in this section is in principle ap
plicable to the multiplexing of a variety of constant bit
rate (OBO) and sporadic sources with different charac
teristics. However, due to the huge numerical complex
ity of the analysis, only one class of sources is taken 
into account. This is the main drawback of the exact 
solution. On the other hand, it is possible to add an 
additional arrival process with a geometric interarrival 
time distribution, modelling the aggregate cell stream 
originating from many independent sources, each with 
negligible load. 

2.1 Traffic Model 

Each traffic source in the ATM network generates cells 
which are multiplexed on the network links using the 
asynchronous time division multiplexing (ATDM) tech
nique. A statistical multiplexer is basically a single 
server queueing system with finite queue capacity S, 
which is fed by the cell arrival streams of many indi
vidual and independent traffic sources. The constant 
service time tlT of this queueing system corresponds to 
the transmission time of one ATM cell. This time repre
sents the basic time scale in an ATM system and will be 
called one time slot. The system state of the multiplexer 
can only change at multiples of this time basis tlT and 
implies a discrete-time queueing model. 
The packet flow departing from a OBO source consists 
of a packet every m = lr/(Bp. tlT) time slots, where 
lr = information field length, standardized to 48 byte; 
Bp = maximum source bitrate; m . tlT = cell assembly 
time. For simplicity, it is assumed that m is always an 
integer value. A sporadic source has the same determin
istic inter-cell distance if the source is in a burst state, 
whereas no cells are generated during silence periods 
(see Figure 1). 

Begin of burst End of burst Begin of burst 
t t t 

~=gb n Q T.=+JJm-P 
Figure 1: Sporadic source model 
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The number of cells arriving within a burst as well as the 
silence duration are distributed according to a shifted 
geometric distribution with mean values EX = E[TbJ/m 
and ES = E[T,), respectively. All times are normalized 
to the basic time unit tl.T. This model is the discrete
time version of the well-known voice model with silence 
detection and suppression which is used in most of the 
related studies [5, 15, 16]. In the sequel, the statistical 
multiplexing of N traffic streams with identical charac
teristics is considered. 

2.2 Exact Performance Analysis 

The performance analysis is based on a multi-variate 
Markov chain, where the system is observed immedi-

ately after each time slot. After time slot i, the system 
is completely characterized by an (m+ 1 )-dimensional 
state vector (Xi, nI.i, n2.i, ... , nm.i). The queueing state 
Xi is described by the number of cells present in the 
queueing system immediately after time slot i. The 
variables nj.i (1 ~ j ~ m) denote the number of cells 
that have arrived at the end of time slot i - j + 1; they 
describe the actual state of all traffic sources (see Fig
ure 2). An extension of this state notation to the hetero
geneous case, where sources with different characteris
tics are multiplexed on a single link, is straightforward, 
but the analysis imposes a prohibitively high numerical 
complexity. 

a) 
nm.i-I nm-I,i-I n2.i-I nI.i-I 

i-m i-m+1 i-2 i-I Time 

~T 
b) 

nm,i n3,i n2,i nI.i 

i-m i-m+1 i-2 i-I Time 

~T 

Figure 2: Source state description 
a) After time slot i-I 
b) After time slot i 

The source state description after time slot i is related to 
the source state description after time slot i-I according 
to the following equation (see Figure 2): 

n·· _. . . 
{ 

nm i-I· qn( nm i-I, ni-b nu) if j = 1 
J.' - nj-I.i-I if 2 ~ j ~ m 

(1) 
The transition probability qn( nm.i-I, ni-I, nI.i) denotes 
the conditional probability that nI.i cells will arrive at 
the end of time slot i provided that nm.i-I cells have ar
rived at the end of time slot i-m, and ni-I = Ei=l nj.i-I 

cells have arrived during time slots i-m ... i-I. Each of 
the nm.i-I sources which have emitted a cell in time slot 
i-m will submit a cell in time slot i with probability 
Cl = 1 - 1/ EX. This is due to the geometric distribu
tion of the number of cells within a burst. Furthermore, 
each of the N - ni-I sources which have been passive 
during time slots i-m ... i-I will emit a cell in time 
slot i with probability 1- f3 = 1/ ES (due to the shifted 
geometric distribution of the silence duration). Hence, 
the number of cells arriving in time slot i is governed by 
the following transition probabilities, which are calcu
lated from a convolution of the corresponding binomial 
distri bu tions: 



The queue state defined by the number of cells in the 
queueing system can be evaluated from the following 
equation: 

Xi = min(S + 1, Xi-l + nl,i) - min(l, Xi-I) (3) 

It is assumed that arrivals are processed prior to depar
tures. This strategy is called arrival first (AF) and has 
been chosen for the numerical examples in Section 3. 
For the strategy departure first (DF), the actual queue 
state Xi becomes 

Xi = min(S + 1, Xi-l - min(l,xi-d + nl,i) . (4) 

If an additional traffic stream with a geometric interar
rival time distribution is superimposed, Equations 3 and 
4 must be modified according to the number of arrivals 
originating from this traffic stream. 
The state probabilities p(x, nt, n2, ... , nm) are indepen
dent of the time instant i· tl.T in the stationary case 
(i ~ 00). Since the transition matrix is very sparse, an 
iterative method can be used to evaluate the stationary 
solution from Equations 1, 2, and 3 or 4 starting from 
the initial condition p(O, 0, 0, ... ,0) = 1. 
The same approach is valid for CBO sources if the tran
sition probability during the first m steps is defined as 

(
N - ni-I) . ( 1, ) nl,i 

nl,i m-t,+l 

. (1 _ 1, )N-ni-1-n1,i. (5) 
m-t,+l 

Since ni-l cells have arrived during time slots 1 ... i -1, 
each of the remaining N - ni-l CBO sources generates a 
cell in time slot i with probability l/[m - (i -1)], which 
yields the above binomial transition probability. Start
ing with slot i = 1, the stationary solution is obtained 
after time slot i = m if N ~ m. For this case, where 
nm,i-l == 0, the state description can be further sim
plified to (Xi, ni). If the number of sources exceeds the 
minimum inter arrival time (N > m), the steady state 
is reached for i > m, and the transition probability for 
time slots i > m can be evaluated from Equation 2 us
ing a = 1 and ni-l = N which yields nl i = nm i-I in 
Equation 1. A similar approach as describ~d abo~e, has 
been developed by Cidon and Sidi [4] under the con
straint N ~ m and has been extended by Hiibner [6] to 
the case N > m. 
From the state probabilities p(x,nl,n2, ... ,nm) valid at 
an arbitrary time slot, it is easy to compute the charac
teristic performance measures of the queueing system. 
The system characteristics depend on the queue state 
X at an arbitrary time slot which occurs with the state 
probability 

N N N 

Pao(x) = ~ ~ ... ~ p(x,nl,n2, ... ,nm). (6) 
nl =0 n2 =0 n.,. =0 

The offered traffic A equals the mean number of cells 
which arrive during one time slot (corresponding to one 
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service time) and is given by 

1 m·EX 
A=N·-· . 

m m·EX+ES 
(7) 

The carried traffic p can be computed from the state 
probabilities at an arbitrary time slot as 

5+1 

p = Lpz(i) = 1- pz(O). (8) 
i=l 

Using Equations 7 and 8, the cell loss probability B can 
be simply calculated from 

B=l-.t. 
A 

(9) 

The average transfer delay t in multiples of tl.T can be 
obtained from the mean number of cells in the queueing 
system applying Little's law: 

1 5+1 

t = - L i· pz(i) 
P i=l 

(10) 

2.3 Approximate Performance Analysis 

The exact analysis requires the evaluation of the state 
probabilities of a huge state space. This state space can 
be significantly reduced if the system is only observed 
every k time slots (if 1 ~ k ~ m and m/k is an integer 
value). These k consecutive time slots will be called an 
observation cycle. 
The system state after the i-th cycle is described by 
the number of cells Xi in the queueing system just after 
the i-th cycle and by the number of cells ni,i that have 
arrived during cycle i - j + 1 (if 1 ~ j ~ m/k). This 
reduced state description is not complete, since there is 
no information available in which sequence the ni,i cells 
have arrived during cycle i - j + 1. Therefore, it can 
be assumed that the ni,i cells which arrive during cycle 
i - j + 1 are randomly distributed over the k time slots 
of this cycle. 
If m is substituted by m/ k, the transitions for the source 
states can be computed from Equation 1. The transition 
probability qn(nm/k,i-l,ni-l,nl,i) can be obtained from 
Equation 2 if m is substituted by m/k and {3 is set equal 
to 1- k/ES. 
The transition probability for the number of cells in the 
system after the end of two consecutive cycles can be 
obtained using the analysis given in [16], where the case 
k = m is solved. This analysis is very intricate due to 
the finite capacity of the buffer. Therefore, a queueing 
system with infinite queue capacity is considered. 
The derivation of the transition probabilities for the 
queue length can be based on results for the (N .D)/D/1 
queue. Similar transition probabilities have been ob
tained in [13] for the (M+D)/D/1 system. Furthermore, 
a simple calculation of the transition probabilities of the 
finite system which is based on the recursive solution of 
the (N ·D)/D /1 system described in this paper is also 
possible. 
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The state transition probability qz( Zi-l, nl.i, Zi) is de
fined as the conditional probability that the queue state 
after cycle i is Zi, given that the queue state after cycle 
i-I was Zi-l and nl.i cells have arrived during cycle i. 
Further, we denote Q z ( Zi-l , nl.i, Zi) as the conditional 
probability that the number of cells in the queueing sys
tem after cycle i exceeds Zi, given that at the end of the 
previous cycle i-I, Zi-l cells are in the system, and nl.i 

cells have arrived during cycle i. The following equation 
defines the relationship between these probabilities: 

if Zi = 0 

if Zi > 0 
(11) 

The probability Qz(Zi-l, nl.i, Zi) is derived in the Ap
pendix. 
The characteristic performance measures can then be 
evaluated from Equations 7 through 10, if Equation 6 is 
substituted by 

N N N 

Pz(z) = E E E p(z, nll n2, ... , nm/Ic)' (12) 
nl::::0n2::::0 nm,,,::::O 

Finally, it should be mentioned that this approximation 
is probably more realistic than the exact model, since 
preceding queueing stations cause some jitter in the cell 
arrival streams which leads to a randomization of the 
cell arrival sequences of consecutive cycles. 

3 Results 

In this section, some numerical examples are given to 
confirm the quality of the approximation and to pro
vide a more thorough insight into the statistical mul
tiplexing of sporadic sources. Figure 3 illustrates the 
cell loss probability for different burst lengths. The 
minimum inter-cell distance of 4 time slots corresponds 
to a peak bi trate of Bp = 34 Mbi t / s of each connec
tion at a link bitrate of 150 Mbit/s if the cell overhead 
is taken into account. The statistical multiplexing of 
N = 8 identical connections will be considered. Ac
cording to the peak bitrates, only 4 connections are 
admissible on the given network link. The burstiness 
BU defined as the ratio of peak and mean bitrate, i.e., 
BU = (m. EX + ES)/(m . EX), was fixed to 5 which 
is a typical value for video or data sources. 
The curves depicted in Figure 3 show a characteristic 
bend, especially for increasing burst length, which in
dicates that the queueing behaviour is governed by two 
different effects occurring within different time scales: 
For short buffers, short-term variations in the cell ar
rival process are dominant and determine the queueing 
behaviour usually characterized by cell loss and cell de
lay. The time scale referring to short-term fluctuations 
is in the order of the minimum cell interarrival time. 
Within this period, a negative correlation of the cell ar
rival process can be observed. This means that, if many 
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Figure 3: Cell loss probability B vs. buffer size S 
for m = 4, N = 8, BU = 5, and varying 
burst length EX 

cells arrive within a given time slot, fewer cells will arrive 
during the following time slot, and vice versa, because 
of the minimum spacing between consecutive cells from 
a given connection. 
For increasing buffer size, long-term fluctuations within 
the cell arrival process which are generated by an al
ternation of burst and silence periods of the different 
sources become more and more significant. The dura
tion of burst and silence phases is longer than the min
imum inter-cell distance. Hence, within this time scale, 
the cell arrival process has a positive correlation. This 
means that, if many cells arrive during a cycle of m suc
cessive time slots, then many cells will arrive within the 
next cycle, because many sources are in an active state. 
Therefore, the slope of the latter part of the curves, il
lustrated in Figure 3, depends on the burst length and 
tends to zero if the burst length approaches infinity 
(where the coefficient of correlation for the arrivals in 
consecutive cycles approaches 1). For very short burst 
durations, i.e., EX = 1, a burst contains only a single 
cell which leads to a geometric cell interarrival time dis
tribution for each of the superimposed traffic streams. 

The queueing behaviour with respect to the described 
time scales can be characterized by different and sim
ple queueing models. The queueing behaviour resulting 
from short-term fluctuations of the cell arrival process 
can be well approximated by simple queueing models 
such as M/D/I, GEO/D/I, or (N·D)/D/I [7,8,10,12, 
14]. The long-term queueing behaviour can be charac
terized by a fluid flow approximation [1, 8, 10, 14, 15] 
and dominates for long buffers. 
The results obtained from an M/D/I-S queueing model 
provide an upper bound for cell scale fluctuations due 
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to the negative correlation of these short-term variations 
within the arrival and queueing process (see Figure 4). 
The ce1l10ss probabilities evaluated from a fluid flow ap
proximation [15] are in good agreement with the exact 
results for longer buffers (description of the long-term 
positive correlation of the arrival and queucing process). 
Finally, a simple addition of the cell loss probabilities 
which can be evaluated from these simple queueing mod
els provides a very good estimation of the overall cell loss 
probability [8]. 
From these results it becomes obvious, that the gain 
using statistical multiplexing can be subdivided into two 
different parts: 

• One part can be obtained from the statistical fluc
tuations of the cell arrival process at burst level 
(long-term fluctuations). This gain is even achiev
able for long burst and silence durations and repre
sents the significant part of the multiplexing gain. 

• If the long-term variations are within the typical 
time scale of the cell level (number of cells within 
a burst less than queue size), there is an additional 
gain resulting from buffering of bursts or parts of 
bursts. This gain is negligible for normal operation 
conditions. 

Figure 5 illustrates the cell loss probability for vary
ing burstiness of the traffic streams where the number 
of sources, the minimum cell interarrival time, and the 
burst length are fixed. Note that in this figure the traf
fic load is varying! Therefore, the cell loss probability 
becomes higher as the burstiness becomes smaller due 
to an increase of the traffic load. Obviously, more con
nections with fixed peak bitrate can be multiplexed, as 
the burstiness increases. 
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The results depicted in Figure 6 validate the approxi
mation for the system with infinite buffer capacity. The 
approximate and exact results are in good agreement for 
this example. Even the characteristic bend at z ~ 4 is 
approximated with high accuracy. Hence, the approx
imation covers both, the characteristics for short and 
long time scales. From the given results, it becomes ob
vious that the distribution of the buffer occupation and 
therefore, the cell transfer delay of the multiplexer re
flects the described queueing behaviour within different 
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time scales. 
Figure 7 shows the state probabilities evaluated from 
the approximate solution for different peak bitrates and 
numbers of sources, assuming constant offered traffic 
load, burstiness, and mean number of cells within a 
burst. The results confirm that the achievable multi
plexirig gain increases if the peak bitrate decreases. The 
latter part of the curves is almost parallel. The sys
tem state where the long-term characteristics become 
dominant depends on the minimum cell spacing of cells 
originating from a given connection (or the maximum 
bitrate of a connection). 
Finally, some rules for traffic engineering can be deduced 
from the results of Figure 7. The network buffers are 
only able to cope with a short-term congestion which 
arises if cells from different sources arrive simultane
ously. The buffering of long bursts is not feasible due to 
the end-to-end delay requirements of some services and 
the enormous hardware requirements for realistic burst 
lengths. Therefore, the buffers must be dimensioned 
at the characteristic bend. This dimensioning for an 
unknown number of traffic sources is possible using an 
M/D /l-S queueing system (compare Figure 7), which 
yields an upper bound for the cell loss probability and 
for the cell delay resulting from short-term fluctuations 
of the cell arrival intensity (upper bound for GEO/D/1 
and (N·D)/D/1). The admissible network load for a 
given cell loss probability (for example, 10-10 per link) 
and a given buffer size can be determined from the re
sulting queueing analysis. This load limit must be taken 
into account by the admission control function. 
Buffering of a long-term overload is not possible for real
istic burst lengths. Therefore, the connection admission 
control function must keep the congestion probability 

due to long-term variations of the cell arrival process 
below an acceptable limit. Hence, this function shifts 
the characteristic bend below the admissible cell loss 
probability. Furthermore, with respect to connection 
admission control, the long-term behaviour of the sys
tem can be described using a simple loss model (fluid 
flow model with a queue size of zero), where the pro
portion of traffic that exceeds the link capacity is im
mediately lost. The loss probability can be computed 
from a simple convolution of the state probabilities of 
all sources [9]. For sporadic sources, we obtain a bi
nomial di'stribution. The above described convolution 
approach can be further simplified using large deviation 
theory [7] . 

4 Conclusion 

In this paper, an exact and an approximate analysis of 
a statistical multiplexer with bursty input traffic have 
been presented. The approximation results are in good 
agreement with the results obtained from the exact so
lution, which imposes a very high numerical complex
ity. The approximation is applicable for medium size 
systems and provides accurate results, even if there is 
some jitter introduced in the arrival stream by preced
ing queueing stations, since no assumptions are made 
concerning the correlation of the cell arrival sequences 
in consecutive observation cycles. 
The results indicate that short-term and long-term fluc
tuations within the cell arrival process are significant 
for different sizes of the network buffers. Short-term 
variations include a negative correlation and the result
ing cell loss and delay can be well approximated by an 
M/D /l-S system. The long-term fluctuations within the 
cell arrival process have a positive correlation and can 
be characterized by a fluid flow or a simpler loss model. 
The buffers within an ATM network have to cope with 
short-term fluctuations within the cell arrival process 
and, therefore, a dimensioning can be based on a simple 
M/D/1-S model. On the other hand, connection admis
sion control must limit the number of existing connec
tions to a level where short-term as well as long-term 
congestion remains below an acceptable limit. 
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A transition into a state where more than Xi cells are 
present in the queueing system after the i-th cycle is 
impossible if the server is busy during the whole cycle 
(Xi-l ~ k) and the number of cell arrivals nl,i within 
cycle i is less or equal than Xi + k - Xi-I' Furthermore, 
this transition is not possible, too, if less than k cells 
are present after cycle i - 1 (Xi-l < k) and less or equal 
than Xi cells arrive in cycle i (nl,i ~ Xi): 

Qz(Xi-l, nl,i, Xi) = 0 , (13) 
where Xi-l ~ k 1\ nl,i ~ Xi + k - Xi-l V 

Xi-l < k 1\ nl,i ~ Xi 

If the number of arriving cells, denoted by nl,i, ex
ceeds Xi + k - Xi-I, the queue state Xi after cycle i will 
certainly be greater than Xi; therefore 

Qz(xi-l,nl,i,xi) = 1 , (14) 
where nl,i > Xi + k - Xi-I' 

The remaining case is characterized by Xi-l < k and 
Xi < nl,i ~ Xi + k - Xi-I' For a queue state greater 
than Xi no more than 1 = Xi-l + nl,i - (Xi + 1) cells can 
be served during cycle i. Taking the first condition, i.e., 
nl,i ~ Xi+k-Xi-l into account, only less than 1 < k cells 
can be served during one cycle, since 1 = Xi-l +nl,i-(xi+ 

1) < k. Therefore, the queueing system must become 
empty during the corresponding cycle i. Due to this 
condition, the queue state after cycle i is independent 
of the queue state after cycle i - 1 and depends only 
on the arrivals which have occurred after the last time 
instant, where the system was empty. The queue state 
Xi only depends on the nl,i arrivals during cycle i, which 
are assumed to be randomly distributed. Furthermore, 
this queue state after cycle i equals the queue state in an 
(N.D)/D/1 system assuming N = nl,i < k CBO traffic 
streams with random phase and an interarrival time of 
k • tl.T. The probability Qz(Xi-l, nl,i, Xi) then becomes 
independent of Xi-l and can be obtained from [2]: 

n1t:.
zi 

( nl,i ) • (~) Zi+' 
Qz(Xi-t,nl,i,Xi) = ~ 1 k 

l=l Xi + 

( 
1) nl,i-zi-

l 
k-nl,i+xi 

. 1- k . k-l ' 

(15) 
where 

This equation is still valid if nl,i > k [13]. 


