
1ELETRAFFIC AND DATA TRAFFIC 
in a Period of Change, ITC-13 
A. Jensen and V.B. Iversen (Editors) 
Elsevier Science Publishers B.V. (North-Holland) 

lAC, 1991 

593 

The Use of Phase Type Distributions for Modelling 
Packet-Switched Traffic 

HENRIK MADSEN 
Department of Network Planning 

Copenhagen Telephone Company, 2450 K~benhavn SV, Denmark 

BO FRIIS NIELSEN 
The Institute of Mathematical Statistics 

and Operations Research 
The Technical University of Denmark, 2800 Lyngby, I?K 

1 Introduction 

In [7J an investigation of the use of phase-type dis
tributions for modelling packet-switched traffic was 
made. The purpose of this analysis is to compare 
the performance of several estimation methods used 
for phase type distributions. We have chosen to in
vestigate the holding time distribution for various 
traffic streams in the danish packet-switched network 
PAXNET. Although this distribution seldom is used 
directly for planning purposes (but rather distribu
tions for packet-arrivals and packet-lengths during 
busy hour) we believe the analysis to be of interest 
for the following reasons: 

• it gives an idea - at least to some extent - of 
what is to be expected when investigating the 
nature of packet-switched traffic; 

• it is a contribution to the discussion concern
ing call holding times in ATM-networks (which 
often are considered to be exponential); 

• it is an application of phase-type distributions 
to 'real' data giving an opportunity to investi
gate the performance of this type of modelling. 

Two traffic streams representing the minimum and 
maximum value of the formfactor have been selected 
for the analysis: 

• X.28 dial-up calls initiated and terminating on 
PAXNET (X.28d::}X.25); 

• X.25 calls initiated in PAXNET and terminat
ing in another network (X.25::}X.75). 

2 Optimization measure 

Given m values of an empirical distribution function 
FE(td, i = 1, '" m, the approximation task is to find 
an approximating distribution function , FA, which 
has a minimum value of a chosen distance criteria. 
We have chosen to investigate the following measure
ments: 

12 : The squared sum of deviations: 
L:~1 1 FE(ti ) - FA(td 12 

loo: The maximum deviation : maXi 1 FE(ti)-FA(ti) 1 

L1 : The area between the linearized empirical d.f. 
and the approximation function: 
J~ma,. 1 FE(t) - FA(t) 1 dt 

Moments: Equality of the first - Ml - and second 
moment - M2 - of FE and FA. 



594 

3 Approximating Distributions 

We have used three kind of approximating distribu
tions: 

MHE Mixed homogeneous Erlang distributions. Es
timation of parameters in a triangular phase 
type distribution with equal intensities in all 
phases. These distributions are weighted sums 
of Erlang distributions with a homogeneous in
tensity parameter. They can be represented by 
Fig. 1 with all intensities Ai = Jl.. 

ME Mixed Erlang distributions. This type consists 
of weighted sums of (in this work two or three) 
Erlang distributions with different intensity pa
rameter . They can be represented by Fig. 1 
with some alterations [6]. 

TPH Triangular phase type distributions. These 
distributions are often denoted Coxian distri
butions. They can be represented by Fig. 1 
without alterations. 

4 Estimation methods 

In general the estimation method applied is depen
dent on the choice of approximating distribution. 

4.1 Estimation with MHE distribu
tions 

For MHE-distributions the method of [2, 11, 7] is ap
plied. In this case, runs were performed with mo
ments fixed and with free moments. For the latter 
case the restrictions (4) and (5) were removed. A 
brief summary of the model is: 

m 

min L IFE(ti) - FA(ti)1 
i=l 

FA(td ~ FE(td + 8i, 

FA(ti) ~ FE(ti) - 81, 

i = 1, .. ,m 

i = 1, .. ,m 

(1) 

(2) 

(3) 

(4) 

-;. Lj(j + l)qi = M2 
Jl. i=l 

(5) 

n 

Lqi = 1 (6) 
i=l 

q1, .. . , qn ~ ° (7) 

With: 

qi = (rra,) (I -a;) (8) 
k=l 

In this study the values 01 and or of the equations 2 
and 3 were set to 1 thus in reality being unbounding. 
Nevertheless, it was necessary to keep the restrictions 
in order to measure the numerical difference I FE(td
FA(ti) I [11]. The differences I FE(td - FA(td I were 
incorporated in the linear model as described in [11]. 

4.2 Estimation with ME distributions 
- MEDA 

The formal method is described in [13 , 14] . The ME
distributions will have 2 or 3 branches , keeping the 
first three moments exact . Further, several optimiza
tion criterions can be chosen , in this case the L1 and 
11 measures were studied. 

4.3 Approximation with TPH-distri
butions 

This work is based on [1, 11]. In order to solve the 
estimation problem by linear programming succes
sive linearizations of the distribution function is per
formed. In the original work [1] the loo measure was 
used, but the experience achieved in [11] inspired us 
to change the measure to the L1 measure. This was in
corporated in a manner similar to that of MHE. The 
values of the distribution function was calculated as 
described in [l1J by a matrix exponential. Further, 
we added restrictions (IS) due to property 2 of [6] . 
That is Ai ~ Ai+1 without loss of generality. A quick 
summary of the model is : 

The parameters Xj, j = 1, .. , n are eq\lal to Aj) j = 
1, .. ) n, while Xj, j = n, . . ) 2n - 1 are equal t.o Aj . aj . 
Thus, FA(t) are given by 9. 

FA{t) = 1 - (I, 0, 0, .. ,0) exp(tT)e (9) 



with: 

( :' 
Xn+l 0 0 

~ ) T= 
X2 Xn+2 0 

(10) .. 
0 0 0 Xn 

m 

min L !FE(ti) - FA(ti)1 (11) 
i=l 

2n-l 

FA(ti ) + L Iji . t::..Xj ~ FE(ti ) + 8i\ i = 1, .. , m 
j=l 

(12) 
2n-l 

FA(ti ) + L Iji . t::..Xj ~ FE(ti ) - 8!, i = 1, .. ,m 
j=1 

Xj+t::..Xj+Xj+n +t::..xj+n ~ 0 

Xj + t::..Xj ~ xj+1 + t::..Xj+l 

(13) 
j=l, .. . ,n-1. (14) 

j = 1, .. . , n - 1. (15) 

j = 1, ... , 2n - 1. (16) 

The li/S are partial derivatives of FA(ti ) with respect 
to the parameter Xj. For each LP problem the xi's 
were kept constant, thus the optimization was per
formed for the t::..x/s. 

5 Estimation results 

The implementation of the algorithm for estimating 
parameters in a MHE phase type distribution im
posed one problem: with 100 observations of the em
pirical distribution function it was only possible to 
use the estimation algorithm with a maximum of 100 
phases. If 50 observations were used then a maxi
mum of 200 phases could be applied. The results for 
the 11 and 12 measure were divided by the number of 
restrictions. The results are shown in table 3 and 5. 
The TPH-method and the Bux and Herzog algorithm 
produce good values for the it -measure. However the 
Bux and Herzog method with no restrictions on the 
moments does not give good values for M1 and M 2 • 

In table 4 and 6 the resulting measurements for hold
ing times less than 60 minutes are shown. This gives 
significantly better values for the it measure for the 
MHE and TPH method. When studying the L1 mea
sure it should be noticed that the empirical distribu
tion function was calculated with equidistant values 
resulting in a small number of observations at the 
tail of the function. This is due to the nature of the 
call holding times. As the implementation of the Bux 
and Herzog method limits the number of restrictions 
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for the empirical distribution function, the problem 
of selecting in which points the empirical distribution 
function should be calculated, must be studied more 
carefully. When comparing the results it should also 
be noticed that the Bux and Herzog solutions was 
produced with 100 or 200 phases, whereas, the TPH
method was used with only 4 phases and the MEDA 
method used a maximum of 6 exp-functions totally 
for a three-branch solution table 1 and 2. Therefore 
it seems as the TPH-method and the MEDA-method 
will be more useful for implementation when mod
elling data with a large formfactor. 
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2 branches 3 branches 
MEDA Branch no. Branch no. 

1 2 1 2 3 
X.28d-+X.25 1 1 1 3(L1) 2(ld 2 
X.25-+X.75 1 1 1 1 2 

Table 1: Number of phases in the optimal solutions found by MEDA. 

X.28d-+X.25 X.25-+X.75 
Fixed moments 
100 phases 10 4 
Fixed moments 
200 phases 16 9 
Free moments 
100 phases 11 13 
Free moments 
200 phases 19 14 

Table 2: Number of non zero q/s in the MHE-distributions . 

Measure Homogeneous intensity Mixed Erlang Distributions TPH 
fixed free minimize minimize 

moments moments area distance 
100 200 100 200 2 3 2 3 -1 

phases phases phases phases branches branches branches branches phases 

h 0.0068 0.0065 0.0059 0.0093 0.027 0.020 0.027 0.0098 0.0069 
12 0.00011 0.00020 0.00010 0.00072 0.0011 0.00074 0.0011 0.00014 0.00013 
loo 0.035 0.034 0.038 0.091 0.061 0.060 0.060 0.025 0.041 
L1 0.083 0.11 0.063 0.32 0.11 0.055 0.11 0.08 0.11 
Moments: 
M1 = 12.58 11.71 9.03 12.82 
M2 = 788 .65 581.02 231.20 934.02 

Table 3: Performance of algorithms for X.28d-+X.25 data. The 11 and 12 measures is divided by the number 
of data points. 

Measure Homogeneous intensity 
fixed free 

moments moments 
100 200 100 200 

phases phases phases phases 
/1 0.0068 0.0063 0.0060 0.0085 
Lt 0.018 0.022 0.0083 0.12 

Mixed Erlang Distributions 
minimize 

area 
2 3 

branches branches 
0.028 0.021 
0.079 0.029 

minimize 
distance 

2 3 
branches branches 

0.028 0.010 
0.079 0.045 

Table 4: Performance of algorithms for X.28d-+X.25 data. Measures calculated for t < 60. 
is divided by the number of data points. 

TPH 

4 

phases 
0.0072 
0.013 

The 11 measure 
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Measure Homogeneous intensity Mixed Erlang Distributions TPH 
fixed free minimize minimize 

moments moments area distance 
100 200 100 200 2 3 2 3 4 

phases phases phases phases branches branches branches branches phases 
11 0.035 0.016 0.011 0.012 0.10 0.025 0.10 0.019 0.010 

12 0.0018 0.00046 0.00044 0.00046 0.016 0.0015 0.016 0.00078 0.00042 
loo 0.09 0.069 0.090 0.086 0.22 0.10 0.22 0.10 0.11 

L1 0.47 0.18 0.40 0.51 0.19 0.066 0.19 0.085 0.11 
Moments: 
M1 = 6.03 3.87 3.44 5.54 
M2 = 478.23 88.76 61.94 333.42 

Table 5: Performance of algorithms for X.25-4X.75 data. The 11 and 12 measures is divided by the number 
of data points. 

Measure Homogeneous intensity Mixed Erlang Distributions TPH 
fixed free minimize minimize 

moments moments area distance 
100 200 100 200 2 3 2 3 4 

phases phases phases phases branches branches branches branches phases 
11 0.036 0.016 0.011 0.012 0.11 0.025 0.10 0.020 0.011 

L1 0.24 0.052 0.14 0.25 0.15 0.032 0.15 0.049 0.015 

Table 6: Performance of algorithms for X.25-4X.75 data Measures calculated for t < 60. The 11 measure is 
divided by the number of data points. 
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Figure 1: Coxian distribution, (TPH-distribution). 
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Figure 2: Sample values and estimated CDF for X.28d:::}X.25 traffic (0-15 minutes) . 
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Figure 3: Sample values and estimated CDF for X. 28d:::} X. 25 traffic (0-60 minutes) . 
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