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ABSTRACT - This is a survey of some point process models used in modelling data 
traffic streams. The Markovian arrival process as well as a continuous- and a discrete
time cluster process are discussed. The essential mathematical properties and issues of 
current research interest are reviewed. 
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1. INTRODUCTION 

In modelling features of data 
streams, it is useful to have broad, ver
satile classes of point processes avail
able within which qualitative features to 
be modelled can be represented in a 
clear and parsimonious manner. Desir
able properties of a point process model 
for use in communications engineering 
are: a. versatility in the features that can 
be modelled, b. analytic and algorithmic 
tractability when used as modules in 
queueing models, c. clarity of structure 
and parsimony in the number of parame
ters, d. efficiency and ease in the com
puter generation of realizations for simu
lation studies. 

While an extensive abstract theory 
of point processes exists, see e.g. Daley 
and Vere-Jones [4], the number of 
well-explored "special" processes avail
able to the practitioner is limited. The 

need for such processes has been 
stressed i.a. in Ramaswami and 
Latouche [14]. We shall review the 
properties of two processes: the Marko
vian arrival process (MAP.) see Lucan
toni [6] and Neuts [10], and a continu
ous cluster process, Neuts [11], and its 
discrete time analogue, Neuts and Pearce 
[12] . The Markovian arrival process, of 
which many particular cases are exten
sively used to model arrival (and ser
vice) processes of queues, has all four 
desirable properties to a high degree. 
The cluster models have all properties 
but b.; there are as yet few tractable 
queueing theoretic techniques to handle 
complex dependencies in the arrival 
stream. 

2. THE MARKOVIAN ARRIV AL 
PROCESSES 

In the interest of brevity, we shall 
only consider the case of single arrivals. 
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Let the m x m matrices Do and D I have 
the following properties: 

a. Do + D I = D, an irreducible generator. 
b. Do is a nonsingular matrix with nega
tive diagonal elements and nonnegative 
off-diagonal elements. 
c. D I is nonnegative. 

The Markovian arrival process is 
defined as the point process generated 
by the transitions epochs of the m -state 
Markov renewal process with transition 
probability matrix 

:c 

F(x) = ! exp[DQU]du Db for x :?! O. (1) 

We denote the stationary probability 
vector of the generator D by 9. The fol
lowing properties are well-known: 

a. The stationary version of the MAP is 
obtained by choosing 9 as the initial 
probability vector of the Markov 
renewal process. 

b. The fundamental rate 'A: of the sta
tionary point process is given by 
'A: = 9D le, where e is a column vector of 
ones. 

c. The transfonn of the number N(t) of 
arrivals during an interval of length t in 
the stationary version of the process is 
given by 

E[ZN(I)] = gexp[(Do + zDI)t]e, (2) 

for t ~ o. The Laplace transfonn of the 
generating function in (2) is given by 

<l>(z;s) = ! e-.JI E[zN(I)]dt (3) 

d. The Palm measure, H o(t) = 
E [N (t) I arrival at t = 0], the expected 
number of arrivals in an interval (O,t) 

started at an arbitrary arrival epoch, is 
given by the matrix fonnula 

e. The mean number of arrivals in an 
interval of length t in the stationary ver
sion of the process is 'A.. t. The variance 
v (t) of that count is given by 

Vet) = ['A.. + 29D I(e9 - DrlDle - 2'A.· 2]t (5) 

- 29D 1[1 - exp(Dt )](e9 - D r2D le. 

f. The covariance C(a;t) of the counts 
in the intervals (O,a) and (t ,t + a) is given 
by 

C(a;t) = (6) 

for t ~ a. 

The class of MAP s has many impor
tant particular cases such as · the 
PH -renewal process and the Markov 
modulated Poisson process for which 
Do=D -A and DI =A, where A is a diag
onal matrix with the rates 'A. I , .. . , 'A.", as 
its diagonal elements. An important 
property is that the superposition of 
several independent MAP s is again an 



MAP. Its coefficient matrices Do and D 1 

are expressed in Kronecker products, so 
that the order of these matrices is usu
ally large. These matrices remain highly 
structured and can therefore be put to 
good use in a variety of computations. 

As a less familiar example, we con
sider a platooned arrival process intro
duced in Neuts and Chakravarthy [8], in 
which we model the qualitative feature 
that arrivals occur in platoons (of 
closely spaced arrivals,) which are 
separated by longer gaps during which 
only isolated arrivals occur. When the 
number of points in each platoon has a 
discrete PH -distribution with representa
tion (a,K), the platooned arrival process 
is a finite-state Markov renewal process 
with transition probability matrix given 
by 

F(x) = 

where ao = 1 - &, KO = e - Ke, and F 2(-) 

and F 1(0) are respectively the interplatoon 
and intraplatoon interarrival time distri
butions. When also the probability dis
tributions F 2(-) and F 1(0) are PH -

distributions, the point process becomes 
a non-trivial particular case of the MAP. 

Let F 1(0) and F 2(0) have the representa
tions [a(l),T(l)] and [a(2),T(2)] with m1 

and m2 phases respectively. 

It is readily verified that the pla
tooned arrival process is an MAP with 
matrices Do and D 1 defined by 

T(2) 0 

Do= 
o I ® T(1) 

and 

ao T"(2)a(2) a ® T"(2)a(1) 

KO ® T"(1)a(2) K ® T"(1)a(1) 

where ® denotes the Kronecker pro
duct. This example can serve to make 
an important point. The order of the 
matrices Do and D1 is equal to km1 + m2 

where k is the order of the matrix K. 

With particular choices of the various 
probability distributions, say as mixtures 
of Erlang or negative binomial distribu
tions, the number of parameters 
required is usually small. In general, 
the qualitative physical structure of the 
point process to be modelled is reflected 
in the size of the coefficient matrices, 
usuall y not in the number of parameters 
that need to be specified. This shows the 
importance of exploiting the structure of 
these matrices in numerical algorithms. 
To that end, the growing number of 
matrix-analytic techniques available in 
queueing theory can be put to good use. 
We refer to Neuts [9,10] and the exten
sive bibliographies given therein. 

Current research on the MAP and 
its applications is focused on general 
structural results for queues as in 
Asmussen [2] and Asmussen and 
Ramaswami [1] and on the exploration 
of detailed features of the path functions 
behavior of such processes. In Neuts, 
M. P.; Liu, D. and Narayana, S. [13] a 
, 'smoothing" of the path functions by 
uniformly redistributing the arrivals 
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occurring during successive intervals of 
length a is studied. The ultimate aim of 
that study is to examine the sensitivity 
of queues to random variability in the 
arrival process over brief periods of 
time. It is likely that queueing behavior 
is only moderately sensitive to these 
fluctations, but it is not easy to express 
this in precise quantitative measures. A 
related ongoing study deals with quanti
fying the duration of ' 'bursts' , in the 
arrival process and of the time intervals 
separating high excursions in the count
ing process. This study considers in 
particular the effect of supetposition in 
bursty arrival processes and seeks to 
quantify the extent to which supetposi
tion reinforces bursts or, on the contrary, 
tends to fill in "gaps." Because of its 
high (matrix-analytic) tractability, the 
MAP further serves as a "benchmark 
process" in exploring properties of less 
tractable processes. Such properties will 
be essential to the validation of data
analytic methods for random point 
processes. It should be noted that there 
is an entirely analogous discrete version 
of the MAP, which has also been used in 
communications modelling. The matrix
analytic formalism parallels that of the 
continuous-time models and queueing 
theoretic results can be similarly adapted 
for the discrete case. This appears to be 
useful in the analysis of time slotted 
data processing models. 

3. THE CLUSTER PROCESS 
MODELS 

The cluster process models treated 
in [11] and [12] may be viewed as MAPS 
with infinite coefficient matrices, but 
their particular features make such an 

approach unnecessary. Without review
ing the specifics, we consider (in the 
continuous case) a Poisson arrival pro
cess of messages of independent dura
tions. The duration of each message is 
represented by an absorbing finite Mar
kov chain. As each message "evolves" 
through the transient states of that Mar
kov chain, it generates ' 'packets" 
according to a Poisson process whose 
rate is modulated by the states visited. 
For each active message, there is a 
corresponding active Markov process. 
The point process studied is that of the 
arrival epochs of packets generated by 
all the (randomly active) Markovian 
sources. By using the formalism of 
PH -distributions, it is possible to derive 
tractable matrix-analytic expressions for 
a number of descriptors of that point 
process. 

Particularly for simulation studies, 
the appeal of these models lies in the 
fact that with a small number of param
eters to characterize the statistics of 
"messages" a wide variety of qualita
tively different data streams can be 
represented. A useful feature of these 
processes is that the initial conditions of 
the stationary version of the process are 
fully tractable. This makes it feasible to 
simulate realizations of the stationary 
process and thereby to eliminate one of 
the sources of "initialization effect" in 
experimental studies. With representative 
choices of the parameters, the behavior 
of the cluster processes commonly 
shows the microscopic "regularity" 
versus the macroscopic random fluctua
tions reported in observed data streams. 

From the perspective of queueing 
theory, the situation is less appealing as 



models with such arrival processes are 
unlikely to yield to detailed analysis. 
There are challenging problems in the 
construction of tractable input processes 
that approximate the important features 
of cluster arrivals, but to that end, it is 
essential to know features are important 
to a given applications area. We believe 
that there is no alternative but to exam
ine extensive simulated or observed data 
sets and to explore these in the spirit of 
statistical data analysis. This is largely a 
terra incognita, towards which we have 
cautiously set sail in supervising the 
recent dissertation of Chandramouli [3] 
which mostly deals with monitoring 
schemes to identify the onset of substan
tial increases in arrival rate. Feedback 
information from communication 
engineering will be most useful in 
focusing this emerging activity in statist
ical methodology. 
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