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Abstract. The following two questions have arisen in studies of the suitability of an ATM 
network for the transmission of variable bit rate (VBR) coded video: 1) If a cell from a given 
source is lost, what is the probability that the next cell from the source is lost also? 2) Given 
a certain total load of the system, is the cell loss probability equal for all the constituent 
streams irrespective of their source characteristics? 

This paper contains a mathematical analysis of these problems. As regards video coding, we 
conclude that the probability of consecutive cell losses is small but non-negligible (typically of 
the order of 10-2 ), whereas in question 2 the differences in loss probabilities are remarkable 
only for very bursty sources and can be neglected in the VBR video context. 

1. Introduction 

The design principles and dimensioning criteria of asyn
chronous transfer mode (ATM) networks are still in a 
formative stage. To some extent, the solutions depend 
on the characteristics of the services that are to be car
ried by the network. On the other hand, the technical 
choices to be made in developing new services, such as 
VBR video, depend on the properties of the network. 
An iterative procedure is clearly needed in order to op
timize the whole system. 

In this paper we study two issues that have been raised 
by the video coding community when looking at the 
feasibility of various VBR coding schemes for ATM 
networks. The first relates to the probability of con
secutive cell losses, which is of particular importance 
in the case of recursive coding methods utilizing the 
interframe redundancy to achieve compression. This 
question is studied in Section 3, after having first intro
duced the assumptions about the system, the notation 
and the basic quantities to be considered, in Section 2. 

The second question concerns the possible differences 
in the loss probabilities seen by individual sources, as 
opposed to the overall loss probability. When the ad
mission control is based on the overall loss probability, 
the traffic parameters of a source obviously affect the 
required resource allocation and, consequently, the tar
iff that has to be paid. The question posed is whether 
the source should, in addition to those considerations, 
pay attention to its individual loss probability when de
ciding on its own traffic parameters? This is the topic 
of Section 4. The analysis is based on the method of 
exponential distribution families, which leads to some 

simple and accurate closed form approximations. Fi
nally, in Section 5, we summarize our conclusions. 

2. Assumptions and definitions 

In the studies of congestion phenomena in ATM net
works, it has been found useful to distinguish two time 
scales: a "cell scale" where the congestion arises from 
simultaneous cell arrivals from different sources in a 
short time interval, and a "burst scale" where the total 
cell arrival rate averaged over several inter-cell times, 
as compared with the multiplex capacity, determines 
the onset of a more sustained congestion. Here we focus 
on the burst level phenomena, and assume that there is 
enough buffer places to absorb essentially all cell scale 
fluctuations. 

One of the basic problems of ATM networks is how to 
deal with the burst scale congestion. Should one try 
to buffer bursts that temporarily saturate the multi
plex or should one let system overflow in such a case 
and exercise admission control in such a way that the 
probability of occurrence of overflows is low enough? 
For several reasons the latter method is to be preferred 
(buffer sizes, delays, and robustness of the admission 
control), and we explicitly assume this to be the case. 
On the burst level, the system can then be viewed as 
a loss system. With no restrictions to generality we 
assume that the channel capacity is C = 1. 

Throughout this paper, our notation is as follows. By 
R, eventually with certain subscripts, we denote the 
total instantaneous rate of the sources, which is a ran
dom variable. Let J.t = ER denote the mean rate and 
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(j2 = n2 R the variance of the rate. When we are con
sidering an individual stream as a part of a traffic con
sisting of a large number of streams, we denote the rate 
of the individual source by Ro, and we write Rb for the 
"background", that is, for the sum of the rates of the 
other sources. In that case we have R = Rb + Ro. We 
use the same subscripts for the means and the vari
ances (p.o etc.). We assume always that the rates of 
different sources are statistically independent. 

In the study of problem 1 we consider only the total 
traffic and assume a gaussian distribution for R. As 
regards problem 2, our approach applies to all kinds 
of distributions. As examples we consider individual 
sources which are either gaussian or on-off type. In the 
latter case we denote the rate in the on-state by r 0 and 
its probability by Po = P(Ro = ro). 

We consider two types of "homogeneous" background. 
In the first case the background rate has a gaussian dis
tribution. In the second case the background consists 
of a great number of identical bursty on-off sources. In 
this case we define 

Rb = rb' N, 

where N has Poisson(ab) distribution and represents 
the number of sources which are on at the considered 
instant. The relations between the two pairs of param-
eters are: 

Since we are considering a loss system of capacity one, 
the instantaneous loss probability>. is 

A= (R~1)+ = (l-~r (2.1) 

This is different from the overall loss probability which 
is 

L = E(>.R) = E(R - 1)+ (2.2) 
ER ER' 

i.e., the average loss rate divided by the average arrival 
rate. 

Since R typically can exceed the capacity only by a 
small amount, we obtain the approximate identity 

E>' ~ p.' L (2.3) 

by replacing on the left hand side the R in the denom
inator by 1. Finally, the individual loss probability of a 
particular source is given as 

L 
_ E(>.Ro) 

0- ERo . (2.4) 

When the individual source is of the on-off type, we 
have the formula 

Lo = E (1- -R 1)+ (2.5) 
b + ro 

which can be calculated numerically when Rb has a 
tractable distribution. 

3. Average loss probability during congestion 

In order to give an answer to problem 1, we consider 
the average loss probability during the congestion 

Le = E[>' I >. > 0] = E [ R ~ 1 I R> 1] . (3.1) 

Approximating 1/ R ~ 1 for R > 1 we obtain with 
slight overestimation 

ER 
Le ~ E[R - 1 I R > 1] = peR > 1) . L. (3.2) 

Assume now that R has normal distribution N(p., (j2). 

Then we have by a straightforward integration from 
(2.2) 

(j -
L = - . (4)(x) - x~(x)), 

p. 

where x = (1 - p.)/(j and 

4>() 1 - 1 x 2 
X = --e ~ ..;2i , ¥(x) = 100 4>(y)dy. 

(3.3) 

In the cases we are interested in we have x ~ 1, and 
one may use the asymptotic expansion [1] 

Using (3.3) and (3.4), we get from (3.2) 

4>(x)-x¥(x) (j 1-~+~- ... 
Le ~ (j . ~ - . 1 3 • (3.5) 

~(x) x 1 - X'" + z.r - ... 

To give some numerical results we regard the overall 
loss probability L as a fixed parameter. For a given L 
there is still one degree of freedom: one may have either 
high load factor, p, and low burstiness, B, or vice versa. 
This degree of freedom is internally parametrized by x. 
Thus, we can give the results in a parametric form, as 
a function of L and x, as follows (here we use the coeffi
cient of variation, (j / p., as a measure for the burstiness 
of the total stream): 

(j L 
B(L,x)=-= , 

p. 4>(x) - x~(x) 

1 
p(L,x) = p. = 1 + xB(L,x)' (3.6) 

L (L x) ~(j' 4>(x)-x¥(x) = Lp(L,x). 
e , ~(x) ~(x) 



Figure 1 shows the tradeoff between the load factor and 
the burstiness for L = 10-3 , 10-6 and 10-9 • The plot 
of B against 1/ p - 1 is almost linear. 
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Fig 1. Burstiness as a function of 1/ p - 1 for the loss 
probabilities (from top to bottom) L = 10-3 , 10-6 and 
10-9 • 

In Table 1 the same data are given including also the 
results for Le with the overall loss probabilities L = 
10-4 (top) and L = 10-9 (bottom). 

Table 1 

x p B Le(%) 

2.5 0.925 0.033 1.6 
2.7 0.832 0.075 2.5 
2.9 0.679 0.163 3.7 
3.1 0.480 0.349 5.0 
3.3 0.286 0.755 5.9 
3.5 0.146 1.671 6.3 

x p B Le(%) 

5.0 0.915 0.019 0.3 
5.2 0.776 0.056 0.8 
5.4 0.518 0.172 1.6 
5.6 0.244 0.553 2.3 
5.8 0.085 1.845 2.6 
6.0 0.025 6.395 2.6 

We see that irrespective of the values of L and x, Le 
remains relatively constant, around 1%. For instance, 
if we have p = 0.8, then Le ~ 0.7% in the case L = 10-9 

and Le ~ 2.7% in the case L = 10-4 • 

The loss probability L may be decomposed into two 
parts: the probability of congestion ~ 100· L, and 
the probability of ce1110ss during the congestion Le ::::: 
1/100. Note that often (e.g. [3]) the probability of 
congestion peR ~ C) is used as a dimensioning cri
terion. Such an approach is now seen to give unduly 
conservative estimates. 
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As we are considering congestion occurring at the burst 
level, the duration of such a congestion is of the order of 
a typical burst length and can be assumed to be long in 
comparison with the cell interarrival times. Thus, once 
a cell is lost the probability that the congestion still 
prevails when the next cell arrives is high, and the loss 
probability for that cell is approximately Le ~ 1/100. 
The probability for consecutive cell losses is not very 
high but for some applications it may have to be taken 
into account. 

4. Who loses cells? 

Let us now consider the second problem mentioned in 
the Introduction. We apply the method of exponen
tial distribution families, used in the theory of large 
deviations and, to mention one application in teletraf
fic theory, in Hui's allocation algorithm [3]. Denote by 
Pp the probability which is obtained from the original 
probability measure P by the exponential transforma
tion 

dPp ePR eP(R6+ Ro) 

dP = EePR = EePR 

Note that if Rb and Ro are independent under P, then 
they are independent under Pp also. By analogy to 
thermodynamics (see, e.g., [2]), we say that Pp is the 
distribution of the system at temperature 1/ f3. 

Denote Po(f3) = EpRo, Pb(f3) = EpRb, and p(f3) = 
EpR = Po(f3) + Pb(f3). These functions have compact 
expressions for distributions considered here: 

) 
ToPo 

Ro on-off: Po(f3 = ( ) P' 
Po + 1 - Po e-ro 

Ro gaussian: Po(f3) = po + (7~f3, 
Rb gaussian: J-lb(f3) = J-lb + (7~ f3, 

Rb Poisson-type: J-lb(f3) = Pber6P. 

We denote by f3* the inverse temperature at which the 
mean rate J-l(f3) equals the capacity, J-l(f3*) = 1. When 
R is gaussian we have the simple identity 

f3* = 1 - p. 
(72 

If Rb is of the Poissonian type described in Section 2 
and Ro == 0, then we have 

Now we calculate an approximation for Lo. First we 
write 

Lo = E(ARo) = E(AE[Ro I R]). (4.1) 
ERo ERo 
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Since>. is non-zero only when R > 1 and the probabil
ity that R appreciably exceeds 1 is very small, we can 
use the approximation 

E[Ro I R] ~ E[Ro I R = 1] = E,s-[Ro I R = 1], (4.2) 

where the last step is obviously true. Now, since under 
P,s- the condition R = 1 states the typical case (under 
P it stated an extremely rare case), we replace the 
conditional probability by an unconditional one: 

E,s-[Ro I R = 1] ~ E,s-Ro = /-l0(f3*). (4 .3) 

If the distributions are gaussian, approximation (4.3) 
is in fact exact. 

Thus we obtain the simple formula 

(4.4) 

Using further the approximation (2.3) and writing p 
instead of /-l we get 

Lo _ /-l0({3*) 
--p'--' 
L /-lo 

(4.5) 

When both the individual source and the background 
are gaussian, (4.5) can be written explicitly as 

Lo ) /-l O"~ 
-~p+(l-p --. 
L /-lo 0"2 

(4.6) 

This formula has been independently derived by K. 
Lindberger [4]. 

We note the following facts: 

1. Let /-li and Li be the meanrate and the individual 
loss probability of the i 'th source, respectively. Then 
our formula satisfies the natural condition that the to
tal loss rate is the sum of individual loss rates, i.e. , 
l:Li/-li=L/-l: 

2. The minimum value of LolL is p which is obtained 
when /-l0({3*) = Po , i.e., when Ro is constant. 

3. The maximum value of Lo/ L is obtained when the 
considered stream is the only variable bitrate stream 
in the whole traffic mix. In the gaussian case (4.6) this 
means that 0"~/0"2 = max = 1, whence 

Lo /-l 
-=p+(l-p)-. 
L /-lo 

In such a case the ratio may be high, i.e., the losses 
are distributed unevenly among the streams, if /-ll/-lo is 

large. Such a case, a small stream representing a ma
jor part of the rate variations, is however exceptional. 
Normally we can assume that /-l0"~1 /-l00"2 is of the order 
of one. 

4. In the on-off case we have 

/-l0({3*) _ 1 < 2- = ro . 
--;;- - Po + (1 - po)e-ro,s- Po /-lo 

Thus the ratio rol/-lo (peak rate over mean rate), which 
is often used as a measure of burstiness, serves also as 
a coarse upper bound for LolL. 

As a numerical example, consider the following setting. 
We let /-lb = 0.8, O"b = 0.05 and /-lo = 0.005 be constant, 
Rb gaussian and Ro of the on-off type, with po varying 
within the interval [0.05,0.5] (for p > 0.5 the curves 
remain almost constant). The largest value of ro, cor
responding to the smallest value of Po (0.05), is 0.1 
(10% of channel capacity). 

Figure 2 shows the base 10 logarithms of the overall and 
individual loss probabilities, calculated with numerical 
integration of the exact formulas. The value of p for 
which the probabilities differ by factor 10 is smaller 
than 0.1, which means that the corresponding on-off 
source has high burstiness and a relatively high peak 
rate. 
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Fig 2. 10glO Lo (top) and 10glO L (bottom). 

Consider now our estimates for the ratio Lo/ L. Fig
ure 3 shows the exact value, the estimate (4.5) and 
the gaussian estimate (4.6) where the individual on-

16 
\ 
11 
1\ 
\\ 
\\ 
\\ 
\.\. 
'\, 
,~ 

"- 1\..'-, ........ , 
..... ~ - -:liii0. 

o 
o p 0.5 

Fig 3. From above: exact Lo/L, e~timate (.r5) and the 
corresponding gaussian estimate (4.6). 



off source is replaced by a gaussian source with same 
mean and variance. It turns out that the estimate (4.5) 
is rather accurate for all Po, whereas the gaussian ap
proximation underestimates the individual loss proba
bility for the more bursty sources. 

Finally, we studied the role of the background distri
bution by calculating the estimate (4.5) for Lo/ L also 
using Poissonian background with same mean and vari
ance (see Section 2). This affects only the calculation 
of f3*, which is lower in the Poissonian case. The dif
ference in Lo/ L remained under 10% for all considered 
values of Po, which is insignificant in this context. 

5. Conclusions 

The main conclusions of our study are: 

1. Once a cell is lost there is a small but non-negligible 
probability that also the next cell from the same source 
will be lost. This probability depends relatively little 
on traffic parameters, and it is of the order of 10-2 • 

2. The loss probability for an individual source de
pends on the source characteristics, being greater for 
sources with higher burstiness. This is because the 
bursts, whose simultaneous occurrence leads to conges
tion, are correlated with the high loss situation. The 
dependence, however, is not very strong. The individ-
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ual loss probability differs from the overall loss prob
ability with an order of magnitude only in rather ex
treme situations. For most purposes, in particular for 
sources of VBR video type, this difference can be ne
glected. 
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