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Abstract: We consider a model for bursty traffic in ATM. The model is a single server queue with 
infinite buffer size. The arrival process is characterized by two aspects: arrivals of bursts and arrivals of 
cells in bursts. It is assumed that bursts arrive according to a Poisson process and cells in a burst arrive 
successively with a deterministic inter arrival time, say 1. We further make the fluid flow approximations: 
i) the burst size is assumed to be exponentially distributed though it can only be an integer in the practical 
case; ii) an arriving cell increases its amount in the buffer gradually at a rate of 1; iii) the server, which 
represents an output line, releases a cell in the buffer, if any, for transmission in the same gradual way 
as the cell arrives. This model gives a consideration on the correlations existing in bursty traffic. We 
present a unique approach for our model. By comparing it with a corresponding bulk arrival model, we 
find that the number of bursts in the system has the same steady-state distribution as the queue length 
in an M/M/l queue. Finally, we obtain an exact expression for the Laplace-Stieltjes transform of the 
steady-state distribution on the buffer content. The result can be used to estimate the delay of cells, and 
the loss probability in the case of finite buffer size. 

1. Introduction 

In this paper, we consider a model for bursty traffic in an 
ATM (Asynchronous Transfer Mode) system and present an 
exact analysis. 

In an ATM network, information is sent in blocks of small 
fixed size, i.e., data are broken into cells before being trans
mitted. Therefore the stream of cells from a single source 
is most likely to be bursty as shown in Fig. 1. We refer to 
those cells that flow successively in a sequence (clustered) 
as a burst. Thus the arrival process to a switching node 
can be characterized by two aspects: arrivals of bursts and 
arrivals of cells during a burst (which keep a deterministic 
interarrival time). The compound arrival process of all cells 
is generally not a renewal process in terms of correlations 
in interarrival times. Even if the arrival process from each 
source is renewal, the superposition arrival process from all 
sources to a switching node can hardly be renewal. This 
is one major characteristic of ATM traffic and makes the 
performance analysis difficult. 

Source 

i ata 

Cell Burst 

~1.1~1~1~~ _____ ~_I~I.i~I~I~I~~~~~~~ ____ 

Fig. 1 Bursty traffic in ATM. 

Recently, studies have been conducted on bursty traffic. 
Many of them fail to give enough considerations on the 
above-mentioned correlations existing in arrival processes 
and use ordinary queueing models with renewal input. The 
results are not fine enough since correlations in arrival pro
cesses can significantly affect queueing performance. A pop
ular way to incorporate correlation into a bursty traffic model 
is to use the Markov modulated Poisson process (MMPP)[I]. 
The MMPP provides analytic simplicity and versatility, but 
fails to give an exact representation on the deterministic na
ture of interarrival times of cells during a burst. Another 
model for correlated bursty arrival process is the branching 
Poisson process (BPP)[2]. The BPP possesses the correla
tions of arrivals as well as the deterministic nature of inter
arrival times during a burst. Analyses of both models with 
the MM PP and BPP arrivals need a considerable amount 
of numerical calculation and for the BPP only approximate 
results have been obtained. Other models for bursty traffic 
can be found in [3] and [4]. 

In the model considered in this paper, both the correlations 
in arrivals and the deterministic nature of interarrival times 
during a burst are well represented. The model is a single 
server queueing system with infinite buffer size. The arrival 
process is characterized by arrivals of bursts and arrivals 
of cells during bursts. We assume that bursts (specifically, 
head cells of bursts) arrive according to a Poisson process, 
and the cells in a burst arrive at fixed intervals. 

We further make the following fluid flow approximations: 

tThis paper is based on research carried out while H . Pan, one of the authors, was with C&C Research Laboratories, NEC 
Corporation in Kawasaki, Japan. 
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i) The burst size, which normally means the number 
of cells in a burst, is not necessarily an integer as in the 
practical case, but allowed to take any positive real values. 
We assume that the burst size is an exponentially distributed 
random variable . 

ii) Instead of arriving instantaneously as in ordinary 
queue models, a cell on arrival increases its amount in the 
buffer at a constant rate such that the time period needed 
to complete arriving of its total amount is just equal to the 
fixed interarrival time of the cells in the burst. 

iii) A cell in service is released onto an output line in 
the same manner as it arrives, i.e., decreases its amount in 
the buffer at the same fixed rate as it arrives. 

iv) Consequently, the buffer content, which normally 
means the number of cells in the buffer, also follows a con
tinuous distribution. 

Since a cell is typically very small comparing with a burst, 
we assert that the above approximations are insignificant. In 
the present paper, we may use such words as "the number 
of cells" for convenience, but approximately regard them as 
real numbers following continuous distributions. Note that 
our model is different from the well-known fluid flow approx
imation model [5] in that the arrival process is not replaced 
simply by deterministic average value process, and the va
lidity of the model need not be restricted to the heavy-traffic 
case. We refer to the model as a gradual input model. Re
lated models can be found in [6]-[9]. In all these papers, the 
input process is defined by a superposition of M alternat
ing renewal processes, each of which represents alternating 
periods of "on" and" off" states. In [8] and [9], the limit
ing case M -+ 00, which corresponds to our Illodel, is also 
considered. Rubinovitch [7] investigated the busy period. 
Cohen [8] extended Rubinovitch's work and obtained the 
steady-state distribution of buffer content at paticular time 
instants by considering an imbedded queue. Hashida & Fu
jiki [6] studied a model with limited buffer memory. They 
obtained the steady-state distribution of buffer content by 
solving a set of differential equations. The computation is, 
however, not easy, especially when M is large. Anick. et al. 
[9] developed a method of efficiently solving the differential 
equations for the case of infinite buffer size, where the ratio 
of the output channel capacity to an "on" source's trans
mission rate was assumed not to be an integer for analytic 
tractability. 

We present a unique approach for our model. We carry out 
the analysis under a convenient service order assumption, 
which assumes that cells in the same burst are served succes
sively without interruption. This assumption is inconsistent 
with the practical situation but does not influence the distri
bution of the buffer content. By comparing the model under 
consideration with a corresponding bulk arrival model, we 
find that the number of bursts in the system (including those 
partially in system) has the same steady-state distribution 
as the queue length in an M/M/1 queue (i.e., the number of 
customers in the queue). Then we obtain an exact expres
sion for the Laplace-Stieltjes transform (LST) of the steady
state distribution of the buffer content. The reversibility 
of the queue length process in the M/M/1 queue is applied 

to derive some conditional distributions required in obtain
ing the above LST. 

The distribution of the buffer content is very important be
cause it is directly related to the delay of cells. It can also 
be used to estimate the loss probability of cells in the case 
of finite buffer size. Therefore, our results are expected to 
be useful for ATM system design. Some numerical examples 
are presented. 

2. Model Description 

Consider a single server queue with infinite buffer size (See 
Fig. 2). The server represents an output line, which releases 
cells in the buffer, if any, for transmission at a constant rate, 
say one cell per time unit. As mentioned in Section 1, we 
assume that the buffer content is depleted at a rate of 1. 

Input lines 

I I I I I 

Fig. 2 The model 

Cells arrive in the form of burst. We assume that the head 
cells of bursts arrive according to a Poisson process with 
rate~. Following the head cell, other cells in a burst ar
rive successively at a fixed interval 1, which is equal to the 
service time of a cell (Note that communication lines in an 
ATM system commonly have the same transmission speed). 
For analytic tractability, the burst size is assumed to be an 
independent random variable following the exponential dis
tibution with mean 1-'-1. From the above assumptions, we 
see that the number of bursts that are arriving simultane
ously at a certain time instant can be arbitrarily large. This 
corresponds to the situation of infinitely many input lines. 
Also, we assume that the arrival of a cell is carried out in the 
same way as it is released from the buffer, i.e., its amount 
that has flowed into the buffer increases gradually at a rate 
of 1. The time length for all the cells of a burst to flow 
into the buffer is then equal to the burst size. Consequently, 
when n bursts are in the process of arriving, the content of 
the buffer increases at the net rate of n - 1. Particularly, 
the content of the buffer remains unchanged when only one 
burst is in the process of arriving, and decreases at a rate of 
1 provided that the buffer is not empty when no burst is on 
arrival. 

The queue discipline for cells in the buffer is first-come-first
served (FCFS) as in the practical case. Later in deriving 
the steady-state distribution of the buffer content, however, 
for convenience we shall temporarily assume that cells in 
the same burst are served successively without interruption. 



Note that the buffer content is not changed by this assump
tion since the service times of all cells are the same, and 
equal to the interarrival times of cells in a burst. 

3. The Number of Bursts in the System 

We first construct a related model by supposing that all 
cells in the same burst arrive instantaneously at the same 
time point while other aspects remain the same as the model 
described in the previous section. We refer to this as the bulk 
arrival model (B modeQ and correspondingly the original 
model described in Section 2 as the sequence arrival model 
(S modeQ. A comparison of the two models is shown in Fig. 
3. 

11. 

t 

Fig. 3 A comparison of B model and S model. 

For the reason described at the end of Section 2, we can 
conveniently assume the following service order for the S 
model: 

The service of the head cell of a burst is followed by the ser
vices of all the other cells in that burst successively without 
interruption, and the service order for the head cells of bursts 
is according to the FCFS discipline. 

It is readily seen that under the above order, the number 
of bursts in the system is the same for the Sand B models, 
where a burst is said to be in the system if any part of it 
is in the buffer. On the other hand, the B model is obvi
ously an M/M/1 queue if we regard bursts, instead of cells 
as "customers". Denoting by K the number of bursts in 
the system, then we straightforwardly have the steady-state 
distribution of K, for both the Sand B models: 

P(K = k) = (1- p)plc, k=O,1,2,···, (1) 

where p = >"/JJ < 1. 
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4. The Buffer Content 

4.1. Notation 

We derive the steady-state distribution of the buffer content 
for the S model. First we consider the buffer content, which 
is denoted by N, under the condition K = k. 

(a) 

t 

(b) 

t 

(c) 

t 

Fig. 4 The number of cells of burst 1 in the system. 

(a) 

t 

(b) 

t 

Fig. 5 The number of cells of burst i 
(a = 2,'" ,k) in the system. 
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Suppose that the system is in steady state and the present 
time is to. Clearly we have 

P(N = OIK = 0) = 1. 

In what follows, we consider the case k > O. Let burst 1 be 
the burst currently in service and burst 2, .•• , burst k be 
the other k - 1 bursts in the system, where the indicative 
numbers i (i = 2, .. · , k) are attached independently of the 
order of the arrivals of the k - 1 bursts. We define the 
following notation: 

Li : the size of burst i, i.e., the number of cells (includ
ing those that have not arrived) in burst i. 

Ti : the time spent in the system by burst i, i.e., the 
time length from the arrival of the head cell of burst i to the 
present time. 

L1 : the number of cells of burst 1 that have been served. 

£1 : the number of cells (including those that have not 
arrived) of burst 1 that have not been served. 

Ni : the number of cells of burst i that are currently in 
the system. 

From the definition, the start and completion times of the 
arrival of burst i are respectively to - Ti and to - Ti + ~, and 
the start time of the service of burst 1 is to - L1 • Clearly 
we also have the following relations: 

(2) 

Ll=Ll+£I, Ll$Tl, Ti$Tl (i=2, .. ·,k). (3) 

There are three possible cases with respect to burst 1, i.e., 
the completion of the arrival of burst 1 is (a) prior to the 
start of its service; (b) between the start of its service and the 
present time; (c) su!>sequent to the present time. From F~g. 
4 we see that NI = Ll in Cases (a) and (b), and NI = TI-Ll 
in Case (c). Thus, 

NI = Ll - max(Ll + Ll - T1 , 0). (4) 

For burst i (i = 2, .. · , k), two cases can be considered ac
cording to whether or not the arrival of burst i has finished. 
From Fig. 5, we immediately have 

i= 2,··· ,k. (5) 

4.2. Some Conditional Distributions 

Recall that the discussion is all based on the condition K = 
k. From (2), (4) and (5), we only ~eed to know the condi
tional steady-state distributions of L 1 , L 1 • Tl and L •• T. (i = 
2, .. · , k) given that K = k, in order to obtain the steady
state distribution of N. 

From the assumption in Section 2 on the burst size and from 
the memory leSs property of the exponential distribution, the 
residual service time of burst 1, L1 , and the service times 

of the other k - 1 bursts, Li (i = 2,· .. , k), independently 
follow the exponential distribution with mean JJ-l, i.e., 

P(L1 $ x) = P(L, $ x) = l-e-I's, x ~ 0, i = 2, .. · ,k. 
(6) 

We now derive the steady-state distribution of Tl condi
tional on K = k. We mentioned in Section 3 that the num
ber K of bursts in the system is consistent with the number 
of customers in an M/M/l queue. Hence the process of 
K, which we denote by K(t), is a reversible process when 

~" r--': :, 
" 
" 
" 
" 

K(t )] 

LtT, i: 
ArrivalSt 

Departures 
~ 
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t,-Te to 
kJ1 ~ t 

t t 
1 

': '. 

:hr--L' I' 
" 11 

" 
" II 
J I • 

t • 

Fig. 6 A realization of the process K(t). 

the system is in steady state [10J. Fig. 6 illustrates a real- . 
ization of K(t), where K{to) = k and the first of the last k 
arrivals prior to time to, which corresponds to the arrival of 
burst 1, occurs at to - T1 • From the reversibility of K(t), Tl 
has the same distribution as the time length 1'", between to 
and the time point at which the kth departure subsequent 
to to occurs. Since K(to) = k, the server keeps busy during 
[to, to + r"J to serve the k bursts in the system at time to, 
Le., 

1'" = Ll + L2 + ... + L". 

From (6), 1'" and then Tt, conditional on K = k, follow the 
k-stage Erlangian distribution with mean kJJ-l. Specifically, 

(7) 

Note that Ll and Ti (i = 2, .. · ,k) are dependent on Tl 
through the relations indicated in (3). Let us now turn to 
consider Ti (i = 2, .. · ,k) under the condition K = k and 
Tl = tl' Since the arrival process of bursts is a Poisson 
process, the arrival time instants of the k - 1 bursts during 
(to -t1 , toJ are independently and uniformly distributed over 
the interval (to - tlJ to] (see, e.g., [11]). Then we have for 
i = 2,,,, ,k 

The only random variable remaining to be considered is L1• 

Let us observe Fig. 6 again. Denote by 1'0 the elapsed time 
between the instant of the last departure of a burst and to. 
Clearly, 

(9) 



Let r' be the time length between to and the first arrival of 
a burst subsequent to to, which is exponentially distributed 
with mean ). independently of the present state. Again from 
the reversibility of K (t), we have 

P(ro $ %IK = k,Tl = tl) = per' $ %IK = k,rle = tl) 
=P(r'$%)=l-e-~s, %~O. (10) 

Then from (9) and (10), 

P(K) 

P(TdK= k) 

J 

P(N) 

t 
P(NIK = k) 

t 
P(NIK =k, Tl = ttl 

t 

P(NlIK = k,Tl = tl) P(N.IK = k, Tl = tt} 
t • i I I 

(11) 

P(Lt} P(LlIK = k, Tl = tl) P(TsIK = k, Tl = ttl 

Fig. 7 The procedure for deriving 
the steady-state distribution of N 

4.3. The Laplace-Stieltjes Transform of the Steady
State Distribution of N 

So far we have obtained some conditional distributions. We 
now apply them to derive the steady-state distribution of 
N, the buffer content, along the procedure indicated in Fig. 
7, where peA) represents the steady-state distribution of 
random variable A. 

First of all, we obtain from (4), (6) and (11) 

P(Nl $ %IK = k, Tl = tl) 

%<0 

o $ % $ tt, (12) 

and from (5), (6) and (8) 

(13) 
where i = 2"" ,k. Note that P(Nl = OIK = k,Tl = tl) = 
e-~tl > O. The event NI = 0 corresponds to the case that 
the buffer is empty when burst 1 arrives and therefore no 
delay is associated with burst 1. The LSTs of the above 
distribution functions are readily obtained as follows: 

E(e-aN1IK = k, TI = tt} 
= _1'_ + 8 e-~tl _ .\8 -(a+~)tl 

S+#' s+#,-). (s+#,)(s+#,_).)e (14) 
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E(e-aN'IK = k, Tl = tl) 

= _1'_ + S [1 _ e-(.+~)t11, 
s+#' tl(S+I')2 

i = 2,· .. ,k. 
(15) 

From (4) and (5), Nt,N2, .. · ,NIe are independent of each 
other when K = k and Tl = tl are given. It then follows 
from (2), (14) and (15) that 

le 
E(e-aNIK = k,Tl = t l ) = IT E(e-aN'IK = k,Tl = tl) 

i=l 

= {_#'_ + S e-~h ).s e-(a+I')t1} 
S + #' S + #' - ). (s + I'}(s + I' - ).) 

. {_#'_ + S [1- e-(a+I')t11}Ie-l 
S + #' tl(S + #,)2 

(16) 

We uncondition the events K = k and Tl = tl in the left
hand side of (16) by using (1) and (7) as follows: 

00 

E(e-aN ) = L P(K = k)E(e-aNIK = k) 
1e=0 

00 

=(1 - p) + (1 - p) L pie 
Ie=l 

.100 

E(e-aNIK = k, Tl = tl)dP(Tl $ ttlK = k) 

00 

=(l-p)+(l-p) Lple 
Ie=l 

100 -aN #,(#,tl)le-le-I'h 
. E(e IK = k, Tl = tl) (k _ 1)1 dt l · 

o (17) 

Substituting the right-hand side of (16) for E(e-aNIK = 
k, Tl = tt) in (17) and after some algebra, we finally obtain 
the LST of the steady-state distribution of N as 

From (18), we can calculate the moments of N. For in
stance, the average number of cells in the system E(N) can 
be calculated as follows: 

S. Appllcatlon. and Nwnerlcal Result. 

We have obtained the steady-state distribution of the buffer 
content. This can be used to estimate the delay of cells, and 
the loss rate in the case of finite buffer size. 
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Note that in the practical case, the service order of cells is 
according to the FCFS discipline. Since the service time of a 
cell is the constant 1, the waiting time of a cell is just equal 
to the buffer content at the instant of its arrival. Hence, 
one may estimate the delay (i.e., the waiting time) of a cell 
by the distribution of N, the buffer content at an arbitrary 
instant. This estimation is exact at least for the head cells 
of bursts since they arrive according to the Poisson process 
and therefore see time averages. For other cells, however, 
the estimation is only an approximation. 

For the average delay of cells, which is denoted by E(W), 
we can simply apply Little's formula. Then from (19) and 
the fact that the arrival rate of cells is just equal to p, 

1 p 
E(W) = -E(N) = -(1 ). 

p J.'-p 
(20) 

Note that the right-hand side of (20) is just the average 
waiting time of the M/M/l queue. This result is consistent 
with our intuition. 

Another application of the results in Section 4 is related to 
the loss probability of cells in the case of finite buffer size. 
Suppose that the buffer size is n. Then we can estimate 
the loss probability of cells reasonably by the complemen
tary distribution function peN > n), where N is the num
ber of cells in the system with infinite buffer size. Fig. 8 
shows a numerical example on the complementary distribu
tion peN > n) calculated from (18). In the calculation, we 
applied the method by Crump [12J for numerically inverting 
Laplace transforms. We observe from Fig. 8 that the func
tion peN > n) is roughly a straight line in the log graph 
and the average burst size 1/ J.' significantly affects the value 
of peN > n). -

We also remark that the complementary distribution func
tion P( N > n) may overestimate the loss probability in the 
case that buffer size=n, since the traffic load actually de
creases due to losses in such a case. 

2000~-~ 6000 8000 10000 

n 

Fig. 8 The complementary distribution. 
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