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In a high capacity packet switch or a multiprocessor system, efficient interconnection bet
ween input and output ports or between cooperating processors is required. Even if the 
interconnection network is nonblocking the transfer of packets or of interprocessor messa
ges, queued at the input ports and served in the order of arrival, is hampered by head-of-li
ne (HOL) blocking. The scope of the paper is to contribute to the understanding of HOL 
blocking by extending known results to the case of other than constant or neg.-exp. distri
buted service time. The main result is a formula which approximates the maximum 
throughput very well if the coefficient of variation of the servIce time is smaller than or 
not much larger than 1; the approximation error decreases if the number of ports is increa
sed. 

Introduction 
In a high capacity packet switch or a multiprocessor sys
tem, efficient interconnection between input and output 
ports or between cooperating processors is required. 
Even if the interconnection network ist nonblockmg the 
transfer of packets or of interprocessor messages, queu
ed at the input ports and served in the order of arrival, 
is hampered by head-of-line (HOL) blocking: If the first 
item in the queue is waiting for its output to become free 
it will prevent the transfer of another item which might 
be adressed to a free output. 

This disadvantage of input queueing is well known; an 
impressive example of bringing attention to it was the 
comparison of input and output queueing in /1/. The dis
CUSSIon of input queueing, oating back to 1970/2/, con
centrated on the question of the maximum achievable 
throughput, the service time mostly being assumed as 
constant. 

The scope of the paper is to contribute to the unterstan
ding of HOL blockmg: Known results for the maximum 
throughput are extended to the case of other than con
stant or ne~.-exp. distributed service time. Given is a 
formula whIch approximates the maximum throughput 
very well if the service time follows a phase-type distri
bution with a coefficient of variation between 0 and 1 
and, depending on the type of distribution, also above 
1. The approximation can be interpreted in terms of the 
mean waIting time on the HOL position. 

The paper is organized as follows: After a system defini
tion (section I) known results are summarized (section 
ll); their extension to other service time distibutions 
(section Ill) is the main part of the paper. In section Iv, 
the apprmamation is compared with analytical or simu
lation results. The conclusions are followed by an annex 
containing some remarks on the mean waiting time on 
the HOL position. . 

I Systems with input queueing 

In the systems unter consideration here, K input ports 

are connected via a nonblocking interconnection net
work, e.g. a crossbar, to N servers. The service times of 
all servers follow the same distribution. Since we are in
terested in the maximum throughput it suffices to assu
me an arrival process at the input ports such that the 
HOL positions of the input queues never empty. The re
quests arriving here are adressed with probability 1/N to 
one of the servers; the destinations of all requests are in
dependent of one another. The term output queue is 
used for the set of all HOLrequests adressed to the same 
server. The arrival process to these output queues de
pends on the service time distribution, the arrival rate 
depends on the number Y of busy servers. 
Throughput is defined here as the mean number of re
quests served during an interval of time equal to the 
mean service time, i.e. throughput equals the mean va
lue ofY. The maximum throughput is therefore designa
ted by ymax. pmax designates the corresponding utiliza
tion factor of a server, pmax = ymaxlN. 

II HOL blocking with constant or neg.-exp. distri
buted service times 

We summarize known results here with the intention to 
show their role as a base for the extension in the follow
ing section. We consider first systems with a very large 
number of input and output ports. Those systems are of 
special interest because nere the N output queues can 
be regarded as independent of one another (see /1/, /3/, 
/4/ for the case of constant service times). We follow the 
approach of /3/. 
The authors show that for very large K = N the variance 
of the number of busy servers, diVIded by N, approaches 
zero (constant arrival rate to the output queues): 

lirn var( Y) = 0 
N-> 00 N 

(1) 

They show further in detail for the case of constant ser
vice times that the arrival process of each output queue 
becomes a Poisson process for N -+ 00. Each output 
queue and its server can, therefore, be modeled as a sys
tem MIDIl. 
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Let Q denote the number of waiting requests, q = EQ, 
then in a System M/DIl, 

(/ 
q = 2(1-g) 

(2) 

Here, p = pmax, and since there are no empty input 
queues, 

ymax + Nq = K 
pmax + q = KIN (3) 

and with (2) follows the well known result 

gmax = 2-2t 

for K = N and otherwise 

Qmax = 1 + ~-(1 + (~)2t2 (4) 

If the number of input and output ports is finite and K 
> 1, N > 1 the situation is in general much more com
plicated because the output queues are not independent 
of one another. Exact results for systems with a finite 
number of ports and constant service times are due to 
Bhandarkar /5/. Only the minimum number of states are 
distinguished, namely 

N 

J(K,N) = I p(K,m) 
m=l 

where p(K,m) denotes the number of partitions 17/ of K 
(HOL requests) in m positive integers (busy servers). A 
state is described by the vector of output queue lengths. 
ymax is computed by setting up a time discrete Markov 
chain and determinig numerically the state probabilities. 
Several closed form approximations for ymax are 
known, notably the one by Rau /6/: 

R(K, N) = 
Jl m 2

m
-
1 (!=i)(~) 

JI 2
m

-
1 (! = i ) ( ~) 

where L = min (k,N). With the usual convention 

form> n 

(5) 

one can use N as the upper limit in the summation. 

R(K,N) approximates ymax(K,N) closley, 
o ;5; R(K, N)/ N - Qmax < 0.0017 

where equality holds for L = 2 and for K or N -+ 00. Rau 
gives also a computationally efficient recursive formula, 

2N -R(K-1,N) (6) 
R(K,N) = K 2N-R(K-1,N) + K-1 

which leads, with R(K - 1, N) -+ R(K,N) for K -+ 00, to 
(4). 
If the service times ar neg.-exp. distributed, the output 
queues can be resarded as a closed queueing system; the 
key to the solution is the observation that "all the states 
of the system are equally likely" /5/. The number of sta
tes distInguished here is 

(7) 

The first factor in the summation is the number of com
positions 17/ of K (HOL requests) on m (not distingui
shed servers); the second factor is the number of possible 
assignments ofm to N. Using e.g. the Vandermonde con
volution /8/ leads to 

G(K,N) = (N~~l-l) 
and finally to 

N 
ymax=K N+K-1 

(8) 

III DOL blocking with phase-type distributed service 
times - an approximation 

We return to systems with a very large number of input 
and output ports. If the service time distribution is such 
that the arrival process of an output queue consists of an 
superposition of N independent arrival processes, each 
with a very low arrival rate J..l/N, then the superposition 
approaches a Poisson process /9/. Independence of the 
arrival processes is given if the service times terminate 
independently and the destinations of fresh HOL re
quests are independent of one another. The reasoning 
which leads to (1) is also valid here, so that the output 
queue and its server may be mode led as a system M/GIl 
with 

g2 (1 + c2) 
q= 

2(1-g) 

c2 the squared coefficient of variation of the service ti
me. With p = pmax and (3), we get 

(

KIN 2_ 

1 + KIN C - 1 

1 K K 2 - [1 +--((1 +-) 
l-c2 N ~ N 

(9a) 

Qmax 



Figure 1 shows pmax depending on c2 for K = N. 
Thrning now to systems with finite Kand N, we note that 
the number of states in the derivation of Rau's approxi
mation for constant service time (5) and in the derivation 
of (8) for neg.-exp. distributed service time is the same. 
Comparing (5) and an expanded version of (8), namely 

ymax = mtl m (!=l) (~) ,c = 1 

mtl (!=~) (~) 
indicates that 

(10) 

may serve as an approximation to ymax for c2 #1. (In 
fact, (10) also contains an approximation for the state 
probabilities.) 

The corresponding recursive formula is 

K 
y(K, N) = ---(-K--IX-l-+-c2-)/-2-

1 + N-9(K-l,N)'(1-c2)/2 

(11) 

The proof that (10) follows from (11), starting from 
y (l,N) = 1, is straightforward, but lengthy and omitted 
here. With c = 0, (11) leads to (6), with c = 1 to (8) and 
with 

y (K-1,N) - y (K,N) for K _ 00 

to (9). See fig. 1 for K = N = 2 and K = N = 4. 
(11) is of interest not only because it is efficient in com
puting y (K,N) but also because it shows the maximum 
throughput in terms of the mean waiting time on the 
HOL position. Let b denote the mean service time and 

w the mean waiting time, beginning with the point in ti
me, when a request reaches the HOL position. Then 

ymax 1 
--=---

K 1 +t 
(11) approximates this expression: 

y(K,N) 

K 

1 
1 + w(K,N) 

b 

where Vi (K,N) is an approximation to w, 

w(K,N) 
b 

(K-l) . (1 + c2)/2 
N 1- 9(K~,N) (1- c2)/2 
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Maximum utilization, depending on the 
coefficient of variation of the service time 
(N = number of input an output ports) 

(see the annex). With r denoting the mean residual ser
vice time we finally get 

w(K,N) = (K~ 1) r 
1 - 6(K -1, N)( I-f) (12) 

IV Comparison with analytical and simulation re
sults. 

As a criterion whether or where y (K,N) as in (10) is a 
sufficiently good approximation to ymax we will use ~p, 

tl.(} = y(K, N) _ (} max 
N 

(13) 

We consider systems with N = K and a service time distri
bution as in fig.2. pmax can be determined by setting up 
and solving a system oflinear equations for the stationa
Iy state J?robabilities. Since the number of states increa
ses consIderably with N and with the number k of phases, 
we used discrete-time simulation to determine pmax for 
N > 2. The confidence interval was approximately ± 
0,0007 for c < 1 and ± 0,0009 for c > 1. 

Given c and the parameters k, p and u (see fig.2), ~p de
pends on N. I~pl takes on its maximum value for N = 
2 except for values of c close to 0 where N = 3 yields the 
maximum value and ILlpl decreases roughly with lIN (see 
table 1) .. Since we know that y (K,N) approximates ymax 
closely for c = 0/6/, the following discussion concentra
tes on systems with N = 2. 



662 

---0- ... u ~ 1 
P 

Phase 1 k-l k -max( 2.r~) 
Fig.2: Phase type distribution of the service time 

(c = coefficient of variation) 

For c < 1, Llp depends only weakly on p and u (in gene
ral, many pairs of parameters p and u lead to a given c). 
We found that (see table 1) 

o < ~ < 0,0076 O<c<l. 

For c > 1, p and u influence the result strongly. With a 
two-phase service time distribution, the exact solution 
for pmax is 

Qmax = 1 
2pu(1 + u) + 2 + u (14) 

Inserting (14) into (13) gives, after some manipulation, 

(c2 -1)( c2 + ::~11 )(-1) 
~Q = (15) 

6(c2 + 2)( c2 + ::~11 + tpu(c2 + 2)) 
From (15), a simple upper bound for ILlpl can be derived, 
namely 

1 c2 -1 
I ~Q I < "6 . c2 + 2 c > 1 

saying that for c very close to 1, 9 is a close approxima-

c2 Service time Llp for 
distribution K=N=2 

0 constant /6/ 0 

0.025 Erlang-k 0.0063 

0.05 " 0.0071 

0.1 " 0.0075 

0.25 " 0.0067 

0.5 " 0.0043 

1 neg.-exp. 0 

1.5 fig.2, pu = 1 -0.0058 

2 " -0.0114 

3 " -0.0207 

4 " -0.0278 

Thble 1: Llp (Examples) 

tion to ymax, irrespective of pu. This has to be expected, 
since Llp = 0 for c = 1. 
For c not very close to 1, pu has to be taken into account, 
if 9 shall be used. Another upper bound derived from 
(15) is 

1 c4 -1 
I ~QI<-' c>l 

8pu (c2 + 2i 

and especially for very large c 
1 

I~QI = 8pu + 6 c ~ 1 

both indicating that the approximation is useful only if 
pu is large enough. This product equals the contributIon 
of the second phase to the mean service time, divided by 
the contribution of the first phase, and it can assume ar
bitrary large values for a given c since 

Umin S U < 00, Umin = c2 + J c4 
- 1 

Conclusion 

For a service system with N different servers which are 
adressed with equal probability by the requests waiting 
in K input queues and being served in the order of arrival 
we have given an approximate formula for the maximum 
utilization of the servers. For small Nand K, the approxi
mation is good for subexponential phase type distributi
ons of the service time; the approximation is good also 
for a coefficient of variation c greater 1 if certain conditi
ons on the parameters determining c are satisfied. With 
increasing N or K, the approximation error decreases. 

Beyond its use in the analysis of systems with input queu
eing the result will help to understand HOL blocking by 
showing the dependence of pmax on the mean waiting 
time on the HOL position. The exact calculation of this 
waiting time and of pmax remains an open question. 

Llp for Llp for 
K=N=3 K=N=4 

0.0017 0.0010 

0.0047 0.0028 

0.0049 0.0036 

0.0046 0.0031 

0.0031 0.0020 

0.0022 0.0011 

0 0 

-0.0036 -0.0027 

-0.0073 -0.0048 

-0.0139 -0.0094 

-0.0203 -0.0137 



Annex: Mean waiting time on the HOL position 

We will give examples in which w(K,N) equals w, the 
mean waiting time on the HOL position of an input 
queue. A simple example is that of a system with K = 
2 and constant service time; we consider the HOL re
quest of input queue 1. Since the probability that the 
HOL request of input queue 2 is adressed to the same 
server is lIN and, assuming a random selection, the pro
bability of not being served is 1I2N, we have a mean so
journ time s 

1 
s=--b 

1- :J.., 
and a mean waiting time 

w = s-b 

2
b
N 

. _1-1 = w(2,N), c = O,K = 2 
1- 2N 

since Q(1,N) = 11N and r = b/2. 

Turning now to more general cases, we have to find the 
mean waiting time w of a request after attaining the 
HOL position of some input queue, destined to sayout
put n. In this output queue, we have - from the remai
ning input queues - a mean number of (K-1 )/N requests, 
q of them waiting, and a mean virtual waiting time v, 

(
K-1 ) v = -,:;--q r + qb. 

Replacing q by the product of mean waiting time of these 
requests, w(K-1), and arrival rate p(K-1)/b yields 

K-1 ( r) v = -,:;-r + w(K-1) Q(K-1)' 1-Z; 

For c = 1, we have w = v and b = r, leading to 

K-1 
w = -,:;-r = w(K,N) c = 1 

For K,N _ 00, 

w(K - 1) _ w(K) = w, 

and since the arrival process becomes a Poisson process, 

and finally, as in (12), 

K-l r 
w=--

N l-e(K-lX1-t) 
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