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OPTIMAL TRUNK. RESERVATION FOR A CRITICALLY LOADED LINK. 

Martin I. REIMAN 

AT&T Bell Laboratories. Murray Hill. New Jersey 07974 

We consider a model consisting of a single link with N circuits which is offered two types of calls. Two related optimal 
control problems are treated. In the first, each accepted type i call generates a reward,;. and the objective is to maximize the 
long run average reward. In the second the objective is to minimize the blocking probability of type 2 calls. subject to a grade 
of service constraint on type 1. The first problem has an optimal control of trunk reservation form. while the second problem 
has an optimal control of randomized trunk reservation form. We determine the behavior of the optimal trunk reservation 
level for both problems in the critically loaded regime. where both N and the offered traffic are large and almost equal. 

1. INTRODUCfION AND SUMMARY 

With the advent of sophisticated switching equipment, dynamic. state 
dependent, call routing has become possible. Such dynamic routing 
can lead to better utilization of network resources. It can also. 
however. lead to instabilities and/or inefficiencies in the network if 
sufficient care is not taken. For example. excessive use of two link 
paths to carry calls when the direct path is busy could lead to the 
inefficient set of states where most calls ;p'e carried on two link paths. 
Trunk reservation was introduced to guard against such performance 
degradation. and has been subjected to a great deal of study (ef. [1]. 
[5]-[8]. [12]-[13]). 

In this paper we consider a single link with N circuits. and two types 
of calls. and examine the behavior of the optimal trunk reservation 
level as N -+-. when the offered traffic is close to N, the so-called 
'critically loaded' regime. We consider two closely related optimal 
control problems. In the first, when a type i call is accepted for 
service, a reward ';('1 > 'z) is generated. The objective here is to 
maximize the long run average reward. In the second problem, the 
objective is to minimize the blocking probability of type 2 customers, 
subject to keeping the blocking probability of type 1 customers below 
G 1. A more precise statement of the control problem, along with the 
form of the optimal control in each case is provided in Section 2. In 
the first problem, the optimal control has a threshold form known as 
trunk reservation. The optimal policy in the second problem typically 
requires randornization in the threshold state. We call this 
randomized trunk reservation. In Section 3 we describe the 
asymptotic regime known as critical loading, and show why it is the 
regime of practical interest. In Sections 4 and 5 we provide the 
asymptotic form of the optimal controls for the two problems under 
critical loading. We show that, depending on problems considered, as 
well as the relative traffic of each call type, the optimal trunk 
reservation level has one of three distinct types of behavior: 
convergence to a constant, growth proportional to log N, and growth 
proportional to ..fN. 

2. THE OPTIMAL CONTROL PROBLEMS 

The model that we consider is simple. There are two types of calls. 
with type i arriving in a Poisson process of rate A. i' i = I, 2. There are 
N circuits available, and calls are assumed to have exponentially 
distributed holding times with mean unity. There is no facility for 
calls to queue, and preemption of calls in progress is not allowed. 

With the above provided basic system model we consider two 
optimal control problems. In both problems the control consists of 
accept/reject decisions at call arrival epochs. In problem I, when a 
type i call is accepted for service, a reward '; (with , 1 > , z) is 
generated. The objective is to maximize the long run average reward. 
In problem 2, the objective is to minimize the Oong run average) 
blocking probability of type 2 calls, subject to keeping the (long run 
average) blocking probability of type 1 calls below G 1 . 

It was shown by Miller (1969) that problem 1 has an optimal policy 
of the following form: 

(i) always accept type 1 calls (if there are any idle circuits) 

(ii) accept type 2 calls if and only if there are more than k idle 
circuits. 

A policy of this form is known as trunk reservation, and k is called 
the trunk reservation level. 

Let ~(t) denote the number of busy circuits at time t ~ O. Under a 
fixed trunk reservation level k, the process ~ = {~(t), t ~ O} is a 
time homogeneous birth-death process with birth rates 
Ai = A. 1 +AZ 1(;SN_l} and death rates~; = i. The process ~ is 
positive recurrent for all values of 1..1 ' Az' and k. The blocking 
probabilities of the two customer types, B 1 (k) and B z (k) 

respectively, can be written in terms of the stationary distribution of 
~. Maximizing the long run average reward is equivalent to 
minimizing the long run average lost revenue. For a fixed k we have 
a revenue loss rate 

The most straightforward way to find kO is to compute L(k) for 
o ~ k ~ N, and find the minimum. This method is also 
computationally expensive. A more computationally efficient way to 
obtain kO is to use the policy iteration technique of Howard (1960). 
The application of policy iteration to this problem is discussed in Key 
(1990) and Nguyen (1990). Key (1990) provides expressions for the 
relative values, also known as 'Howard values', which are essential 
for policy iteration. He uses those expressions to show that a trunk 
reservation level of k+ 1 is better than k if 
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2 > N(N-l) ... (N-k) 
r 1 A~+I 

+ (:1 ) [ B (N - k - I, A) + A~ - 1 ] 

X[I+.!!...+ ... +N(N-l) ... (N-k+l)] 
Al A~' 

(2.1) 

where B(N, A) is the Erlang loss function, the probability of blocking 
in an Erlang loss system with N circuits and offered traffic A. As 
special (extreme) cases, he showed that k= 1 is preferred over k=O if 

2 > 1 + (~) [!:!...-I+B(N-l, A)], (2.2) 
r l Al A 

and k =N is optimal if 

In problem 2 we need to first determine which call type is to be 
treated better, if any. This is determined in the following manner. 
Treating all calls equally, by accepting a call if and only if a circuit is 
free leads to a blocking probability of B(N, A) for both types of calls. 
If B(N, A) > Gp the grade of service constraint that B I ~ G I can 
only be met if type 1 calls are treated better. On the other hand, if 
B (N, A) < G I it is possible to lower B 1 by treating type 2 calls 
better, and still end up with B I ~ G I. If B (N, A) == G I' then treating 
all calls equally is optimal. Finally, if B (N, A I) > G I' then even 
blocking all type 2 calls will not meet the constraint B I ~ G I: there is 
no feasible solution. 

Suppose that the parameters are such that type 1 calls are to be treated 
better. It is reasonable to conjecture, based on the results of Miller 
(1969) for problem I, and results of Hordijk and Spieksma (1989) for 
a related constrained Markov decision process, that there is an 
optimal policy of the following form: 

(i) always accept type 1 calls, if possible 

(Ha) if there are more than k idle circuits, accept type 2 calls 

(iib) if there are exactly k idle circuits, accept type 2 calls with 
probability q 

(iic) if there are fewer than k idle circuits, reject type 2 calls. 

We call this type of policy randornized trunk reservation. It is clear 
that if type 2 calls are to be treated better, then there is an optimal 
policy of the above form with the roles of types 1 and 2 interchanged. 

Under fixed randomized trunk reservation parameters k and q, (with 
type 1 treated better) {i is a time-homogeneous birth-death process 
with birth rates Aj=A I +A1l (i<N-.t) + qA1l (i=N - .t) and death rates 
J.I. j = i. The respective blocking probabilities of the two customer 

types, B 1 (k, q) and B 1 (k, q), can again be written in terms of the 
stationary distribution of {i. 

We can determine the optimal randomized trunk reservation 
parameters, k" and q", as follows. It is clear that we will minimize 
B:1 by treating type 1 customers no better than is necessary, that is, 
choosing k' and q' so that BI(k', q') = G I • Since BI is 

decreasing in k and increasing in q, with q = 0, k' is such that 

BI(k'-l,O) > G I C!BI(k·,O). 

We then find q' such thatB 1 (k", q') = G I • 

3. CRITICAL LOADING 

As described in the previous section, efficient numerical procedures 
are available to solve for the desired optimal parameter(s). Our aim 
here is to obtain insights beyond those provided by numerical 
solutions. To obtain such insights, we consider the behavior of these 
systems as N, the number of circuits, grows large. Such asymptotics 
are clearly of practical interest since both current and planned 
telecommunication systems have hundreds or thousands of circuits on 
most links. As N -+_ we need to have the offered traffic grow as 
well, since otherwise the blocking probabilities would rapidly 
converge to zero. 

We thus consider a sequence of systems, indexed by N, such that 
A(N) -+_ as N -+_. Let P (N) = N- I A(N), and suppose that 
p (N) -+ p, 0 < p < - as N -+_. There are three regimes to consider: 

(i) p < 1 (underloaded) 

(ii) P = 1 (critically loaded) 

(iii) P > 1 ( overloaded). 

Consider the uncontrolled (Erlang loss) system, whose asymptotics 
were studied by Jagerman (1974). In the underloaded regime 

B(N, A(N» = e-cN+o(N) as N-+_, 

for some c > O. In the overload regime B(N, A(N» -+ (p-l)/p as 
N-+_. In the critically loaded case, we need to know a bit more 
about the behavior of A(N) as N-+_. In particular, if we assume that 

A(N) = N + ~W, 

with -_ < ~ < _, then 

W B(N, A(N» -+ h(~) , (3.1) 

where 

h(~) 

" 
and <I>(x) J $(z)dz 

($, <1>, and h are the normal density, distribution, and hazard rate, 
respectively). 

The above results show that in the underloaded regime the blocking 
probability is too small, ID the overloaded regime the blocking 
probability is too large, and in the critically loaded regime the 
blocking probability is 'just right'. With this motivation we restrict 
our attention to the critically loaded regime. 

For the problems we consider, which have two call types, there are 
actually three sub-regimes of interest in the critically loaded regime. 
We assume that 

Critical loading implies that a l + a l = 1. The three cases are 

(I) <ll=l.<ll=O 

It may seem, at first glance, that only case IT would be of practical 
interest, but this is not true. Consider case I, where 



and 

This scaling makes sense if type 2 calls are the overflow from 
another, critically loaded. link (with K(N) circuits, 
N-1 K(N) -+ K" > 0). 

4. MAXIMIZING LONG RUN AVERAGE REWARD 

We now consider problem I, where calls of type i pay an amount r i 
when they are accepted for service. The objective is to maximize the 
long nm average reward. Actually, we consider the equivalent 
objective of minimizing the long run average lost revenue. From the 
results of Miller (1969) we know that it is sufficient to find the 
optimal policy of trunk reservation form, which is equivalent to 
finding the optimal trunk reservation parameter. 

4.1 Case I: a 1 =1. a 2 =0 

This case was considered in Reiman (1989), where it was solved 
using a diffusion-based analysis. T..e arrival rates are assumed to 
have the form 

and 

where-oo < ~1 < 00 and ~2 > 0. 

Fix K > 0, and let k(N) = bcw J. In addition. let 

i CN) (K) = N- I12 L CN) (k(N» , 

and 

It was shown in Reirnan (1989) that 

b~N)(K) -+ b 1 (K) 

~(~I)h(K+~) 

and 

br)(K) -+ b 2(K) 

= [cII(K+~I)-cII(~I)]h(K+~) + ~(K+~I)' 

where ~ = ~ 1 + ~2' We thus have 

iCN)(K) -+ i(K) = b 1(K) + ~2b2(K) 

(rl ~(~1 )+~2r2[cII(K+ ~1 )-cII(~1 )])h(K+ ~) 

[cII(K+ ~1 )-cII(~1)] h(K+~)+<i>(K+~1) 

(4.1a) 

(4.1b) 

It was further shown in Reiman (1989) that i' (K) = ° has a unique 
root, which we denote by K" • 

An approximation for the optimal trunk reservation level, k(N), is 
obtained by reversing the normalization: 

k(N) = Uc"WJ. 

It is interesting to note that through numerical studies, Krupp (1982) 
concluded that a trunk reservation level proportional to -iN performs 
well. 
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% Difference in Lost Revenue Using 

Asymptotically Optimal Trunk Reservation Level 

100 200 300 400 500 
N 

In Figure 1 we plot the percentage difference in lost revenue using 
k(N) compared to using k" (N) as a function of N (20 S N S 500), 
for ~1 = -I, ~2 = I, r 1 /r 2 = 2. In Figure2 we plot K· as a 
function of r 2 (r 1 = I), for ~ 1 = -I, 0, and 1. Not surprisingly, 
K· -+0 as r 2 -+ 1. In Figure 3 we plot K· as a function of ~ 2' with 

r 1 /r 2 = 2, for ~1 = -1,0, and 1. As ~2-+-oo, K" -+0, while as 

~ 2 -+00, K· reaches a different limit for each value of ~ 1 • 
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Figure 2: a 1 = I, a 2 = 0, ~ 2 = 1 
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4.2 CaseII: 0 < 0.1 ,0.2 < 1 

The arrival rates are now assumed to have the fonn 

Aj(N) = o.jN + ~jW, i=l, 2, 

with 0. 1 +o. z = 1,0< 0. 1 ' o.z < 1, and -00 < ~I < 00. The type of 
analysis used in Case I yields KO = 0, or k 0 (N) = o(W). 

To obtain more detailed infonnation on the behavior of k 0 (N) as 
N-+oo, we use equation (2.1). Let 

(N) N(N -1) ... (N -k) 
R (k) = A.h1 

1 

+ ( {I ) [ B (N - k -1, A) ~ ; - 1 ] 

x [1+~ + ... + N(N-1) ... (N-k+1)] 
Al A~' 

We are looking for k
O 

(N) such that 

It can be shown that, if 

k(N)o.~.t(N) 
N -+0 a N-+oo, 

then 

R(N)(k(N» = 1 

(4.2) 

(4.3) 

+ N-I/Zo.;l[h(~)_~][o.~(.t(N)+l)_l] + o(N- I12 ) . (4.4) 

Using (4.4) we can rewrite (4.2) as 

(4.5) 

Taking logarithms in (4.5) we determine that 

r 
[w ('I -'z)o.z J1 

kO(N) = log 'z[h(~)-~] + 1 + 0(1) - 1 . 

-log 0. 1 

(4.6) 

Note that k(N) given by (4.6) satisfies (4.3). The proPosed 
approximations to the optimal trunk reservation level in this case is 

In Figure 4 we plot the percentage difference in lost revenue using 
k(N) compared to using k"(N). with 0. 1 = o.z = .5, ~I = ~2 = .5, 
and, 1/ , 2 = 2. 

It can be shown that, if k(N) -+ 00 and N- lIz k(N) -+ ° as N -+ 00 

(both k(N) and kO (N) satisfy these), then 

{N B~N)(k(N» -+ 0 

and 

This, in effect, transfers the blocking of type 1 to type 2, with no 
increase in average blocking. On this scale (with error 0(N- 1I2 », 
this is the same as would be achieved by admitting type 2 calls when 

an idle circuit is available, and always admitting type 1 calls, 
preempting a type 2 call if necessary. The interpretation of B 2 here is 
the fraction of type 2 calls which are blocked on arrival or preempted 
while in service. 
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Figure 4: 0.1 =0.2 =.5,~ I = ~2 =.5"1 = 1"2 =.5 

4.3 Caseill: 0. 1 =0,0.2 =1 

The arrival rates in this case have the fonn 

Al (N) = ~ lW, ~ I > 0 , 

A2 (N) = N + ~zW, -00 < ~2 < 00 . 

This corresponds to the overflow traffic (type 1) having greater value 
than the direct traffic. 

Intuitively it seems clear that k ° (N) will be small for N large. Using 
(2.2) we can check if k 0 (N) -+0 as N -+00 . This will be true if 

'1 < "A.(N) [ N ] 
;; - 1 + AI(N) "A.(N) -1+B(N-l, A(N» (4.7) 

for N large enough. We can write the right-hand side of (4.7) as 

Thus, if 

'I h(~)-~2 
-$---
'2 ~I 

then for large enough N, kO (N) = O. Note that ~~I [h(~)- ~2] > 1, 
so this condition is attainable. We next want to show that, if 
, 1/, 2 > ~~I [h(~) - ~2)' then, for large enough N, k 0 (N)= 1. From 

(2.1) we prefer k = lover k = 2 for N large if 

2 $ N(~-l) (4.8) 
'2 ~IN 

+W 1+~/W [N-1I2(h(~)+ ~I )-1][1+ W] 
~1 l+~/W ~l 

for N large. Note that the first tenn on the right-hand side of (4.8) is 
O(N) and positive, while the rest of the terms are O(W). SO the , 
right-hand side will exceed ....!.. for N large, and k 0 (N) = 1 in this 
case. 'z 



So MINIMUM BLOCKING UNDER A GRADE OF SERVICE 
CONSTRAINT 

In this section we consider problem 2, where a 'grade of service', G I' 
is specified for type 1 calls. The objective is to minimize the long run 
average fraction of type 2 calls blocked, subject to keeping the long 
run average fraction of type 1 calls blocked below G l' As described 
in Section 2, the first step is the detennination of which call type is 
treated bener. Then the randomized trunk reserv ation parameters 
(ko, qO) are chosen so thatB 1 (ko, qO) = G 1. 

In addition to the assumption of critical loading, we assume that 
G 1 (N) = N- 11Z

W 1 for w 1 fixed. A direct translation of the 
discussion of Section 2 to the asymptotic sening yields the following. 
If h(~) > W I' then type 1 calls must be treated better. If h(~) < W I' 

then type 2 is treated bener. If h (~) = W l' then both are treated 

equally. 

Sol Case I: a. =1, a 2 =O 

The arrival rates have the form 

Al (N) = N + ~ l..fN, - 00 < ~ 1 < 00 , 

Az(N) = ~zw, ~z > O. 

Weneedtoconsiderseparatelythecasesh(~) > W ,l andh(~) < W 1 • 

If h( ~) > W l' we apply trunk reservation against type 2. If 
h (~1) > W l' then even completely excluding type 2 calls will not 
allow us to meet the constraint So we assume that 
h (~1) < W 1 < h (~ ). The analysis of Section 4.1 can be applied 
here. We again let k(N) = Lw K.J Because the trunk reservation 
level is so large, it turns out that this asymptotic analysis does not 
directly yield any information on q'. To find lC ° we need to solve 
b 1 (lC) = w1' where b 1 (lC) is given by equation (4.1a). It can be 
shown that there is exactly one root to this equation. 

If h (~) < W l' we apply trunk reservation against type 1. It can be 
shown that, using fixed trunk reservation parameters k, q, 

W BiN)(k, q) ~ h(~) 

and 

502 Case IT: 0 < a., a 2 < 1 

The arrival rates have the form 

with CL 1 +CL2 = 1,0 < CL 1, CL z < 1, and -00 < ~I < 00. Although we 
again need to treat the cases W 1 < h (~) and W 1 > h (~) separately, it 
turns out that the analysis is very similar in the two cases. 

We first consider W 1 < h(~), so that type 1 is treated better. It can 
be shown that with k and q fixed, 

W BiN)(k, q) ~ b1(k, q) = h(~)CL~-l(CLz+CLzq) 

and 

= h(~)[I-q + (CL1+CL1q) 1:~~] . 
Note that CL I b 1 + CLz b z = h( ~ ), so that the average blocking 
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probability is the same as in the uncontrolled case. 

We want to find (k', qO)suchthatbl(ko, qO) = w1'0r 

W I !-1 
h(~) = CL1 (CL 1 +CLzq) . (5.1) 

Note that b 1 (k, q) is increasing in q and decreasing in k, as we would 
intuitively expect. Thus we have b 1 (k

e
, 0) S w1 < b 1 (k

e 
-1,0), 

!o w1 !o 1 
so that CL1 S h( ~) < CL1 - . Taking logarithms we find that 

Finally, from (5.1), we find 

If W 1 > h(~), then type 2 is treated bener. With k and q fixed we 
have 

and 

W B~N)(k, q) ~ b 2(k, q) = h(~)CL~-1(CLz+CL1q) . 

We again seek (k', q') such that b 1(ko, qO) = w 1. Now we have 
b l (k, q) decreasing in q and increasing in le. Proceeding as before, 
we obtain 

and 

. -"o[ 1-CL~'+1 WI] 
q =CL2 ------ . 

CL 1 h(~) 

5.3 Case ID: CL I =0, CL l =1 

The arrival rates have the form 

We again need to treat the cases h(~) > w I and h(~) < w I 
separately. 

If h (~) > W I' we apply trunk reservation against type 2. This is 
similar to case I with h( ~) < W l' In particular, for fixed trunk 
reservation parameters k and q, 

N"12 BiN>(k, q) ~ q ~~-1 h(~) 

and 

Since we want W B~N)(k, q) ~ w1' we can get this with kO = 1 and 
q' =w 1 /h(I3). 

In the case h (~) < W l' we apply trunk reservation against type 1. If 
we fix lC and let k(N) = Lw KJ, we obtain B~N) (k(N» ~ B 1 > O. 
Since the constraint requires -IN BiN) (k(N» S W l' we must use a 
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smaller trunk reservation level. With" and q fixed. it can be shown 
that 

and 

and 

•• w 1 
q =k +1---= 

h(~) 

Since b2 (k, q) does not depend on k or q, on this sc8.le the type 2 
blocking probability does not benefit from the trunk reservation 
imposed against type 1. 
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