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A SEMI-MARKOV MODEL OF A NON-HOMOGENEOUS TELEPHONE SUBSCRIBERS SYSTEM* 
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A new method for basic traffic characteristics determination of a non
uniform activity telephone subscribers system is worked out. The method 
provides an opportunity to prognose the optimal mean characteristics and 
the connection lines mean number in automatic telephone exchange modelling. 
The basic idea is to describe each subscribers behaviour using semi-Markov 
random processes. Special attention is paid to the case when some of the 
subscribers are absent . Experimental computer programs based on the algo
rithms above are developed. The results are compared to those obtained by 
the simulations using the same ceptual model approach. 

1. INTRODUCTION 

In the present paper an idealized (stan
dard) automatic telephone exchange (ATE) 
system with unlimited number of connec
tion lines as in [1] is considered. The 
idea is to work out an adequate stochastic 
model and to elaborate proper algorithms 
for computing the basic characteristics 
of the system. The main purpose is to 
obtain these characteristics before 
having the system complete, juxtaposi ng 
different variants. The basic requirement 
is the stationarity of the system working 
regime. The subscribers are divided into 
several groups each with different calls 
flow intensity. Each homogeneous sub
scribers group behaviour is modelled by a 
semi- Markov random process, its prelimi
nary set of permissible states and the 
mean time periods being given in advance. 
The whole system traffic characteristics 
are determined as functions of a random 
process stationary distribution. The 
latter is a superposition of the above 
described semi- Markov processes . Special 
attention is paid to the case when the 
transition probability matrix of the 
imbedded Markov chain depends on some 
unknown parameters. Such is e .d. the 
probability an arbitrary A- subscriber to 
locate after dialling "busy" ("absent" or 
"present") B- subscriber. An algorithm 
for a random process stationary distribu
tion determination starting from semi
Markov processes (SMP) modelling the sub
scribers behaviour in each separate group 
is worked out. The unknown transition 
probabilities and the whole system basic 
characteristics (e.d. the probabilities 

an arbitrary subscriber of each group to 
be "busy" as A- or B- subscriber, the 
mean number of simultaneously occupied 
A- or B- subscribers in each group, 
etc.) are determined as functions of it. 
Experimental computer programs based on 
the above algorithms are further 
developed in case that some of the 
subscribers in the ATE are absent. In 
Sect.2 the general idea of subscribers 
behaviour in each homogeneous group 
modelling by a SMP is described on an 
abstract level. An iteration procedure 
for the unknown transition probabilities 
determination is proposed. In Sect.3 a 
model of a telephone subscribers system 
is made under consideration that some of 
the subscribers in this system are 
absent . The phase space of the random 
process describing the system and the 
basic input and unknown parameters are 
introduced. In Sect.4 and Sect.5 algo
rithms for determination of these un
known parameters, considering the models 
of ATE system without and with repeated 
calls respectively, are described. The 
results obtained are compared with those 
of simulations in [1]. 

2. THEORETICAL REMARKS ON THE MODEL 

Let the calls flow in ATE system S is 
generated from all present A-subscribers 
(active subscribers). Let the active 
subscribers in the system S are divided 
into k groups Si ... Sk' Sin Sj= 0, ~Si=S. 
The input calls flow in each group is 
supposed to be Poisson one with constant 
intensity . The system S is working in 
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stationary regime. Let Q. be the set of 
possible states of the su5scribers in Si 
The periods passed in each state before 
transition to some of the next possible 
states is a random variable. So the 
behaviour of each subscriber in Si could 
be described by the SMP 

(1) {uA. eA. n~l}. defined on Qi.i=l ... k 

where {uA. n~l} are the imbedded Markov 
chains (IMC) and {eA. n~l}- sequences of 
random variables which can be 
interpreted as the waiting periods in 
the current state at the step n. Since 
~he subscribers in each group Si 
1=1.2 ..... k are supposed to be under 
equal conditions the S- representing 
system (SRS) could be constructed taking 
~y one subscriber from each group~. 
1=1.2~ .... k. Let Q = Qlx ... xQk. The 
behavIour of SRS is described by the 
random process {an' n~l}. which is the 
superposition of the processes defined 
in (1). The phase space of {an' n~l} is 
the set UiQ. By proper expansion of U to 
V~U [2. p.391. a SMP {6 n . 6n.n~1} on V. 
describing SRS could be introduced. This 
expansion is needed in order a Markov 
property of the process {6n .6n . n~l} to 
be obtained. Let Q(t.x.B) and P(x.B). 
x E V. B i V. t ~ O. are the semi-Markov 
kernel of the process {en' 6 n . n~l} and 
the stochastic kernel of its IMC. Let ~ 
and 0 are their stationary measures. As 
it is shown in Sect.3 and Sect.4. all 
characteristics of S could be obtained 
knowing P(x.B). xEV. BiV. mean waiting 
times in each state. the number of 
subscribers in each group Si.i=1.2 ..... k 
and ~ and a. If the set V IS finite the 
stochastic kernel of IMC is a matrix 
p .. {~( i . j)} and. ~"" {'Jr i } . 0= {a · } • i. jEV . 
As It was mentIoned In Sect . ! the main 
difficulty in application of these gen
eral ideas to the ATE system modelling 
is that some of the transition probabil
ities P(i.j) are unknown. The solution 
is to present them as functions of the 
stationary distribution ~. This way. the 
problem reduces to the problem of 
finding out the solution of the system 

(2) aP(~)=a 
~='Jr (0) . 

written in matrix form. In general the 
system (2) is strictly nonlinear and its 
solution is derived using the following 
iteration procedure. 

a(n+l)_ a(n) . p('Jr(n» 
'Jr(n+1)_ 'Jr(a(n» 

where a(n) is the n-th iteration for the 
stationary distribution a. given the 
initial approximation 0(0) . 

3. MODEL WITH ABSENT SUBSCRIBERS 

Let N be the number of subscribers in an 
idealized ATE with unlimited connection 
lines working in a stationary regime. 
Let Nl and N2 be the numbers of present 
and absent subscribers in the system 
respectively (Nl + N2 = N) We suppose 
that the calls flow is uniformly 
generated by the present A- subscribers. 
Each call is directed to the present 
subscribers group Sl with probability 
q and to the absent subscribers group S2 
with probability r=l-q. So the system S 
is divided into two groups Sl and S2 but 
only the first one consists of active 
subscribers. The subscribers in each 
group are equal in iights with respect 
to the traffic generated. the periods 
passed in each state before transition 
to some other possible state. the transi
tion intensities between the states. etc. 
In this case according to the theoreti
cal remarks in Sect.2 the behaviour of S 
can be described by the SRS which 
consists of one present subscriber . Let 
us suppose that the occupation moments 
for each subscriber in Sl form a Poisson 
flow with intensity r. Let Q be the 
possible states set of Sl. The detailed 
description of Q is given below 

l-vacant 
2-proper dialling state 
3-missdialling (the A-subscriber had 

remarked the mistake and stops dialling) 
4-ringing tone and B-subscriber answers 
5-ringing tone and B-subscriber doesn't 

answer 
6-busy tone and B-subscriber is present 
7-busy tone and B-subscriber is absent 
8-conversation finding out missdialling 
9-proper conversation 

10-waiting for repeated dialling after 
missdialling 
11~waiting for repeated dialling after 
"no answer" 
12-waiting for repeated dialling after 
"busy tone" 
13-waiting for repeated dialling after 
conversation finding out missdialling. 
So Q .. {1. 2 . .. .. 13} . 
The waiting times in each of these 
states are random variables. There are 
substantial differences between the 
experimental data obtained under 
different conditions by different 
authors as far as the distribution of 
these random periods is concerned. It is 
essential for our discussion that the 
means of these random variables are 
known (we denote them t k . k E Q) and 
that the waiting periods in states 10. 
11. 12 and 13 are exponentially distri
buted [41. The set U coincide with Q 
because there are no active subscribers 
in the second group. The superposition 

{an' n~l} coincide with {u~. e~.n~l}. 



Let T = (Tl , .. ,T13) and a = (al" .,a13) 

be the stationary distributions of {uA ' 
e~ n~l} and its IMC. The relation 
between ~ and a is given in [2] by 

(3) Tk(a) z aktk /k~V aktk 

Input probabilities of the model: 
Pmd (l,i) - probability of missdialling 

call to Si, i-1,2. 
Pmc (l,i) - probability of conversation 

with Si finding out missdialling i=1,2. 
Rabs- probability of repeated dialling 

of the desired phone number after "no 
answer" . 
Probabilities for repeated dialling of 

the desired phone number to Si, i=1,2: 
Rmd (1, i) - after missdiall ing. 
Rbusy (1, i) - after "busy tone". 
Rmc(l,i) - after conversation finding 

out missdialling. 
Parameters to be determined: 

Pb (l)- probability an arbitrary present 
subscriber to be busy. 

Pb (2) - probability an arbitrary absent 
subscriber to be busy. 

Zl - probability an arbitrary present 
busy subscriber to be A- subscriber. 

Z2 probability an arbitrary absent 
busy subscriber to be B- subscriber. 

ZA(l) - probability to be A- subscriber 
in 51 (present). 
ZB(l) - probability to be B- subscriber 

in 51 (present). 
ZB(2) - probability to be B- subscriber 

in 52 (absent). 
NA(l) number of A-subscribers in 51. 
NB(l) number of B-subscribers in 51. 
NB(2) number of B-subscribers in 52. 

4. MODEL WITHOUT REPEATED CALLS 

In this case Rmd(l,i)- Rabs= Rbusy(l,i)= 
Rmc(l,i) = 0, i =1,2 i.e.the uneffective 
calls leave the system. The state space 
reduces then to Q {1,2, ... ,9}. The 
nonzero transition probabilities are: 

(4 ) 

P(1,2) - «1 - Pmd (l,l»q + 
+ (1 - Pmd (1,2»r)Zl 

P(1,3) - (Pmd (l,l)q + Pmd (1,2)r)Zl 
P (1,4) - Z2 
P(2,4) - (1 - Pb (l»q 
P(2,5) - (1 - Pb (2»r 
P ( 2 , 6) Pb (1 ) q 

P(2,7) - Pb (2)r 
P(4,8) - Pmc(l,l)q +Pmc (l,2)r 
P(4,9) - 1 - P(4,8) 
P(3,1) - P(5,1) - P(6,1) - P(7,1)

- P(8,1) - P(9,1) -1 
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Theorem 1. The relations between the un
known parameters of the system and the 
stationary distribution T are given by: 

Pb (l) = (l-Tl(a»/q 
Pb (2) = T5(a)/r 
Zl = 1/(1+(1-Pmd (1,1»q(1-P1» 
Z2 = 1-Z1 

(5) NA(l) Zl(1-~5(a»N1 

NB ( 1 ) (1-P md ( 1, 1 ) ) q (1-P 1) ) NA (1 ) 

NB(2) (1-Pmd (1,2»r(1-P2»NA(l) 
ZA (1 ) NA ( 1 ) /N1 
ZB(l) 
ZB(2) 

NB (1) /N1 
NB(2)/N2, 

where P1 and P2 are the unconditional 
probabilities a state in 51 or in 52 to 
be occupied, P1 = 1-T1(a); P2 = T5(a). 

Proof. The expression for Zl is obtained 
taking into account that each A
subscriber occupies a line in 51 with 
probability (l-Pmd (l,l»q( 1-P1). Thus 
NA ( 1 ) ( ( 1-P mc ( 1 , 1 ) q ( 1-P 1 » = NB ( 1) . 
Dividing this equality by N1 and knowing 
that Z2 = 1 - Zl we obtain the equality 
for Zl. The other expressions are 
derived by the similar way. 
Substituting (5) in the equalities (4) 
we derive the nonlinear system 

(6) aP(T(a» = a 

The system (6) is solved by iteration 
procedure proposed in Sect.2. The values 
for Pb (l) and Pb (2) in a system with 
N=2000 subscribers, N1=1700, N2= 300 and 
r= 0.15 are presented on Fig.1. They 
correspond to the matrix P from (4) and 
the mean times t k , k=1,2, ... ,9 given 
in [1]. r is the total intensity of the 
calls flow in the system, generated by 
all present subscribes. So the connec
tion between T and r is r/N1 = T.Z1. 
The results obtained by simulations in 
[1] under the same input conditions are 
presented by crosses. 

% 

o 

Model without repeated calls 

0.5 1 1.5 

Fig.1 

2 2.5 3 
r(calls/sec. ) 
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Number of subscribers 
Model without repeated calls 

500 

200 

100 

o 0.5 1 1.5 2 2.5 
r(calls/sec. ) 

Fig.2 

On Fig.2 the comparison is made between 
our results for the mean number of sim
ultaneously occupied A- subscribers (A) 
and the mean number of all occupied sub
scribers in the system (A+B) with those 
obtained by simulations in [1] (crosses). 
Graphical representation of the station
ary distributions a and w obtained from 
(6) under the same conditions as above 
are given on Fig.3 and Fig.4. 

a1 =0.301 

a2 =0.169 

a3 

a4 

a5 

a6 =0.029 

a7 

a8 

a9 -0.225 

5. MODEL WITH REPEATED CALLS 

In this case the system has full state 
space Q = {1,2, ... ,13} as described in 
Sect.3. The nonzero transition probabil
ities of P(i,j) are as follows: 

(7) 

P (1,2) « 1 - P md (1, 1) ) q + 

+ (1 - Pmd (1,2»r)Zl 
P(1,3) (Pmd (l,l)q + Pmd (1,2)r)Zl 
P (1,4) Z2 
P ( 2 , 4) (1 - Pb (1 ) ) q 

P(2,5) (1 - Pb (2»r 
P ( 2 , 6) P b (1 ) q 

P(2,7) Pb (2)r 

P(3,1)=(1-Rmd(1,1»q+(1-Rmd(1,2»r 
P(3,10) = Rmd(l,l)q + Rmd(1,2)r 
P(4,8) Pmc (l,l)q +Pmc (1.2)r 
P(4,9) 1 - P(4,8) 
P(5,1) (1 - Rabs )Zl + Z2 

P(5.1) RabsZ1 
P(6,1) «1 - Rbusy(l,l»q + 

+ (1 - Rbusy (1,2»r) 
P(6,12) = 1 - P(6,1) 
P(7,1) = P(6,1) 
P(7,12) = 1 - P(7,1) 
P(8,1) = (1 - «l-Rmc(l,l»q + 

+ (1-Rmc (1,2»r»Zl + Z2 
P(8,13) = (Rmc(1,1)q+Rmc(1,2)r)Zl 
P(9,1) 1 

P ( k , 2) «1 - P md ( 1 , 1 ) ) q + 
+ (1 - Pmd (1,2»r) (l-AW(k» 

P(k,3) (Pmd (1,1)q+Pmd (1,2)r»1-
- AW(k» 

P(k.4) AW(k) , k = 10,11,12,13 

0 

Fig 

w1 .... 0.796 

0.5 

3 

1 where AW(k). k 10,11,12,13 are the 
probabilities during the waiting period 
a call to be received by the A-sub
scriber himself. Then he already answers 
this call in the position of B-sub
scriber . 

",2 

",3 

",4 

",5 

",6 

",7 

",8 

w9 

0 

Fig.4 

0.5 1 

Proposition. 

AW(k) = rZ2/(rZ2 + l/tk ), k=10,11,12,13. 

Proof. AW(k) can be also represented as 
the probabilities an event from Poisson 
flow with intensity rZl to appear during 
the waiting periods in the states 10.11. 
12.13. Taking into account that waiting 
times in these states are exponentially 
distributed ([4]) we complete the proof. 

Theorem 2. The relations between the 
unknown parameters of the system and the 
distribution ",(a) are given by; 



(8) 

Pb (l) = P1/q, 

where P1=1-~1-(~10+~11+~12+~13) 

Pb (2) = w5(o)/r 
21 = 1/(1+(1-Pmd (1,1»q(1-P1) 
22 = 1 - 21 
NA(l) = Zl(l-Pl)N 
NB(l) = (l-Pmc (l,l»q(l-Pl)NA(l) 
NB(2) =(1-Pmc(1,2»r(1-~5(a»NA(l) 
ZA(l) = NA(l)/Nl 
2B(1) NB(l)/N1 
ZB(2) NB(2)/N2 

The proof of the theorem above is 
similar to the proof of Theorem 1 in 
section 4. Using the relations (8) we 
obtain the system (6) in the model with 
repeated calls. From the solution 0 of 
this system the semi- Markov stationary 
distribution ~(o) is obtained according 
to (3). The unknown parameters are 
derived from (8). 
In this case however the calls flow 
intensity ~ includes the intensity of 
repeated calls flow as well. Let ~- be 
the initial calls flow intensity 
corresponding to ~ and let Psd be the 
probability for a second attempt to 
establish connection. It is easy to 
obtain as in [3] Psd as a function of 
the input parameters of the model when 
one takes into account all reasons for 
connection establishment failures and 
knowing the transition probabilities 
(7). If we assume that each uneffective 
call leaves the system with probability 
l-Psd independently from the others then 
the relation between ~- and ~ is given 
by 

as far as Poisson calls flow is 
considered. Some examples on the results 
for the system with repeated calls (N 
2000, Nl = 1700, N2 = 300, r = 0.15, the 
transition probabilities and the mean 
standing times in each state t , 
k-l,2, ... ,13 as in [1]) are given below. 
On Fig.5 and Fig.6 the dependence 
between Pb (l), Pb (2), A = NA(l) and A+B= 

NA(l) + NB(l) + NB(2) and the initial 
input flow intensity ro for an ATE 
system with N = 2000 subscribers is 
presented. A comparison with the results 
obtained by the simulations in [1] is 
made (crosses). As far as r- is the 
initial intensity of the calls flow for 
the whole system, generated from all 
present A - subscribers, then the 
connection between r- and ~. is given by 
r-/Nl- ~-21-, where 21- is the probabil
ity an arbitrary present busy subscriber 
to be A-subscriber, calculated from the 
model without repeated calls in Sect.4. 
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Model with repeated calls 
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Fig.5 
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Number of subscribers 
Model with repeated calls 

0.5 1 1.5 2 2.5 
r(calls/sec.) 

Fig.6 

Graphical representation of the station
ary distributions 0 and W obtained from 
(6) under the same conditions as in [1] 
for the model with repeated calls is 
given on Fig.7 and Fig.8. 

01 =0.236 

02 =0.186 

03 =0.018 

04 =0.216 

05 =0.028 

06 =0.036 

07 =2.E-4 

08 

09 -0.211 

011=0.013 

012=0.029 

a13-2.E-3 

0 0.5 1 

Fig.7 
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~1 -0.730 

~2 -0.012 

~3 -S.E-4 

~4 -0.011 

~S -6.E-3 

~6 -9.E-4 

~7 -S.E-6 

~8 -3.E-4 

~9 -0.196 

~10-3.E-4 

~11-4.E-3 

~12-0.038 

~13-2.E-4 

o 

Fig.8 

6. CONCLUSIONS 

The problem for calculation of some 
unknown traffic characteristics for a 
non- homogeneous ATE is considered. The 
general approach for each subscribers 
behaviour modelling by a semi- Markov 
process is proposed. The basic system 
characteristics could be calculated as 
functions of its stationary distribution 
and the input parameters. The special 
case when some of the subscribers in the 
system are absent is discussed in 
details. The models without and with 
repeated calls are presented. In both 
cases the preliminary assumptions and 
input parameters used to construct the 
models are the same as in [1]. This is 
in order to compare two different 
approaches (those used in the present 
paper and the simulation model in [1]) 
with regard to the final results. Fig.l 
and Fig.S confirmed the data obtained by 
simulations (about 2.S% deviation for 
large intensities). As far as the mean 
number of simultaneously occupied A
subscribers and the mean total number of 
simultaneously occupied subscribers in 
the system are concerned a 10% deviation 
appears. It is conceivable that this is 
due to the following partial 
simplification of our model with respect 
to those in [1]: As it was mentioned in 
Sect.S during the waiting period between 
two consecutive attempted calls, a call 
could be received by the A- subscribers 
himself. Then he already answers in the 
position of B- subscriber. In [1] the A
subscriber is supposed to be able to 
renew the attempts for connection 

establishment after finishing this 
conversation. Our model does not take 
into account this possibility mainly in 
order to prevent complications. 
We have to point out however that the 
potentialities of the compared models 
are not completely identical. In our 
opinion the essential advantage of the 
proposed semi- Markov model is that the 
amount of computer calculations for 
solving the nonlinear system (6) is 
considerably less than all necessary 
computations in the simulation models 
and it doesn't depend on the number of 
subscribers in the system. It takes 
approximately ten seconds on IBM PC to 
solve the system (6) and to obtain all 
characteristics of interest. The method 
described in the present work is very 
close to those from [3] but the models 
there are difficult to be generalized 
for non-homogeneous subscribers systems. 
At the end if the ATE system have more 
than one group active subscribers (i.e. 
more than one group with present sub
scribers) the phase space of the process 
{6 n , 6n , nLl} is no more finite. In this 
case the application of the ideas from 
Sect.2 could be generalized using phase 
space factorization. 
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