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The aims of this paper are: (1) to extend the analysis of the GEO/O/1 queueing (switch) 
model, presented at ITC12, by including an arbitrary number of non-preemptive time priority 
levels; (2) to show how the analysis of a variation of this model , denoted GEO/ATO/1, which 
also includes an arbitrary number of priority levels follows as a special case (the GEO/ATO/1 
is suggested as a more exact queueing model for an ATM switch because cell 
synchronisation is maintained); (3) to present results that support the contention that 
prioritised queueing systems work best when the proportion of cells given priority is relatively 
small; and also to show that, as the utilisation approaches unity, there exist simple closed 
form approximate solutions (one for either model) for the probability of a cell waiting any 
particular number of time slots. 

1. INTRODUCTION 

Main contribution statement: Algorithms are 
presented for calculating steady state waiting time 
probabilities for cells of any priority level in A TM 
queueing models. 

The paper's scope covers the analysis of teletraffic 
systems, more specifically, the extension of 
discrete time queueing theory applied to ATM 
queueing systems. The object of our contribution is 
to show that simple al~orithms exist permitting the 
calculation of waiting times in both GEO/O/1 and 
GEO/ATO/1 (infinite) queues, given that each cell 
may have one of an arbitrary number of non
preemptive time priority levels. This is of interest to 
teletraffic theorists because the method is the result 
of direct probabilistic argument (recourse to 
transforms is not required), as well as to teletraffic 
engineers for the ability to model time priorities and 
a more realistic ATO server. 

B-ISON services can be divided into those that are 
delay sensitive, e.g. telephony, or loss sensitive, 
e.g. data transfer. Network operators must 
guarantee the quality of service requirements of 
these differing services. One solution is to ensure 
that the utilisation is kept relatively low. However, 
this either means rejecting calls during high 
demand or over dimensioning the network, both 
involving cost penalties. Another solution is to 
assign priority levels to the services. Although time 
priority is not explicitly identified in CCITT 
recommendation 1.361 on the B-ISON ATM layer 
specification [1], it could be implicitly represented 
by VPINCI combinations. 

The presentation at the last ITC of the analysis of 
the GEO/D/1 telecommunications switch model [2] 
prompted our further research, generalising the 

model. Initially, this work was extended by 
Schormans et al. [3] to account for two levels of 
time priority traffic; a novel method was used, 
employing direct probabilistic arguments to give an 
exact solution for the waiting time probabilities. In 
this paper, we now further develop this method to 
give the solution for an arbitrary number of priority 
levels in the GEO/O/1 and show that the 
GEO/ATO/1 analysis [4] follows as a special case. 
In both cases an infinite queue is assumed. 

Prompted by advances in telecommunications 
systems generally, recent research has developed 
a range of solutions for priority queues; see [5] and 
[6]. Blondia chooses to model an ATM transmission 
system by means of an M/G/1, finite capacity 
system with vacations and priorities [5]. This 
method allows the author to compute the Laplace
Stieltjes Transform (LST) of the waiting time 
distribution. He further provides recursive formulas 
which make it possible to compute these LSTs. As 
these formulae involve "tedious computations" a 
two moment approximation method is also given. 
Fontana and Oiaz Berzosa, [6], consider a 
queueing system consisting of an M/G/1 queue with 
N non~preemptive priorities and multiple feedback. 
Again this paper derives the LST of the response 
time distribution and inverts it by numerical means. 

We present a solution for the waiting time 
probabilities in the GEO/O/1 queue, with any 
number of time priority levels, in section 2. In order 
to ach ieve this, a theorem from combinatorial 
mathematics (and due to Lajos Takacs [7]) is used 
to account for waiting times of a cell being 
increased by subsequent higher priority arrivals. 
The solution also accounts for the probability of 
encountering some residual. lower priority, service 
time on arrival. 
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Since it may be argued that the GEO/D/1 is not 
entirely accurate for ATM, because its 'empty slots' 
are not a full cell length, we present in section 3 an 
alternative model, provisionally designated the 
GEO/ATD/1, in which allowance is made for empty 
slots necessarily being a full cell duration. In order 
to accomplish this, empty slots are treated as 
though they are the lowest priority traffic: their 
arrival rate being whatever is required to saturate 
the queue. This method of obtaining results for 
synchronised, priority queueing systems has been 
used before [8]; however application to ATM is 
novel. As with the GEO/D/1, the exact waiting time 
distribution for each of the cell priority levels is 
obtained. 

In section 4, results from the two models are 
presented and discussed. 

2. THE GEO/O/1 

The solution for the steady state waiting time 
probability density for any of the different priority 
levels has to include the effect of the other priority 
levels. To find the waiting time probabilities for any 
priority j cell (say Cj), it is necessary to account 
both for the amount of unfinished work Cj 
encounters ahead of it when it arrives, and the 
amount of extra, higher priority, work that arrives 
subsequently and still further delays Cj. The 
problem set by subsequent arrivals is that of 
determining the probability that Cj waits, in total, k 
slots given that it encountered i units of unfinished 
work on arrival. This problem is solved by using a 
combinatorial formula [7] that gives the probability 
that k-i subsequent arrivals (in the k slots) will arrive 
in such a way as to cause the total waiting time to 
be k slots. 

2.1. System model 

Time is discrete. The state of the system changes 
only at distinct instants, separated by time slots of 
length S. A cell may arrive during a slot with a 
constant probability. The waiting times found 
correspond to the whole number of time slots 
waited by a cell before it enters service, fractions of 
slots (left after arrival) are ignored. The basic model 
is, therefore, exactly the same as [2]. 

Let priority 1 be the highest priority in the system, 
and priority n the lowest. Denote any priority j 
(1 ~j ~ n) by prj. 

Define: 

= P(a customer of prj arrives at any instant) 

j 
=La· 

i-1 I 

uj{k) = P{an arriving prj cell sees k time units of 
work ahead) 

wj(k) = P(a prj customer has a total wait of k time 
units) 

p =the service time (in time units) for any cell 

2.2. Unfinished Work 

The unfinished work seen by any prj arrival will 
include all the prj, prj-1, ... pr1 cells, waiting or 
partly served, in the system. Furthermore, as the 
service of a cell cannot be interrupted once it has 
begun, the probability of encountering some 
residual, priority j+ 1, j+2, ... n service time on 
arrival must be included. 

To derive equations for the amount of unfinished 
work seen, at steady state, by any prj arrival in any 
slot, probabilistic balance equations are used. 
These take either of the following two forms: 

(probability of leaving a state) 
= (probability of entering a state) 

or the probabilities of 'crossing the line': 

Uj(O) 

Initially, however, it is necessary to find the 
probability of a prj cell encountering zero unfinished 
work. At steady state, and as a result of the infinite 
queue, the probability of beginning the service, at 
~ny random instant, of a cell of priority lower than j 
IS: 

The server will go idle, or begin the service of a cell 
of priority lower than j if, at the end of the previous 
time slot, a priority j arrival would have seen zero 
u~finished.work and there ~as no priority j (or 
higher) arrival. The probability of the server being 
idle is: 

= 1 - P.An 

again because the queue is infinite. 

Therefore: 

1 - p.An + An - Aj = Uj(O) .(1 - Aj) 

1 - (p-1).An - Aj 
Uj(O) 

To find a formula for uj(1) it is necessary to equate 
the probabilitie~ of 'crossing a line' between Uj(O) 
and uj(1). Thus. 



uj(1 ).(1 - Aj) = uj(O).Aj + An - Aj 

uj(O).Aj + An - Aj 
uj(1) = -----

(1 - Aj) 

An.(1 - p.Aj) 

(1 - Aj)2 

For 1 <k<p, equate the probabilities of entering and 
leaving state k-1 : 

uj(k-1) = uj(k). (1 - Aj) 

By induction we obtain: 

uj(k) = 
uj(1 ) 

(1 - Aj)k-1 

uj(k) = 
An.{1 - p.Aj) 

(1 - Aj)k+1 
for O<k<p 

For k=p, equate the probabilities of entering and 
leaving state (p-1): 

uj(p-1) = Uj(p).(1 - Aj) + uj(O).Aj + An - Aj 

u·(p-1) - u·(O).A - A + A 
() 

J J J n J 
Uj P = --------

(1 - Aj) 

For k>p, equate the probabilities of entering and 
leaving state k-1 : 

uj(k-1) = uj(k).(1 - Aj) + uj(k-p).Aj 

u·(k-1) - u·(k-p).A 
uj(k) = J J J for k>p 

(1 - Aj) 

2.3. Waiting Times 

In ord~r. to calculate the waiting time probabilities, 
wj(k), It IS necessary to account for higher priority 
arrivals that will extend the prj waiting time. 

Define: 

p(w·=k I u·=i) 
J = JP(a prj cell's waiting time = k units, given 

that it sees i units of unfinished work on 
arrival) 

Then for 

o < (unfinished work seen by a prj arrival) ~ k, 

the waiting time probabilities may be calculated 
using the Theorem of Total Probability: 

Wj(O) = Uj(O) 
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wj(k) = uj(1 ).p(wj=k I uj=1) 

+ uj(2).p(wj=k I uj=2) 

+ uj(k).p(wj=k I uj=k) 

= ~ [Uj(i).P(Wj=k I UJ.=i)] for all k > 0 
1=1 

The conditional probability term, p{wj=k I Ui=i) , may 
be found using a formula from Comoinatonal 
Mathematics [7), previously applied by Schormans 
et al. in [3]: 

p(ss=x I n=y) = (y/x).p[(x-y) units in x slots] 

Where ss is the number of units of work still to be 
served in a busy period, n is the number of work 
units initially in the system, and x and y are 
arbitrary integers. 

In this application, ss is the waiting time and n is 
the unfinished work, so we write: 

p(wj=k I uj=i) = (i/k).p[(k-i) units in k slots] 

In this case the second probability term is: 

p[(k-i) prj-1, prj-2 ... pr1 work units arrive in k slots] 

as only higher priority arrivals will extend the time 
before the server may serve Cj. 

Define: 

Mj(k,x) =P(x time units of work of prj or higher 
arrive in k slots) 

Mj{1,0)=1 - Aj 
Mj(1,p)=Aj 
Mj(1,x)=0 for x ~ p, x ~ 0 

Substituting for p(wj=k I uj=i), we obtain: 

wj{k) = ~ [Uj(i).Mj_1 (k,k-i).(i/k)] for all k> 0 
1=1 

For 0 < k ~ p, this can be simplified to: 

wj(k) = uj(k).Mj_1(k,0) 

(each arrival brings p units of work into the system). 
Also 

Wj(O) = Uj(O) 

Note that for pr1 cells, w1 (k) = uj(k) for all k. 
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3. GEOI ATD/1 

The GEO/O/1 is an approximation to the ATO 
multiplexing mechanism: a cell arriving at an empty 
queue enters service at the next time slot 
boundary, whereas it should wait until the next cell 
boundary (see fig.1). Therefore, we have 
developed an alternative model, provisionally 
designated the GEO/ATO/1, in which allo,-:",anc~ is 
made for empty slots (idle cells) necessanly being 
of a full cell duration. The idle cells are modelled as 
lowest priority traffic that saturates the queueing 
system. 

3.1. System model 

The difference between this system model and that 
of the GEO/O/1 is that, while arrivals still occur . 
singly during slots, the service start and completion 
instants are synchronised such that they must be 
separated by a number of time slots, p, equal to the 
service time of a cell. This is shown 
diagrammatically in figure 1. 

< cell boundaries 
< e > 

> 

~ ____ L-__ ~ ____ -L ____ ~ ____ ~I> time 

Figure 1 - Time unit and cell boundaries 

We use the same definitions as before, noting that 
in this case: 

an = P(an idle cell arrives in any slot) 

The priority levels, 1 to n-1, denote the "re~I" traffic, 
and the lowest priority level, n, ~epre?ents Idle c~lIs. 
The server is always busy, serving either full or Idle 
cells, thus 

1 - p.An = 0 

and so 

An = 1/p 

Hence, given p and aj (for i=1 to n-1), the 'arrival 
probability' a for the Idle cells may be calculated. 
This can be thought of as the arrival probability that 
supplies a sufficient number of idle cell~ t.o keep the 
server busy. It is important to note that. It IS. not . 
necessary to have an arrival at every time Instant In 
order to saturate the queue, hence: 

P(no arrivals)= 1 - An = 1 - 1/p 

3.2. The unfinished work seen by an arrival 

This scheme allows the solution for the unfinished 
work probabilities seen by any priority j arrival to be 
found from substituting: 

An = 1/p 

in the formulae derived for the G~O/O/1. Thus: 

1/p - Aj 

(1 - Aj) 

(1/p - Aj) 
for O<k<p 

(1 - Aj)k+ 1 

Uj(p-1) - uj(O).Aj - 1/p + Aj 
Uj(p) ----.:.-------- for k=p 

(1 - Aj) 

uj(k-1) - uj(k-p).Aj 
uj(k) = -----

(1 - Aj) 

3.3. Waiting time probabilities 

for k>p 

For priority level 1, the waiting time prob~.~ilities are 
the same as the unfinished work probabilities, thus 

W1 (k) = U1 (k) 

For all other priority levels (i.e. j> 1), it is necessary 
to account for the number of higher priority cells 
that arrive before a cell of given priority can enter 
service. The solution to this problem is the same as 
for the GEO/O/1 . Therefore: 

Wj(O) = Uj(O) 

wj(k) = uj(k).Mj_1 (k,O) for 0 < k ~ P 

wj(k) = ~ [Uj(i).Mj_1 (k,k-i) .(i/k)] for k > P 
1=1 

4. RESULTS 

Figures 2.1 to 2.6 show the waitin9 ti~e 
probabilities for six different combinations of two 
level priority traffic in the GEO/O/1 queue. 

In figures 2.1 to ?:4, t,he service time ~f a cell is 5 
time slots the utilisation of the queue IS 50%, and 
the proportion of priority 1 to priority 2 traffic, is 
varied over a wide range. When the proportion of 
priority 1 traffic is low (fig. 2,2), the waiting time of 
the priority 2 traffic is hardly af,fected ,and that of 
priority 1 traffic is cI,os,e to the I~~al (~Ig. 2: 1), When 
the proportion of pnonty 1 traffiC IS high (fI9' 2.4), 
there is little to be gained over the case With no 
priorities (represented by fig. 2.1). In figures 2.5 
and 2.6 the service time of a cell is 10 time slots, 
and the'utilisation of the queue is 99%. Again, this 
shows the benefit of keeping to a low proporti~n of 
high priority traffic; but also with the in~~eas~ In 

utilisation (over figs 2.1 to 2.4), the waiting time, 
density for low priority traffic becomes flatter. ThiS 
flattening of the lower priority waiting time density is 
exhibited whether the higher priority cells are 50% 
(fig. 2.5) or 10% (fig . 2.6) of the total arrivals. 

The results for the GEO/ATO/1 queue are very 
similar, and the same comments as for the 
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Figure 2.2 GEO/O/1 

(a1=0.01, a2=0.09, 5 time slots/cell) 
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Figure 2.4 GEO/O/1 

(a1=0.09, a2=0.01, 5 time slots/cell) 
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Figure 2.5 GEO/O/1 

(a1=a2=0.0495, 10 time slots/cell) 
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GEO/O/1 apply. However, there is a clear 
difference in the value of Wj(O), which is a result of 
the synchronised server. Tnis is shown in figure 3 
(which corresponds to the fig 2.2 case). As the 
server will always start to serve an idle cell if there 
are no real cells waiting, the probability of an arrival 
encountering zero unfinished work is greatly 
reduced. 

Figure 3 GEO/A TD/1 

(a1=0.01, a2=0.09, 5 time slots/cell) 
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Figure 4 Comparison of GEO/D/1 and 

GEO/ATD/1 for priority 2 cells (a1=a2) 
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Figure 4 shows the waiting time densities of pr2 
cells in both GEO/O/1 and GEO/ATO/1 cases, for 
50% and 99% utilisation (a1 =a2 in each case). 
Although the service times are different (5 time 
slots for the 50% case, 10 for the 99%) it can be 
seen that, as the utilisation tends to unity, there is 
less difference between the GEO/O/1 and 
GEO/ATD/1 results. 

5. CONCLUSIONS 

This paper has shown that algorithmically simple 
techniques exist for the solution of waiting time 

densities for prioritised discrete time queueing 
systems. These techniques remain valid for an 
arbitrary number of different cell priority levels. 

The methods developed have been used to study 
the effect of increasing utilisation, and varying the 
high priority I low priority ratio on the shape of the 
waiting time densities. It has been shown that if the 
utilisation of the high priority cells is minimal, so will 
be the effect on the low priority cells. This is in line 
with previously established results in priority 
queueing. 

It has further been demonstrated from the results 
that, for the GEO/O/1, as the utilisation seen by the 
priority j cells increases, the waiting time probability 
w·(k) -7 wj(O)/p U> 1) for k>O. Thus, as the 
ufilisation tends to unity in the GEO/O/1 : 

1 - (p-1).An - Aj 
wj(k) -7 k>O 

(1 - Aj)'p 

As the utilisation tends to unity in the GEO/ATO/1: 

1/p - Aj 
k>O 

(1 - Aj) 
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