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The so-called Saturation Routing constitutes a good candidate to operate circuit-switched com
munication networks which have to provide a high grade of service since it provides robustness, 
flexibility and high reliability. The performances of networks operating with the Saturation 
Routing depend on three basic characteristics: the routing of the calls, the traffic offered to 
the trunks and the load of the nodes in terms of control messages. This paper describes how 
these interdependent characteristics can be evaluated. An iterative algorithm, validated by a 
simulation program, is given. 

1 Introduction 

The so-called Saturation Routing constitutes a good can
didate to operate circuit-switched communication networks 
which have to provide a high grade of service. Indeed, the 
Saturation Routing is a call set-up procedure which is robust 
since it supports topology changes, flexible since it allows 
the subscribers to move freely in the network and highly re
liable since it guarantees that an available path will always 
be found if any exists. 

The procedure works as follows. When subscriber A 
wants to set up a call to subscriber B, the node to which 
A is connected sends a request on the signalling channels 
(one channel in each trunk is dedicated to the signalling 
messages) to all its neighbours. Upon reception of the first 
copy of such a request, an intermediate node forwards the 
request on all its outgoing links, except on the link on which 
the request was received. The requests spread thus over 
the whole network until the destination node, Le. the node 
to which the subscriber B is connected, is reached. The 
communication is then established on the path followed by 
the first request which reaches the destination node. Note 
that a request is never sent over a trunk which has no avail
able channels since no path can be established through this 
trunk. This technique guarantees that a free path will al
ways be found if any exists. Note also that each node must 
know the subscribers and the trunks which are attached to it 
only and does not require any information about the other 
subscribers or about the network status. This makes the 
procedure insensitive to topology changes and to subscriber 
moves. 

The main drawback of the Saturation Routing results 
from the possibly large amount of control messages the nodes 
have to process and to transmit. During the set-up phase, 
requests spread over the network. Their number is kept min
imum by allowing the first copy of a request to be forwarded 
only and by forwarding no request on the trunk on which it 
was received. After reaching the node to which the called 

1 This work was done while the author was visiting Philips Kommu
nikations Industrie, Niirnberg, FRG. 

subscriber is attached, several messages are exchanged in 
order to establish, control and release the connection. 

A very good study of the main features of the satura
tion routing can be found in [5]. The paper [1] describes 
how priorities can be implemented. Both papers analyze the 
performances of the network components (nodes, signalling 
channels and trunk groups) independently. This work aims 
at studying the performance of the network as a whole. Typ
ically, quantities such as the probability that a certain call 
is blocked or the time needed to set up a given call depend 
on the state of the whole network. 

These network-wide performances can be essential dur
ing the dimensioning phase of the network. They mainly 
depend on three basic steady-state characteristics : 

• the saturation probabilities of the trunks, 

• the routing of the calls in the network and 

• the load of the nodes in terms of signalling messages. 

All these basic steady-state characteristics depend on each 
other (see Figure 1). Indeed, by definition, a call is estab
lished on the free route along which the request experienced 
the smallest delay. This route depends both on the satura
tion probabilities of the trunks and on the delay experienced 
by the request in each node. Conversely, routing a call on a 
given route increases both the saturation probability of the 
trunks of this route and the load of the nodes since additional 
control messages will be sent along this route to manage the 
communication. The interdependence of these steady-state 
characteristics prevents them to be evaluated independently 
and constitutes the major problem one is confronted with 
during the evaluation of the system performances. The de
sign of an algorithm to evaluate these three basic steady
state characteristics is the aim of this work. 

At the present time, the performances of the system are 
mainly studied by a simulation program[4]. This program 
also provides tools to study various scenarios and to ana
lyze protocol behaviours. However, in some applications, 
the CPU requirements of this simulation software become 
prohibitive. 
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2 Algorithm Principles 

As depicted in Figure 1, the relations between the steady
state characteristics can be organized into a double cycle. 
The various relations of the cycle are formally described be
low. 

Trunk Saturation 
Probabilities 

Node Load 

Node 
Sojourn Times 

Call Routing (Network State) 

Figure 1: System Characteristic Interdependence. 

Step 1 : Node Sojourn Time. If we assume that the 
load of the nodes, in terms of signalling messages, is 
known, then the time spent by a request in each node 
can be estimated. Section 3 discusses an appropriate 
queueing model and shows how the distribution of this 
time can be estimated. 

Step 2 : Call Routing Probabilities. The probability 
that a call is set up along a given path is the probabil
ity that the first request which reaches the destination 
has followed that path. When the network state is 
known, Le. when it is known which trunks are satu
rated and which ones are not, then these routing prob
abilities can be theoretically determined on the basis of 
the times spent by the requests in the nodes (Step 1). 
However, no tractable analytical formulation for these 
routing probabilities can be derived and simplifying 
assumptions are necessary to make this computation 
tractable. Section 4 discusses several possible such as
sumptions. Note that the routing probabilities depend 
on the network state. 

Step 3 : Trunk Saturation Probabilities. The satu
ration probabilities of the trunks depend on the traffic 
offered to these trunks. This offered traffic is deter
mined by the routing of the calls in the various network 
states and by the probabilities that the network is in 
these various states. The former have been computed 
in Step 2 and the latter can be directly derived from 
the saturation probabilities. This show that the sat
uration probabilities are only defined by a non-linear 
system of equations. An analytical formulation of this 
system and an algorithm to solve it are proposed in 
Section 5. 

Step 4 : Node Load. On the basis of the saturation 
probability of the trunks and of the routing probabili
ties, the flows of signalling messages in each node can 
be determined (see Section 6). This completes the cy
cle of relations since the load of the nodes in terms of 
signalling messages, constitutes the input of Step 1. 

The basic steady-state characteristics of the system: the 
saturation probabilities s*, the routing probabilities r* and 
the node load 1* are characterized by the fact that if 1* is 
introduced in Step 1, then r* and s* are obtained at Steps 
2 and 3; and conversely, if r* and s· are introduced in at 
Step 4, them I· is obtained. This immediately suggests an 
iterative scheme whose fixed point would be the quantities 
of interest : 1*, r* and s*. 

Choosing an initial node load 1(0), the routing probabil
ities r(O) and the saturation probabilities s(O) can be deter
mined by Steps 2 and 3. Routing all the traffic accordingly 
allows the node load 1(1) to be determined in Step 4. These 
computations can be seen as the initialization of the algo
rithm which defines a basic routing r(O) and its correspond
ing load 1(1). Executing again Steps 1 and 2 gives new call 
routing probabilities which are denoted dr(l) and which have 
the following physical meaning. When the node load is given 
by /(1), dr(l) gives the probability that a new call is set up on 
a given path. This does not mean that all the calls will be 
routed according to dr(l) since each newly routed call mod
ifies the node load. The routing dr(l) constitutes therefore 
the direction towards which the routing will evolve. The 
iterated routing should therefore be chosen as 

r(1) = (1 - a)r(O) + a dr(l) • 

where a (0 < a < 1) is a dynamic parameter whose value 
results from a compromise between the speed of convergence 
and the risks of oscillation. From this new routing r(1), the 
iteration is completed by computing the saturation probabil
ities S(I) and the node load 1(2). This process is then iterated 
until a stable situation is reached. 

The algorithm can be improved by selecting a better 
initial routing as follows. The initialization algorithm starts 
with a zero load 1(0), computes the corresponding routing 
probabilities r(O) and routes accordingly a small part (let 
us say ao) of the whole traffic. This allows the new node 
load 1(1) to be determined. The process is then iterated, by 
routing, each time, an additional part ak of the traffic 

r(k) = r(k-l) + ak dr(k) 

until the whole traffic has been routed. This initialization 
process should lead to a first routing which is already quite 
stable. The details of the different algorithm steps are given 
in the next sections. 

3 N ode Model Evaluation 
This step aims at obtaining the characteristics of the time 
spent by a request in a network node. Hereafter, the dis
tinction will be made between the first request received by 
a node, denoted V, and the subsequent copies of the same 
request, denoted V+. Here is a list of assumptions allowing 
a model to be defined. 



(Nt) Each node has to process messages of various types. 

(N2) The service times are deterministic, i.e. a type c mes

sage has a fixed processing time D~c). 

(N3 ) The arrival process of the messages of a given type is 
Poisson distributed. 

(N4 ) The arrival processes of the different message types 
are independent. 

(Ns) No queueing for the transmission medium is required. 

Figure 2: Node Model. 

Figure 3: Equivalent Node Model. 

Each node has to process different types of messages. The 
processing time of each message type is composed of a fixed 
part which depends on the message type only and of a vari
able part which corresponds to searches in tables of varying 
sizes. The contribution of this variable part remains in prac
tice so small that (N2) can be stated. 
The arrival process of the messages of a same class is Poisson 
distributed since each message (except for V+) is generated 
by a different call set-up and the call generation process is 
assumed to be Poisson distributed. This argumentation does 
not hold for the V+ messages since a same call set-up pro
cedure can generate in a same node several V+ messages. 
However, these are received through different trunks and 
have thus incurred different delays. One can therefore as
sume that the V+ messages issued from the same call set-up 
procedure and those issued from other call set-up procedures 
are received in such an interlaced way that the global arrival 
process of class V+ messages can be assumed memoryless. 
The assumption of independence between the various ar
rival processes at a same node is certainly false at very low 
(zero) load. Typically, the reception of a V message induces 
(if the selected route goes through that node) the recep
tion of the classical messages needed to control the route. 
However, in normal load conditions, the receptions of these 
correlated messages (these messages are correlated because 
they are issued from the same call set-up procedure) are 
separated by delays which are long enough to allow the traf
fic generated by other call set-up procedures to interfere. 
Assumption (Ns) results from the fact that the processing 
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time of a message is, in our model, always longer than the 
transmission time. 

With this model, the sojourn time of a class V message 
in node n is composed of a waiting time Wn which depends 
on the total load of the node and of a fixed processing time 
D~V). Assumption (Ns) shows that a constant transmission 

time D~V) has simply to be added to the processing time. 
This model is illustrated in Figure 2. The evaluation of the 
waiting time in the first queue constitutes the only difficult 
aspect of this model. However, this system is equivalent, 
from the queue behaviour point of view, to the system de
picted in Figure 3, which is a classical M/G/1 model. The 
analytical resolution of this system[3} provides the Laplace 
Transform of the waiting time distribution only 

* s(l-p) 
W (s) = s _ ~ + ~B*( s) , (1) 

where p is the classical utilization factor and where B*(s) 
denotes the Laplace transform of the service time distribu
tion 

The moments of the waiting time distribution can be ob
tained by derivating W*(s). The mean is, for example, given 
by 

1 1 [dl *()] ~x2 
E[w} = (-1) ds l W s 8=0 = 2(1- ~x) (2) 

where x and x 2 denote the first and second moment of the 
service time distribution. In order to obtain the complete 
distribution, the Laplace transform W*(s) needs to be in
verted. The form of the service time distribution B*(s) 
makes the transform impossible to invert. Several approa
ches can then be followed. First, the service time distribu
tion can be simplified in order to allow the Laplace transform 
to be inverted. Typically, by assuming an exponentially dis
tributed service time with an adequate mean, one obtains 

(3) 

This is the approximation which is currently used. The fol
lowing alternatives are being studied: the approximation of 
the service time distribution by a less rough distribution (Er
lang distribution); the numerical inversion[6} of the Laplace 
transform (1); and, finally, the imbedded Markov chain ap
proach. 

4 Routing Probability Evaluation 

This step aims, on the basis of the time spent by the V mes
sages in the nodes, at determining how the calls are routed 
in the network. Let · us first define the routing in terms of 
paths. 

By definition, the probability f3!d that a call is routed 
along a given path 1r~d is the probability that in a call set
Up procedure started from source node s, the first V mes
sage which reaches the destination d has followed the path 
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7r~d' By making the following reasonable assumption "The 
waiting times in the various network nodes are inde
pendent random variables;" a V message which follows 
the path 7r~d experiences a total delay of 

E [Wk + D~V) + D~V)] d;J E tk, 

kE7r~d kE7r~d 
where the summation index runs over all the intermediate 
nodes of the path and where tk denotes the total sojourn 
time (transmission included). This allows the probability 
f3~d to be expressed as 

(4) 

The main difficulty in the determination of this expression 
results from the dependence between the sums in the right 
hand side. Indeed, if the right hand side is composed of a 
single sum, then the terms in common can be cancelled and 
the expression (4) would reduce to the comparison of inde
pendent sums of independent variables. This could then be 
easily computed. However, in the general case, more than 
two paths exist and no closed expression can be derived. The 
exact evaluation of ( 4) would then require numerical integra
tions over Rn which is, in practice, impossible. Simplifying 
assumptions are therefore needed and a possible choice is 
given in Appendix 1. The use of these simplifying assump
tions solves the problem only partially. Indeed, the number 
.~i paths to be compared grows exponentially with the net
work size, making impossible, from a computational point 
of view, the path comparisons for networks with more than 
50 nodes. This is the reason why the routing definition in 
terms of paths was discarded for the following approach. 

If the path 7r~d is described by the sequence of visited 

nodes 7r~d = (nl = S, n2, "', nl = d), then, the probability 
f3~d that an s-d call is routed along that path can also be 
defined as the probability that the node n2 receives its first 
V message from node nl; and that n3 receives its first V 
message from node n2, knowing that n2 has received its first 
V message from nl; and so on. This leads to the following 
formal expression 

I 

f3~d = IT Prob[nj - nj-l I ni - ni-I. 1 < i <j], (5) 
j=2 

where the arrow" -" means "receives its first V message 
from". The main difficulty in the evaluation of these prob
abilities comes from the probability dependencies. Indeed, 
the probability that node nj receives its first V message from 
a precise neighbour nj-l does often depend on how (from 
whom) the node nj-l has received its first V message. These 
dependencies show that all the possible combinations of val
ues of the variables Wn have to be considered. As with (4), 
one is thus brought back to an integration over Rn if (5) 
has to be exactly computed. However, compared to (4), the 
expression (5) allows simple approximations to be derived. 
Indeed, neglecting the probability dependencies leads to the 
expression 

k 

f3~d ~ IT Prob[nj - nj-l] , (6) 
j=2 

which shows that the probability of routing a call along a 
given path can be expressed as a product of bifurcation prob
abilities 

(7) 

Each such probability Pnj ,nj_l is, by definition, the number 
of s-d calls which are routed through the trunk (nj-I. nj) 
among the 3-d calls which are routed through the node nj. 
The routing of all 3-d calls can thus be defined in terms of 
these bifurcation probabilities. A first solution would then 
consist in first computing all these bifurcation probabili
ties, and in then computing the probabilitites of the vari
ous paths. Again, the possibly huge number of paths could 
make the second step quite inefficient. A better approach 
consists in generating the paths by a depth-first search which 
is restricted to the paths which carry a non-negligible traf
fic. This technique guarantees an acceptable computational 
complexity. 

Finally, note that since no V message is forwarded over a 
saturated trunk, the exact state (saturated / not-saturated) 
of each trunk has to be taken into account in the compu
tation of the bifurcation probabilities and in the path gen
eration. Throughout the paper, the binary vector x will be 
used to describe the network state (XI = 0 if trunk I is not 
saturated; XI = 1, otherwise). 

Practically, the bifurcation probabilities (7) are deter
mined using the recurrence equations given in the Appendix 
2. Then, a depth-first search is started from the destination 
node (ml = d). This procedure generates the paths in back
ward direction (from the destination to the source). Each 
subpath (ml =d, ... , mk) is extended with node mk+l if the 
following conditions are satisfied : 

(Cl) mk :j:. s, 
(C2) (mk,mk+l) 3, 
(C3) x(m",mk+d = 0, 
(C4) V j=l, ... , k : mk+l:j:. mj, 

(cs) nj=l Pmj,mj+l ~ e , 
(C6) Vj = 1, ... , k-1: (m;. mk+l) ~ or 

X(mj,m"+1) = 1. 

Conditions (C2) and (C3) require the trunk (mk' mk+t) to ex
ist and to be non-saturated. Condition (C4) aims at avoid
ing loops. Condition (cs) allows a subpath to be rejected 
if the percentage of carried flow is too small. This guaran
tees the number of considered paths to remain smaller than 
(l/e). Condition (C6) allows to reject paths which have a 
zero probability. Indeed, if the link (mj, mk+d is available, 
then the subpath (ml = d, "', mj, mk+1) and this ensures 
that the subpath (ml = d, "', mj, "', mk mk+l) cannot 
be selected. Indeed, the V messages sent directly by mk+1 

to mj will always arrive earlier2 in mj than the V message 
which has followed the subpath (mk+1! mk, "', mj). This 
condition (C6) aims at recovering inaccuracies introduced by 

21t is assumed that when a node forwards a V message to its neigh
bours, the copies arrive simultaneously. This is in agreement with the 
model which assumes a constant transmission time. 



the approximation (6). 
When the source node is reached, a complete feasible 

path has been established and the part of the s-d traffic 
routed along this path is given by (6). At the end of the 
depth-first search, the flow of s-d calls on each trunk has 
been determined. Iterating the procedure for all s-d pairs 
allows the total flow of calls in the network to be determined. 
Note that this flow is computed for a given network state x. 
When the network is in another state, the whole procedure 
has to be restarted. 

5 Saturation Probabilities 

The probability that a trunk k is fully occupied can be de
termined by (see for example [3] pp.105-106) Erlangs' loss 
formula 

«(k/.,.,)m /m! (8) 
Sk = 'L.'i=o((k/.,.,)i/i! 

which is the probability that all the m channels of trunk 
k are occupied when the channel request rate is Poisson 
distributed with mean (k and when the mean holding time 
(all distributions) is 1/.,.,. The evaluation of Sk requires the 
knowledge of the load (k offered to trunk k. This load is 
given by 

(k = E PX,,(X)fk(X), (9) 
xeX" 

Indeed, the load offered to trunk k is equal to the load car
ried by this trunk in a network with an infinite capacity for 
trunk k. The state of trunk k in such a network can only 
be : non-saturated. One should therefore consider all the 
possible network states x with Xk = O. Let Xk denote this 
set. The offered load (k is then given by (9), where Px,,(x) 
is the probability that the network is in state x and where 
fk(X) is the flow on trunk k when the network is in state x. 
The previous section has shown how the flow fk(X) can be 
computed. The probabilities Px,,(x) are given by 

Px,,(x) = II[si]Xi[l - Si](l-Xi) , (10) 
i,#k 

if one assumes that the probabilities that the trunks are sat
urated are independent random variables. This expression 
shows that no explicit expression for the saturation prob
abilities can be obtained : the saturation probabilities are 
defined in terms of the offered load to the trunks and this 
load depends on the saturation probabilities. However, this 
non-linear system[2] of equations can be used to determine 
these probabilities by an iterative program. Indeed, one can 
make a first guess for the saturation probabilities, compute 
the load offered to each trunk k using (9) and compute again 
the saturation probabilities using (8). This last two opera
tions can now be iterated until a fixed point has been found. 
The solution is characterized by a vector of saturation prob
abilities (SI, .. . , SM) and a vector of offered loads ((1, .. . ,(M) 
which satisfy both (8) and (9). 

The convergence of the iterative process can be estab
lished if the load offered to a trunk does never exceed two 
times its capacity (the iteration function is a pure contrac
tion in this case). This condition is not necessary and the 

393 

convergence domain is in practice much larger. Further
more, all the divergent cases which have been built showed 
an oscillatory behaviour (Le. a large negative eigenvalue). 
For these cases, the use of a smoothing factor always lead 
to a convergent algorithm. 

Theoretically, this iterative algorithm requires all the 
network states x to be considered. This is of course im
possible in practice since this number amounts to 2M. For
tunately, in most of the considered networks, the saturation 
probabilities of most trunks are so low that the mass proba
bility function is concentrated on a few network states only. 
Only these states have therefore to be considered. In prac
tice, however, the saturation probabilitites are not known 
in advance. One should therefore proceed as follows. The 
saturation probabilities are all initialized with zero. In this 
case, the state x = 0 is the only relevant one. Then, the 
routing, the load offered to the trunks and the iterated sat
uration probabilities are determined. With these new val
ues, either the state 0 is still the only relevant state and 
the algorithm terminates or some other states x have a non
negligible probability and the routing corresponding to these 
network states has to be determined. At each iteration, only 
the states with a reasonable occurrence probability are con
sidered and if such states have not yet been considered, the 
corresponding routing is determined. The enumeration of 
the states which have a reasonable occurrence probability 
can be done by a branch and bound algorithm. 

6 Node Load Evaluation 

The computation of the load of the nodes in terms of sig
nalling messages depends on the exact implementation of 
the saturation routing method. Nevertheless, in all cases, 
three groups of message flows can be distinguished. The 
first group is composed of all messages which are routing 
dependent. These messages follow the route on which the 
call is established and induce a node load which can be de
rived from the routing of the calls. The second group corre
sponds to broadcast messages such as the V messages. The 
node load generated by these messages can be derived from 
the topology and from the saturation probabilities. The 
flow of V+ messages constitutes the last group. Each node 
sends a copy of the V message on all its outgoing trunks, 
except on the saturated trunks and on the trunk through 
which the first V message was received. Both the saturation 
probabilities and the probability (7) are therefore needed to 
determine this flow of signalling messages. 

7 Conclusion 

The principles of an algorithm to determine the three basic 
steady-state characteristics, Le. the saturation probabilities, 
the call routing and the node load of a circuit-switching com
munication network operating with the Saturation Routing 
have been analyzed. The algorithm relies on various assump
tions and simplifications. However, they seem to be accept
able since the first comparisons with a simulation program 
indicate relative discrepancies smaller than a few percents 
only. Further comparisons are in progress. 
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A~C) : the mean number of type c control mes-
sages at node n. 

An : the mean of the total arrival process of 
control messages at node n. 

Wn : the average waiting time in the queue 
of node n . 

D~c) : fixed processing time for a class c job. 

D~C) : fixed transmission time for a class c job. 

7r~d : the jth feasible path from s to d. 

(3U) : the probability of routing an sod call sd 

along the 7r~~). 

tn : Wn + D1V} + D~V}. 
p . 

t,) : the probability that, for a given call 
set-up, node i receives its first V mes-
sage from node j. 

x : the network state: Xk = 1 if the trunk 
k is saturated; Xk = 0, otherwise. 

Sk : the saturation probability of trunk k. 

fk(X) : the load of trunk k when the network 
is in state x. 

(k : the mean load (Le. the mean number 
of calls) offered to trunk k. 

PXk(X) : the probability that the network is in 
network state x, knowing that trunk k 
is not saturated. 

Table 1: Symbol Definitions. 

Appendix 1. Approximations of the path routing proba
bili ties (4) are derived here. Let us assume that all the fea
sible sod paths 7r(i) have been numbered in increasing hop 
length order, i.e. V j , 1 ~ j < K : mW ~ m(i+1). Then, 
using the following two assumptions : 
A2a. The total waiting times along different paths are in
dependent random variables. 
A2b. The total waiting time along a path 7r~~) is exponen
tially distributed with mean 

1 " de! ( .) (J) = L.J E[Wk] = E[w J ] ; 

""ad kE1r~2 

allows the probability {3W to be expressed as 

(3(j) = (fi e-l'<i)(mU)-m<i») X 

t=1 

w here LW d~ E{=1 ",,(k). By assuming that the total time 
along a path is exponentially distributed, then (3(j) reduces 
to 

K 
(3(j) = ",,(j) / L(K) = ",,(j) / L: ""le 

Ie=l 

which states that the probability that the first V message 
which reaches the destination has followed the path 7r(i) is 
inversely proportional to the average delay along this path. 
Appendix 2. Let us first try to compute Pn,m,k defined 
a.s the probability that node n receives its first V message 
from node m before or during time slot k. If the sojourn 
time of the V message in node m is j slots (what happens 
with probability wm(j», the node m should receive its first 
V message before or at time (k-j). One can then write 

k-l 

Pn,m,k = L: bn,m,k-j wm(j) . 
j=1 

(11) 

bn,m,k-j is thus the probability that node m receives a first 
V message before or at time (k- j) from a neighbour which 
is not node n nor a neighbour of node n. This probability 
can thus be written as 

bn,m,k-j = 1 - II [1 - Pm,i,k-j] , 
iEAn,m 

(12) 

where the set An,m is the set of neighbours of m which are 
not neighbours of n and different from n. The equations 
(11) and (12) define a recurrence which can be evaluated. 
The bifurcation probabilities Pn,m can then be easily derived 
from the set of Pn,m,k values. 


