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A method for the approximate performance analysis of random multiple-access protocols, such as, ALOHA, URN, random TDMA, is 
presented. This method is an extension of a previously proposed 2-Markov chain method. It is applicable to systems consisting of a 
finite number of identical users, each having a buffer capacity of L packets, where L>2. [For 1.=2 the proposed method is exact]. The 
performance measures of the system under analysis are computed following the solution of a system of nonlinear equations, the size of 
which is independent of the buffer size L. The numerical results derived are in very good agreement with simulation. 

1. INTRODUCTION 

Systems in which a finite number of users have access to a 
common communication channel have extensively been analysed 
in the literature. It is of particular interest (both theoretical and 
practical) to evaluate performance characteristics of these 
systems, such as, throughput, traffic, average delay per packet, 
etc, under realistic assumptions. As discussed below, the various 
performance measures may be evaluated in closed-form only in 
very few cases. Usually, simplifying assumptions about one 
important feature of real systems, the buffer capacity for the 
storage of packets, are required for an exact analysis. Under the 
assumption of unit buffer capacity per user, the system's state is 
completely described by the number of "busy" users (Le. users 
having a packet in their buffers). Though analytically 
convenient, unit buffer size is in practice a rather restrictive 
limitation. In particular, it may lead to an unacceptably high 
value of the probability that a packet is rejected (due to the fact 
that it is generated by a user whose buffer is already full). 
Another extreme case that has been given much of attention in 
the literature is that of infinite buffer capacity per user [1], [2], 
[3] and [6]. In such systems, the probability that a packet is 
rejected is zero. However, instability problems may arise. 
Indeed, arbitrarily long queues may be formed in cases where 
either the rate of generating new packets exceeds some threshold 
or the parameters regulating access to the channel have not 
appropriate values. Systems with infmite buffer capacity per user 
are extremely difficult to analyze exactly even though the state
transition equations are straightforward. 

The most realistic assumption is apparently that of a finite buffer 
capacity of L packets (per user). In general, the behaviour of 
such a system may be described as an N-dimensional Markov 
chain with state vector (b1'~'''''~)' where bj is the number of 
packets contained in the buffer of the i-th user, for i=I,2, .. . ,N. 
The size of the state space equals (L+ I)N. This, in most of the 
practical cases, makes the problem numerically intractable even 
though the chain transition matrix may be easily formed. A 
significant reduction of the state space size is feasible for 
symmetric systems where all users are identical. Indeed, the 
behaviour of such a system may be described by using the state 
vector (no,n1, ... ,n[), where nj is the number of users with i 
packets in their buffers, for i=O,l, ... ,L. This vector evolves as a 
Markov chain. Since no+n1+ ... +nL =N there are (N+L)!/(L!N!) 
possible states, which is always smaller than (L+l)N. 

Kamal and Mahmoud [3] assume infinite buffer capacity and 
their analysis is specific for the slotted ALOHA protocol. In their 
approximate model, they take the state of each user to evolve as 
a Markov chain. Moreover, two parameters involved in the 

corresponding transition probabilities, in fact, express the 
interdependence between the state of a particular user and that of 
the remaining users in the system. The correct computation of 
these parameters has been a controversial point. In [5], different 
such approaches are compared and an extension to the case of 
finite buffer capacity is also presented. 

In [6], Saadawi and Ephremides introduce a 2-Markov chain 
approximate model for the analysis of a symmetric ALOHA-type 
on system with infmite buffer capacity per user. They examine 
the system state (namely, the triplet of the numbers of idle, 
active and blocked users) and the User state (namely, being 
blocked or not and the length of the queue in buffer). They 
approximate the evolution of the these two state variables as two 
independent Markov chains. The existing parametric coupling 
between the two chains leads to the solution of a system of 
nonlinear equations. The size of this system is linear in the 
number N of users. The numerical results obtained for the 
performance measures are not satisfactory (see [2]). An 
improved version of this model is presented by Ephremides and 
Zhu in [2]. The main difference between the two models lies in 
the system state variable. In [2], this variable comprises the state 
of each individual user separately. This results in the size of the 
system of nonlinear equations being exponential in N. Thus, this 
model is not appropriate for systems with many users. The 
agreement between the numerical results in [2] and simulation is 
much better as compared to [6]. Moreover, the model in [2] is 
also applicable to non-symmetric systems. 

Another 2-Markov chain approach was proposed by 
Apostolopoulos and Protonotarios in [1] . The analysis is based 
on the assumption that every user queue can be described as an 
M/O/l queue. The system behaviour is described as a Markov 
chain and the state is the number of busy users. The system state 
is observed only at 'special' slots, that is, slots when there is a 
successful transmission. The two chains are parametric ally 
coupled through the probability Po that the user buffer is empty. 
Thus, again a system of non-linear equations has to be solved. 
The method applies for both finite and infinite buffer capacity. 
The results show good agreement with simulation; the largest 
errors occur for medium loads. 

In [4], Mittal and Venetsanopoulos analyze approximately a 
symmetric multiple-access system, where each of the N users has 
a finite buffer capacity of L packets. They take as state variable 
the pair (0, k), where 0 is the oumber of busy users and k is the 
number of outstanding packets (namely, these packets not being 
at the head of any user queue). The evolution of (n,k) is taken to 
be Marlcovian and it is assumed that, due to symmetry, the 
outstanding packets are distributed evenly among the busy users. 
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The number of possible states is (N+I)(2+N(L-I»/2. The 
numerical results obtained by this method (for protocols such as 
ALOHA, URN and Optimal ALOHA) are in satisfactory 
agreement with those of simulation, mainly for lightly loaded 
systems. 

Further reduction on the number of states is achieved in the 
approximate model presented by Sykas et al in [8]. They take as 
state variable the pair (i,j), where j is the number of packets in 
the buffer of a tagged user and i is the number of busy users, the 
tagged user excluded. This state variable is taken to evolve as a 
Marlcov chain with N(L+ I) possible states. Parametric coupling 
between the two components i and j of the state variable leads to 
the solution of a system of nonlinear equations. The numerical 
results obtained by this method are in very good agreement with 
those of simulation, for various types ofprotocols (e.g. ALOHA, 
URN). Notice that the method in [8] is not applicable to the 
infinite buffer case and to IFr ALOHA. 

It should be clear from the above discussion that existing 
buffered multiple-access protocol analysis methods suffer either 
in accuracy, or in numerical complexity or in applicability. 
Extreme cases can be analysed exactly, but exact numerical 
calculation almost always requires a prohibitive amount of 
computations. Thus, for most practical cases, approximate 
numerical analysis is the best recourse. Nevertheless, accuracy is 
lost in numerically efficient approximate analysis methods, while 
some methods are only applicable to particular multiple-access 
protocols. Thus, despite the considerable previous literature on 
this approach, the need for an accurate and computationally 
efficient numerical method still remains. In this paper, we 
present an approximate method that will be seen to be rather 
accurate and efficient as well as applicable in the majority of 
buffered multiple-access protocols. In this paper we present a 2-
Marlcov chain method. The rationale for our analysis is similar to 
that in [6]. It is applicable to symmetric systems regulated by a 
variety of multiple-access protocols. The buffer capacity per user 
(L) may range from 2 up to and including infinity. A system of 
nonlinear equations is eventually formed; its size is 
(N+ 1)(N+2)/2, that is, quadratic in N and independent of L. 
Following the iterative solution of this system of equations, we 
obtain numerical results on the main performance measures of 
the communication systems under analysis. Moreover, we 
compare their accuracy to simulation and to numerical results 
obtained by other approximate methods. 

2. THE MODEL 

We are analysing the steady-state performance of a multiple
access communication system where N users are connected to a 
common channel. Every user has a buffer capacity of L packets, 
where L> 1. The system operates synchronously, that is, the 
channel time is divided into fixed length slots. Packets have 
constant length and their transmission time equals the slot 
duration. Every user generates at most one new packet per slot; 
this occurs with fixed probability a, independently of the other 
users. A new packet enters the user buffer only in case where the 
buffer is not full (if a packet is undergoing transmission it is to 
be included in the buffer content). If this is not the case, then the 
packet is rejected and never returns to the system. Packets 
queued in a user buffer are served on a First-In-First-Out basis. 

At the beginning of each slot, a randomly determined set of busy 
users attempt transmission of the packets at the head of their 
queues. Thus, there may be zero, one or multiple packet 
transmissions (collision) during a slot. Collided packets are 
mutually destroyed and must be retransmitted later. The channel 
is assumed to be noiseless, that is, all single packet transmissions 

are successful. Users receive instantaneous feedback from the 
channel. Thus, by the end of a slot each user transmitting a 
packet knows whether or not his transmission was successful. 
Following the end of its successful transmission, a packet is 
immediately removed from the corresponding user buffer. We 
consider two types of random protocols regulating the employed 
randomized multiple-access of the channel: 

DFT (Delayed First Transmission): New packets are assumed 
to be generated just before the end of time slots. The probability 
that a successful transmission occurs during a slot equals s(n), 
where n is the number of users that are busy at the beginning of 
this slot. (Several well-known protocols belong in this class. 
Specific values of s(n) are given in [7].) Moreover, it is assumed 
that each busy user is equally likely to be the one that transmitted 
the successful packet (whenever such an event occurs). 

1FT (Immediate First Transmission) ALOHA: New packets 
are assumed to be generated in the beginning of time slots. Just 
after the beginning of a slot, each previously idle user that has 
just generated a new packet attempts a transmission with 
probability 1. Moreover, each of the remaining busy users 
attempts a packet transmission with probability v, where v<1. 
Note that it is possible for a user not to have any packets in 
buffer at the end of two consecutive time slots and yet to have 
successfully transmitted a packet in between. 

It is straightforward that under both types of protocols all users 
behave in the same way. Recalling that the packet-generating 
processes have identical statistics, and are independent of each 
other, we conclude that the system is symmetric, that is, all users 
have the same steady-state queue-length distribution. Introducing 
some terminology, we classify users in three classes, as follows: 
~ contains all idle users, ~ contains all busy users 
with exactly one packet in their buffers and ~ contains all 
busy users with at least two packets in their buffers. As 
mentioned above, the vector (no,n1, ... .n0 completely describes 
the state of the system under analysis. Moreover, this state vector 
evolves as a Marlcov chain. In our model, we consider the 
reduced state vector (nA,nB.nc), consisting of the number of 
users contained in classes-A, B and C respectively. Of course, 
we have nA+nB+nc=N, which implies that the reduced state 
vector may only take (N+ 1)(N+2)/2 values. Moreover, this 
random vector does not evolve, in general, as a Marlcov chain 
because transitions of users from class-C to class-B cannot be 
described by using only the information contained in this vector. 
Clearly, such a transition may only occur when a class-C user 
with exactly two packets in buffer successfully transmits one of 
the packets without generating a new one in the same slot. For 
L=2, the vector (nA.nB'nc) is identical to the complete state 
vector, which evolves as a Marlcov chain. 

In our analysis we introduce the parameter x2' which equals the 
average probability that a user has exactly two packets in buffer 
given that the user belongs to class-C. Furthermore, we 
approximate the evolution of the random vector (nA,nB.nc) as a 
Marlcov chain, with the corresponding transition matrix 
involving the parameter x2. In particular, at any fixed slot, a 
class-C user who ends with one packet less in his buffer is taken 
to transit to class B with probability x2. In order to evaluate this 
parameter, we also consider the random variable lu 
corresponding to the length of the queue in the buffer of a tagged 
user, who is denoted as user-U. Since the probability that the 
user-U successfully transmits a packet during a slot depends on 
the status of the other N-l users at this time, the random variable 
lu does not evolve as a Markov chain. In our analysis we 
introduce the parameters PSA' PSB and Psc, which equal the 
average probabilities that the user-U successfully transmits a 
packet when user-U belongs to classes-A, B and C, respectively. 



Furthennore, we approximate the evolution of the random 
variable lu as a Markov chain, with the corresponding transition 
probabilities involving the parameters PSA' PSB and Psc. The 
parameter x2 may be expressed in tenns of the steady-state 
distribution of lu' Similarly, the parameters PSA, PSB and Psc 
may be expressed in tenns of the steady-state distribution of 
(nA,nB.nc). Thus, the two "Markov" chains become 
parametrically coupled. Their steady-state distributions may both 
be computed by solving one system of nonlinear equations. 
Following this, the measures of the communication system 
perfonnance may also be computed. As a matter of fact, the 
probability of a successful transmission during a slot depends 
only on the number of busy users under both the IFf and Off 
protocols. Therefore it may be directly (Le., from one slot to the 
next) affected only by transitions of users from class-A to class
B and vice versa. In our model, none of the average probabilities 
involved (namely, the parameters x2' PSA, PSB and PsC> appears 
in these tenns of the transition probabilities for (nA,nB,nc) that 
are related to the aforementioned kinds of transitions. That is 
why we expect the results derived by using this model to be in 
very good agreement with simulation. 

3. TRANSITION MATRIX 

In this section we will calculate the transition of a Markov chain 
which is fonned by a reduced description of the complete state 
space according to the considerations of the previous section. 
Two general cases are considered (a) IFf ALOHA and (b) Off 
protocols. Let i=nA, i=O,I, ... ,N, be the number of idle (class-A) 
users and j=nB' j=O,I, ... .N-i be the number of class-B users. 
Obviously, the number of class-C users is nc=N-i-j. Let the 
vector b=(ij) represent the "reduced" state of our system. It is 
possible to fonn a Markov chain with a transition matrix P = 
[Pbb'] using the ideas discussed in the previous section. Taking 
into account the possible transitions between user classes-A, B 
and C we obtain: 

IFf ALOHA protocols 

Pbb'= 

in(i,i', I-a) binGj+i-i'-j',a) 

ia(l-a)i-l [l_(l-v)N-i] binG,j+l-j',a) 

(l-a)i {[1-(N-i)v(l-v)N-i-l] binGj-j',a) + 
+ ajv(l-v)N-i-l binG-l,j-j',a) + 
+ [1-x2(l-a)] (N-i-j)v(l-v)N-i-l binGj-j',a) + 
+ x2(1-a)(N-i-j)v(l-v)N-i-l binG,j-j'+ 1 ,a)} + 
+ ia(l-a)i-l (l-v)N-i binG,j-j',a) 

i'<i-l 

i'=i-l 

(la) 

i'=i 

(l-a)i jv(l-v)N-i-l (l-a) binG-lj-j'-I,a) i'=i+l 

i'>i+l 

DFf protocols 

(N-i) {j/(N-i) [(I-a) bin(i,i'-I,I-a) + 
+ a bin(i,i', 1-0)] binG-l,i+j-j'-i',a) + (lb) 
+ (l-j/(N-i» bin(i,i',I-a) [(I-x2(l-a» binG,j+i-i'-j',a) + 
+ x2(I-a) binG ,j+i-i'-j'+ 1 ,a)]} + 

Pbb' = + (l-s(N-i» bin(i,i',I-a) binG,j+i-j'-i',a) i<N 

bin(N,i' ,1-0) i=N, j'=N-i' 

i=N, j'<N-i' 

where bin(M,m,a) = C(M,m) am (I-ott-m and C(M,rn) = 
M!/[(M-m)! m!], for m=O,I, ... ,M, and C(M,m) = 0, otherwise. 
The previous equation holds for buffer sizes L> 2. For L=2, the 
tenn x2(1-a) should be replaced by 1. This happens because 
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every class-C user has exactly 2 packets; thus a successful 
transmission leads to a class-C to class-B user transition. 
Obviously, when L=2 the above description is accurate. For L=1, 
the method does not apply. 

Steady State Probabilities 

The steady state probabilities 7tb can be computed by solving the 
following system of linear equations: 

7t = 7tP, l:b 7tb = I (2) 

where P is the transition matrix computed according to Eqs.(la) 
or (lb) depending on the protocol type (1Ff or OFT). The system 
of linear equations (2) can be solved exactly when L=2 since the 
state vector b=(i,j) is then a complete and accurate Markovian 
description of our system. In this case, the probabilities p(k) that 
the tagged user-U has k packets in queue are given by 

P(O) = l:b 7tb itN, P(l) = l:b 7tb j/N, P(2) = ~ 7tb (N-i-j)/N, 
p(k) = 0, k=3,4,... (3) 

In the case L>2, an iterative scheme should be used for the 
calculation of the steady state probabilities as it will be explained 
in the sequel. For this purpose, we need to examine an arbitrarily 
chosen user-U. Then, the following quantities are of interest: 

PSA = Pr[user-U transmits successfully I belongs to class-A] 

PSB = Pr[user-U transmits successfully I belongs to class-B] 

Psc = Pr[user-U transmits successfully I belongs to class-C] 

The computation of the above quantities depends on the protocol 
type OFT or IFf 

IFf ALOHA protocol 

PSA = [l:b 7tb ia(l-a)i-l (l-v)N-i]/[l:b 7tb i] (4a) 

PSB = [l:b 7tb (l-a)i jv(l-v)N-i-l]/[l:b 7tbj] (5 a) 

Psc = [l:b 7tb (l-a)i (N-i-j)v(l-v)N-i-l ]/[~ 7tb (N-i-j)] (6a) 

DFT protocols 

PSA =0 (4b) 

PSB = [l:b 7tb s(N-i) j/(N-i)]/[~ 7tb j] (5b) 

Psc = [l:b 7tb s(N-i) (l-j/(N-i»]/[l:b 7tb (N-i-j)] (6b) 

~ The sum in the numerator in the above equations for Off 
protocols is meant for all states b except b=(N,O). 

Using the above defined parameters, it is possible to analyze the 
behaviour of the tagged user-U and compute the probabilities 
p(k) that the user-U has k packets in queue. This analysis is 
presented in the next section. Finally, the parameter x2 that 
appears in Eqs. (1) may now be estimated by 

x2 = P(2)/[1-P(0)-P(1)] (7) 

Thus, we arrive at an iterative scheme of computing the steady 
state probabilities 7tb' The computational details are explained in 
the numerical results section. 

4. THE QUEUE 

The queue-length transition equations (for the tagged user-U) in 
the case of the IFf ALOHA protocol are computed below. The 
steady state equations differ depending on the value L of the user 
buffer. Thus, four cases L infinite, L>4, 1.=4 and L=3 are treated. 
For OFf protocols and for each value of the buffer size L, the 
queue-length transition equations (for the tagged user-U) are the 
same as for the IFf ALOHA protocol, provided that we put 
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PSA=O. Thus, the closed form expressions given below may be 
simplified, in the context of the DFf protocols, by using the fact 
PSA=O. We denote by p(k) the steady state probability that the 
tagged user-U buffer contains k packets at the beginning of a 
slot Then, we have: 

a) infinite L 

p(k) = [(1-a)(1-Psd+aPsclp(k) + a(1-Psdp(k-l) + 
+ (1-a)Pscp(k+l) fork>2 

P(2) = [(I-a)(I-Psd+aPsclP(2) + a(1-PsB)P(I) + (l-a)PscP(3) 
P(1) = [(1-a)(1-PSB)+PSB]p(I) + (a-PSA)p(O) + (l-a)PscP(2) 
P(O) = (1-a+PSA)p(O) + (l-a)PSBP(I) (8) 
~P(k)= 1 . 

We denote G(z)=l:k p(k)zk. Using the above equations, we have 

G(z) = {P(I)(PSC-PSB)z( az-a+ 1)+p(O)[Psc( az-a+ 1)-PsAz]} * 
* {(1-a)Psc-a(I-Psdz}-1 (9) 

Using (9) and the fact that G(1)=I, we obtain Psc-a = P(O)(psc
PsA)+p(I)(Psc-PSB). This together with the last two equations in 
(8) implies that 

P(O) = (l-a)PSB(PSC-a ) * 
* ((1-a)PSB(PSC-PSA)+(PSC-PSB)( a-PS A)} -I (lOa) 

P(1) = (a-PSA)p(O)![(1-a)PSB] (11) 

P(2) = a(I-PSB)P(I)![(1-a)PSB] (12) 

b) ~ 

p(L) = (1-Psdp(L) + a(I-Psc)p(L-l) 
p(L-l) = [(I-a)(I-Psd+aPsclp(L-l)+a(I-Psdp(L-2)+Pscp(L) 
p(k) = [(I-a)(1-Psd+aPsclp(k) + a(1-Psdp(k-l) + 

+ (l-a)Pscp(k+l) for2<k<L-l 
P(2) = [(I-a)(1-Psc)+aPsclP(2) + a(1-PSB)P(I) + (1-a)PscP(3) 
P(1) = [(1-a)(1-PSB)+aPSB]p(I) + (a-PSA)p(O) + (1-a)Psc P(2) 
P(O) = (l-a+PSA)p(O) + (1-a)PsBP(I) (13) 
~P(k) = 1 

Given the values of a, PSA' PSB and Psc, the above system of 
equations may be solved by using brute force. However, this 
would result in an excessive amount of calculations in case of L 
being large. Since we are interested only in P(O), P(1) and P(2) 
we shall derive closed form expressions for these quantities by 
exploiting the special structure ofEqs. (13). We denote G(z)= l:k 
p(k)zk. Using (13), we obtain 

G(z) = (P(I)z(oz-a+l)(Psc-PSB) + p(O)[PsC<az-a+l)-PSAz] -
- p(L)azL[(1-PSC)z+Psc]} ! {(1-a)Psc-a(I-Psdz) (9b) 

By definition, G(z) is a polynomial in z of degree L. Therefore, 
the numerator and the denominator of (9b) must have a common 
root. Since the only root of the denominator is ZO = (1-
a)Psd[a(I-Psc)] we obtain 

P(1)zo(ozo-a+ 1)(PSC-PSB) + P(O)[Ps£(azo-a+ 1)-PSAZO] = 
= p(L)a(zo) [(1-Psc)zo+Pscl (14) 

We also have G(1)=I; combining this with (9b), we obtain 

Psc-a = P(1)(PsC-PSB) + P(O)(PSC-PSA) - ap(L) (15) 

Using (14), (15) and the last equation in (l3), we obtain 

P(O) = {(I-a)PSB[(a-PSC)/(a-PSA)](!1»L) * 
• (Ps£(1-PSB)[(1-a)/(1-psd12-
- (zo) [PSC-PSB+(l-a)PSB(PSC-PSA)!Ca-PSA»)}-l (lOb) 

Furthennore, P(1) and P(2) may be calculated from (11) and (12) 
which still hold (and follow easily from (9b»; finally, p(L) may 
be calculated from (15). 

c) ~ 

Solving a system of equations similar to that in (13), (by using 
brute force) we obtain 

l/p(0) = (1+[(a-PSA)!«I-a)PSB)] {l+[a(1-PSB)!«I-a)Pscl* 
* {1+[a(I-Psd!«(1-a)Psd] {1+a(1-Psc)lPscl}}} (lOc) 

P(4) = [(I-PsdlPscl2 a2!(I-a) P(2) (16) 

Equations (11) and (12) still hold. 

d) L=l 
l/p(0) = (1+[(a-PSA)!«I-a)PSB)] {1+[a(1-PSB)!«(1-a)Pscl* 

* (1+a(I-Psc)lPsclll (1 Od) 

P(3) = [(1-PsdlPscl a P(2) 

Equations (11) and (12) still hold. 

5. PERFORMANCE EV ALUA nON 

(17) 

In this section we compute the main performance measures of 
the communication system under analysis. 

A) Throughput S 

The throughput S of the system is defined as the percentage of 
the time that successful packet transmissions occur. 
Alternatively, S equals the probability that a successful packet 
transmission occurs during a slot. 

1FT ALOHA: In state b=(i,j) the probability that one of the idle 
users successfully transmits a packet equals ia(l-a)i-I(I-v)N-i, 
whereas the probability that one of the busy users does so equals 
(l-a)i(N-i)v(1-v)N-i-l. Therefore, we have 

S = l:b 7tb [ia(1-ai-l(1-v)i-i + (1-a)i(N-i)v(l-v)N-i-l] (18a) 

DFT protocols: Oearly, in state b=(i,j), the probability that a 
successful packet transmission occurs equals s(N-i). Therefore, 
we have 

S = l:b 7tb s(N-i) (18b) 

In a stable system with infinite buffer size L, the average output 
rate equals the average input rate (namely No), because all 
arriving packets are eventually successful transmitted (none of 
them gets rejected). In this case the throughput value S computed 
by the above expressions should equal No. 

B) Ayerage Queue Length Q 

a) infiniteL: The average queue length Q for the tagged user-U 
is given by Q=dG(z)!dz1z=1 where G(z) is given by (9a). Thus, 
we obtain after some algebra (and using (11) that 

Q = (Psc-a2)!(Psc-a ) + p(O)(aPsKPsd!(Psc-a) (19a) 

b) L>4: Similarly as above, we have Q=dG(z)!dz1z=1 where G(z) 
is now given by (9b). Thus, we obtain after some algebra (and 
using (14» that 

Q= [(Psc-(2)+p(0)(aPSA -PsC)-p(L)a(L-Psc-a)]/[Psc-a] (19b) 

c) L=3 or 4: For these two cases, we simply use the formula 

Q = l:k kp(k) (19c) 

It is worth noting that, for the DFf protocols, Eqs. (l9) may be 
simplified by using the fact PsA=O. 

C) Ayerage Delay D 

The average delay D per packet (including the transmission 
time) may be computed by using Little's theorem. Since the 
average output rate is SIN, we have the following expressions: 



a) 1FT ALOHA: 

D = I +QI[SIN] (20a) 

b) DFT Protocols: 

D= QI[SIN] (20b) 

Note that the additional unit in the right-hand side of (20a) is 
justified as follows: in the context of the IFf ALOHA protocol. 
each packet generated by a user either may be successfully 
transmitted immediately (if the user is idle) or it attempts to join 
the queue at the user buffer just before the end of the time slot 
when it was generated. Thus. the quantity QI[SIN] equals the 
average delay D reduced by one slot (namely. the very first slot 
when a packet is generated). 

6. NUMERICAL RESULTS 

The results presented so far are quite general. We can analyse 
both the 1FT ALOHA and various DFf multiple-access 
protocols. since no specific assumptions were made about the 
particular nature of the employed DFf random multiple-access 
protocol. It should be clear that the development of our 
approximate model mainly depends on the existence of the 
conditional probabilities s(n). whose values appear in almost all 
equations in the previous sections. Several well-known DFf 
random multiple-access protocols can be described with the help 
of this parameter. For example. we can apply the proposed 
approximation method in order to analyze buffered versions of 
the following DFf protocols: URN. Random TDMA (RTDMA). 
DFf ALOHA. Optimal ALOHA. and Perfect Scheduling (PS). 
For this purpose we simply have to use the appropriate values of 
s(n). Specific values of the conditional throughput s(n) when 
there are n busy users. for various DFf protocols and the IFf 
ALOHA. are given in [7]. 

The main numerical problem is the solution of the system of 
nonlinear equations (1) and (2). The following simple scheme 
was used in order to obtain the steady-state probabilities. 

~:Setx2=1 

Slsa2..2: Calculate the matrix P for the current value of x2 from 
Eqs. (1a). IFf ALOHA. or Eqs. (Ib). DFf protocols. 

SWLl: Solve the system of linear equations (2) with respect to 
1tb· 

~: Calculate PSA. PSB and Psc from Eqs. (4)-(6) for the 
current value of x2. 

~: Compute P(O). P(I) and P(2) from Eqs. (10)-(12) and the 
previous values of PSA. PSB and Psc. 

~: Put x2 = P(2)/[1-P(0»-P(1)] 

Slclt1: Calculate the average queue length Q from Eqs. (20). 

~: Check for convergence: Let £ be the required relative 
error and Q' the average queue length calculated in the previous 
iteration. If IQ-Q'I/Q<e go to Step 9. Otherwise. go to Step 2. 

~: Calculate the perfonnance characteristics. Eqs. (18)-(20). 

According to this iterative scheme. the steady-state probabilities 
can be computed by the solution of a series of systems of linear 
equations. Although convergence of such methods cannot always 
be guaranteed. experimentation with the above-mentioned 
protocols has shown that a satisfactory accuracy can be obtained 
within 10 iterations. Perfonnance characteristics. i.e. throughput. 
delay. etc.. seem to converge towards their fmal values faster 
than the steady-state probabilities or the probability X2. 
Therefore. they are the most appropriate quantities to be used as 
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convergence criteria. The choice of initial values for the 
probability x2 does not seem to be crucial. although a few 
iterations. about three. can be saved if a reasonable initial values 
is given. Of course. for L=2 only one iteration is needed. A 
linear system of (N+ 1)(N+2)!2 equations has to be solved in 
every iteration. Its size quickly becomes rather large as the user 
population increases. For example. when N= 10 there are 66 
states. while for N=30 the number of states is 496. To fonn and 
numerically solve the system of linear equations in (1) and (2). 
we have ordered the states b=(i.j) as follows: (0.0).(0.1).(0.2) •...• 
(0.N).(1.0).(1.1) •...• (1,N-I) • ...• (N-I.O).(N-I.I).(N.O); then we 
numbered them in that order and used these numbers to fonn a 2-
dimensional transition matrix P. It easy to see that the upper 
diagonal part of P is zero for both 1FT ALOHA and DFf 
protocols. This happens because there are no transitions that may 
increase the number of idle users by more than one. that is. 
Pbb'=O when i'>i+ I. This fact may be used to save storage and 
computation time. 

Average Queue Length, Q(packets) 
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Figure I: Average queue length versus packet birth probability 
curves for the buffered URN scheme. Analytical results and 

simulation points. 
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Figure 2: Delay versus throughput characteristics of the buffered 
URN scheme. Analytical results and simulation points. 

The analytical results presented in the sequel have been obtained 
by using the above-mentioned numerical method. Results are 
depicted for the cases of buffered URN and 1FT ALOHA 
schemes. The user population in all cases is N=IO. Different 
buffer capacities are examined. namely. L=l, 3, 5, 7 and 00. In 
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particular, Fig. 1 illustrates the average queue length versus the 
packet birth probability for buffered URN systems. Fig. 2 
demonstrates the delay versus throughput characteristics of 
buffered URN schemes. In Figs. 3 and 4, the corresponding 
performance curves for the case of buffered IFf ALOHA 
schemes are depicted when the retransmission probability is 
p=O.l. Simulation points are also shown in the figures. Their 
striking agreement with analytical results should be noticed. 
Note that the relative errors are in most of the cases below 1 %. 
The largest errors appear in the delay calculation. They occur 
when the delay abruptly increases, which corresponds to a sharp 
increase of the slope in the delay versus throughput curves. 

Average Queue length, Q(packets) 
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Figure 3: Average queue length versus packet birth probability 
curves for the buffered IFf ALOHA scheme. Analytical results 

and simulation points. 
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Figure 4: Delay versus throughput characteristics of the buffered 
IFf ALOHA scheme. Analytical results and simulation points. 

A few comments about the accuracy of the proposed method are 
in order. First, note that the method is correct in two cases (1) 
when the buffer capacity is L=2 and (2) when the behaviour of 
the tagged user-U is independent of the behaviour of the other 
users. The latter is true for the case of the RTDMA protocol, 
irrespective of the values of N and L. For the RTDMA protocol 
the probability that a user successfully transmits a packet is 
independent of the state of any other user. This follows 
immediately from the definition of the protocol. The accuracy of 
the proposed X2 method comes along with the increased size of 

state space, (N+l)(N+2)/2 states, and amount of computation. 
The same is true for the method in [8], N(L+l) states. As far as 
the comparison of the X2 method with the one in [8] is 
concerned, note that the proposed method is the only applicable 
for infinite buffer capacity L--oo as well as the IFf ALOHA 
protocol. Therefore, the proposed method should be preferred 
when the buffer size is relatively large, roughly L>N/2, or 
infinite, L=oo. The method in [8] is preferable, only for OFT 
protocols, when the buffer size is relatively small, roughly 
L<N/2; it is not applicable for 1FT ALOHA. The computational 
complexity of both above methods is far higher than the Xl 
method [7] and the MlG/I method [1], but the latter present 
larger errors in the medium traffic load region. The case of 
medium traffic is of particular interest, because it offers the best 
trade-off between throughput and delay. Thus, accurate analysis 
in this traffic-range is important for both performance evaluation 
as well as networK design. 

7. CONCLUSIONS 

An approximate method of analyzing buffered random multiple
access protocols was presented. The proposed method is rather 
general and can be applied to several random access protocols, 
including URN and IFf ALOHA. The computational effort is 
relatively small and certainly less than the corresponding for 
previously proposed similar methods. The method is applicable 
for any buffer capacity size L> 1, including infinite L. There is no 
extra computational effort incurred due to the buffer size. 
Simulation results show excellent agreement with thCoretically 
predicted values. This fact corroborates the accuracy of the 
proposed approach, which is based on the reduction of the state 
space and the establishment of a Marlcov chain by using 
symmetry properties of the multiple-access channel. 
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