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Abstract 

General formulas have been derived for ATM multistage switching networks which 
are nonblocking on the connection level for certain types of connections. These 
formulas shows that the size of such a network (ie the number of middle stage 
blocks) depends on the Call Admission Control (CAC) function. Exact formulas 
have been derived for networks with only point to point connections and networks 
with point to multipoint connections when the CAC function is a linear function 
of connection descriptors. When CAC is a two moment allocation, upper and lower 
limit has been given· and exact formulas only for certain types of connections. 

1. INTRODUCTION 

In this article we take a look at a network of 
switching blocks in an ATM environment. A 
block can in this contest be a TOM-bus, a 
matrix of ATM-buses, a ringbased switch or for 
instance a Batcher-Banyan network of 2x2 
switching elements. A typical size of a block 
will be 16x16. These are the building stones 
of larger networks and it is these networks 
that are our item of study. 

input
links 

Figure 1: Switching network. 

We wish to study how we can build networks 
which are nonblocking on the connection level. 
This means that between an input and an output 
link with free capacity there is always a path 
of links with free capacity which connects the 
input link with the output link. 

In our network all external links have the 
same capacity Ce and all internal links have 
the same capacity Ci. When Ce=Ci and when 
there is no need to distinguish between these, 
we write C for the capacity. C must be under-

stood as the maximum permissible load on the 
link, so C can be less than the actual 
bitrate. 

A virtual channel (VC) can be allocated a link 
if it is enough capacity on that link and if 
this can be done with an acceptable grade of 
service and such that the grade of service of 
already allocated VC's on that link still can 
be met. This is controlled by a function 
called Connection Admission Control (CAC). 
That is, a VC can be allocated a link if it 
can be accepted by CAC for this link. 

A VC, which can be allocated an input link A 
and an output link B, can be connected through 
the network if it is possible to find a path 
connecting A and B and such that the VC can be 
allocated each link in this path. We then say 
that the VC can be allocated between A and B. 

We suppose that the CAC-function is the same 
for internal and external links, but it's an 
interesting question whether the control can 
be simplified by using a more straight forward 
CAC for internal links. 

The maximum capacity C depends on the actual 
bitrate, the CAC-function and the requirements 
for grade of service (cell loss and cell 
delay) . 

CAC is a function F of connection descriptors 
for existing VC's on the link and correspond
ing descriptors for the new VC. Let these VC's 
be VCi with descriptors Pil, ••• ,Pic,i=l, .• ,m 
where VCm is the new VC. 
Then the criterion for VCm to be accepted is 

that F(m,Pll' •• 'Plc ' ••••• 'Pml' .. 'Pmc } ~ C 

Example 1 (maximum allocation): c-l, Pil-Pi 
-max{VCi ) and F-EPi where max is the maximum 
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value of the bitrate for a virtual channel. 

Example 2 (two moment allocation): c=2. Pi1= 
E(VCi }. Pi2=Var(VCi } and F=( EPi1+ fE ' ~[Epi2]} 
where E is the mean. Var is the variance of 
the bitrate for a virtual channel and fe is 
the e-fractile of the standard normal distri
bution. 

A switching network (block) is said to have 
complete availability if a VC. which can be 
allocated an inputlink A and an outputlink B. 
always can be allocated between A and B when 
there is no traffic in the network. 
A switching network (block) is said to be non
blocking if a VC. which can be allocated an 
inputlink A and an outputlink B. always can be 
allocated between A and B irrespective of 
other traffic in the network. 

In this article all blocks is supposed to be 
nonblocking and have complete availability. 

A VC is in this instance characterized by its 
connection descriptors. The set of VC's with 
the same descriptorset is called a VC-type. A 
member of a type will be called by the name of 
the type. The sum of s VC's of type R is 
termed short s · R. 

When the VC Ri have the descriptors Pi1 •.. Pic 
for i=l •..• m we write short F(R1 •..• Rm} for 

F{m.P11···· P1c·······Pml·· Pmc}· 

In the following n is the number of inputlinks 
of a block and we suppose that the connection 
descriptors can take all real values in the 
actual intervals. The CAC-function is supposed 
to be strictly monotone increasing as a func
tion of each connection descriptor. 

2. POINT TO POINT CONNECTIONS 

When Cl is the capacity of the inputlinks. C2 
is the capacity of the outputlinks and F is 
the CAC-function. kF.C .C

2
(R.n) is the maximum 

value of k for which it is possible that a VC 
of type R can be allocated an inputlink of a n 
x k block but cannot be allocated a single 
outputlink. We write for short k(R.n) when 
there is no doubt about F. Cl and C2 . 

Proposition 1: Let Cl be the capacity of the 
inputlinks and C2 be the capacity of the 
outputlinks of a block. For F(R}iCl we have: 

i) k(R.l) = 0 if Cl ~ C2 

ii} k(R.n) > n 
iii) k(R.n+1) > k(R.n)+l 

iv} k(R.n+m) i k(R.n)+k(R.m) 

Proof: i). iii) and iv) are obvious from the 

definition. To prove ii) we can suppose that 
n=2 and Cl =C2=C. Let Rl be a VC with F(R1)<C 
and let f be such that f'R1 can be allocated a 
link. but (f+1)'R cannot be allocated a link. 
Let R2 be another VC such that 

f ' Rl + R2 cannot be allocated a link 
(f-1) ' Rl + 2'R2 can be allocated a link 

If the connection descriptors of Rl is Pl' .. PC 
this can be done by solving the equation 
F«f-1)·Rl .2·R2)=C where R2 is given by the 
descriptors x · Pl •...• x·Pc. We must than have 
x<l so substituting one R2 by a Rl connection 
will not be permitted. We can now allocate the 
links on the block as shown in figure 2. 

(f-2) ' Rl +2 ' R2 (f-1)'Rl + 
1 1 

2x2 block 
f'Rl (f-1)'Rl + 

2 2 

Figure 2 

When this condition is fulfilled an extra VC 
of type Rl can be allocated inputlink 1 but 
none of the outputlinks. 

In the following LXJ is the greatest integer 
less then or equal to x and rxl is the smal
lest integer greater than or equal to x. 

Proposition 2: When the CAC-function F is a 
linear function of the connection descriptors. 
and for a connection of type R. fl=Cl/F(R) and 
f 2=C2/F(R). then 

k(R.n)=r n~~_~f? 1 for fl~l. f2>1 and n~2 

Proof: Let F be linear. F=EPi' as in example 
1. Pi can be viewed as the load on VC number 
i. The total load or resource allocation is 
the sum of the load for the VC's allocated the 
link. Given an n x k block. Suppose a VC R can 
be allocated an inputlink. Maximum resource 
allocation on the n inputlinks is then n'C1-
F(R). An outputlink that cannot allocate R 
(C2>F(R)} must have a resource allocation 
F(EPi) > C2-F(R). The maximum number of out
outputlinks that cannot allocate R is then 
given as 

k(R.n) max l n'C,-F(R) J 
e>O C2-F(R)+e 

lim l n ' C,-F(R) J 
e~O+ C2 -F(R)+e 

If we put fl=Cl/F(R} and f 2 =C2 /F(R) it follows 
that 



If we restrict f2 to be an integer, it follows 
that 

k(R,n) 

Example 3: Let F be as in example 2 and given 
a n x k block. Formally we can substitute all 
VCts from inputlink i to outputlink j with a 
VC Rij with mean equal the sum of the mean 
values and variance equal the sum of the 
variance for each VC from input i to output j. 

For i=1, .• ,n , j=1, .• ,k we now let 

Pij = E(Rij)/C and qij = f e
2 ' var(Rij )/C2 

such that the normalized CAC-function can be 

written F(Rij ) = Pij + {qij· 

Let R be a VC with descriptors p and q that 
can be allocated inputlink i. This criterion 
can be rewritten as 

k k 
i) E q" + q < 

j=1 1J - (1 - E PiJ' - p)2 
j=1 

k 
= 1 - 2(E 

J=1 

k k 
P1'J') + (E E P'J"Pil) + J=1 1=1 1 

k 

k 
p2 - 2p + 2p(E Pij) 

J=1 

ii) E p .. + p i 1 
j=1 1J 

For all inputlinks corresponding relations 
with p=q=O is valid. 

Now suppose that R can be allocated inputlink 
1. By adding the relations of type i) for 
i=1, .. ,n where p=q=O except for i=1, we get 

n k 
iii) E E qiJ' + q i n -

i=1 j=1 
n k k 

(E E E Pij'Pil) + p2 
i=1 j=1 1=1 

n k 
2(E E p,.) + 

1=1 j=1 1J 
k 

- 2p + 2p(E P1J') 
J=1 

Now suppose R cannot be allocated a single 
n 

outputlink. If, for outputlink j:( E Pij) + p 
i=1 

> 1, than we can substitute the VCts Rij i=2,n 
with VCts with smaller mean, Pij~ 

n 
Pij' (1-p-p1j)/1~2Pij) , and eventually higher 

variance if all variances are zero, such that 

1 

n n 
(E Pij) + P + {[( E qij) + q] > 1 
i=1 i=l 

since P1j + P < 1. 
In this way relations i) and ii) are still 
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valid and R can still be allocated inputlink 1 
but none of the outputlinks. 

The following relations are now valid for all 
outputlinks j=1, .. k 

and 

iv) 

n 
(i~1 Pij) + p i 1 

n n 
(i~1 Pij) + p + {[(i~1 qij) + q] > 1 

after rewriting and adding we get: 
n k n k 
E ,E qij + kq > k - 2(E E Pij) + 

i=1 J=1 i=1 j=1 
n k n 

(E E E PiJ,'Pmj)+ k(p2 - 2p) + 
i=1 j=1 m=1 

n k 
2p{E .E PiJ') ' 

1=1 J=1 

By combining the relations iii) og iv) we get 

(k-1)(p2-2p-q+1) < n-1 + 

n k k n n k 
E E PiJ'( E Pil -m~-1 PmJ·) -2P1'~_2 j~-1 PiJ' i=1 j=1 1=1 

n k k n 
< n-1 + E (E P' ,)2 - E (E p .. )2 -

i=1 j=1 1J j=1 i=1 1J 

n k 
2p E E P + 2p(1-p) 

i=1 j=1 ij 

k 
Since 0 < E 

- j=1 

k k n 
o < E E ( E 

-j=1 1=1 i=1 

n 
P · ,- E P 1)2 

1J i=1 i 

the following relation holds: 

n k n k 
E (E p., ) 2 < E E Pi J' and 

i=1 j=1 1J - i=1 j=1 

Therefore 

k n n k 
E (E p.. ) 2 > (E E p" ) 2 /k 

j=1 i=1 1J - i=1 j=1 1J 

n k 
(k-1)(p2_2p-q+1) < n-1 + (1-2p )(E=1 E p, ,) 

i j=1 1J 
n k 

- ( E E p" ) 2 /k + 2p ( 1-p ) 
1=1 j=1 1J 

We now suppose that p < 1/2 and q i 1/4. Since 
f(x)=(1-2p)x-x2/k have maximum for x=k(1-2p)/2 

n k 
we have for x = E E Pij· k(1-2p)/2 that 

i=1 j=1 

(k-1) (p2-2p-q+1) < n-1 + (1-2p)k(1-2p)/2 
- k(1-2p}2/4 + 2p(1-p) 

(k-l) (p2-2p-q+l) < n-l + k(1-2p}2/4 
+ 2p(1-p) 

k(p2-2p-q+1-(1-2p)2/4) < n-1 + 2p(1-p) 
+ p2-2p-q+l 

k(-p-q+3/4) < n-p2-q 
k < (n-p2-q)/(3/4-p-q) 
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For higher value of k we are granted to find 
an outputlink that can allocate R so this 
gives an upper bound for k(R.n). 

Now given a n x k block with 

and let 

n=3m+l+6 
k=4m+l+6 

pij=3/(4k2) • qij=[1-3/(4k)]2/k for i=l •..• m 
Pij=l/k • qij=O for i=m+l •..• n-l 
Pnj=(l-p-vq )/k. qnj=O for i=n 

That is. the traffic on inputlinks 1 •..• m is 
variable bitrate traffic and equally distribu
ted towards the k outputs. The traffic on the 
rest of the inputlinks is constant bitrate and 
also equally distributed towards the k output
links. 

This implies that the VC R (with descriptors p 
and q) can be allocated inputlink n. and that 
the F function is 1 for each of the other 
inputlinks (no more VC's can be allocated). 

Now. the function f{q) = v{x+q) - vq/k has the 
minimum value v[{k2-1)'x]/k for q=x/(k2-1). 
This give us the first inequality in the 
following deduction. The second inequality 
follows from the fact that 

v[{k2-1)·m/k] > 2m + (3+36)/16 for n>3 

n n 
~ Pij + P + v[(~ qij) + q] = 

i=l 1=1 
3m/(4k2) + (2m+6+1)/k - (p+vq)/k + p + 
v[(1-3/(4k))2' m/k + q] ~ 

3m/{4k2) + {2m+6+1)/k + p' {k-l)/k + 
(1/k-3/{4k2))'v[{k2-1)'m/k] > 

3m/(4k2) + (2m+6+1)/k + p' (k-l)/k + 
(1/k-3/(4k2)). (2m+{3+36)/16) = 

[m-2m-{3+36)/16]'3/{4k2) + p' (p~l)/k + 
[4m+6+1+{3+36)/16]/k = 

[-16m-3-36)]'3/{64k2) + p ' (k-l)/k + 1 + 
(3+36)/{16k) 

1 + p'(k-l)/k + 
[-16m-3-36+4{1+6) ' k] ' 3/{64k2) = 

1 + p' (k-l)/k + (16m·6+462+56+1)/(4k2) > 1 

So R cannot be allocated any outputlink which 
shows that k(R.n) ~ n + L{n-l)/3J. 
In the general case the exact value of k{R.n) 
depends on n.p.q and the e-fractile f e . But in 
the above example it follows that with 

n-3m+l+6. m>l. 0<6<1 
(4m+2+6)'p-p2+(4m+I+6)'q i 1/2-6/4 

then 

k(R.n) • n + Un-l) /3J 

Let v{m.n1.r1 .n2.r2 .d) denote a three stage 
Masson and Jordan generalized Clos-network with 
d-fold internal links. This means that there 
are exactly d links between each block in 
stage 1 and each block in stage 2 and there 
are d links between each block in stage 2 and 
each block in stage 3. If d=l we write for 
short v(m.nt .r1 .n2 .r2) in accordance with 
established notation. 

Let p{m.n.r.d) denote a single-sided Clos
network in two stages with d-fold internal 
links. That is there are d links in each 
direction (or d bidirectional links) between 
each block in stage 1 and each block in stage 
2. If d=l we write for short p{m.n.r). 

1 
n 

1 
n 

1 
n 

Figure 4: p{m.n.r) network. 

Proposition 3: a) A v(m.n1.rt.n2.r2) network 
is nonblocking for VC's of type R if and only 
if m ~ k(R.n1)+k{R.n2)+1. 

b) A v{m.nt .rt .n2 .r2 .d) network is nonblocking 
for connections of type R if and only if 
m ~ l k(R

d
n1 ) J + l k(Rdn?) J + 1 

c) A p{m,n,r) network with r>3 is nonblocking 
for VC's of type R if and only if m ~ 2k{R.n) 
+1. 
If the network is dedicated for two-way symme
trical traffic. this is not valid for r=3. 

d) A p{m.n.r,d) network with r>3 is nonblock
ing for VC's of type R if and only if 
m ~ 2· l k(Rdn} J + 1 
If the network is dedicated for two-way sym
metrical traffic. this is not valid for r=3. 



Proof: a) follows from b). Suppose a VC R can 
be allocated an inputlink and an outputlink. 
There are m paths from the inputlink to the 
outputlink when you disregard the duplication 
of internal links. k(R,nl) is the maximum 
number of outputlinks from stage 1 that cannot 

allocate R. This excludes maximum l k(Rdn l )J = 

ml' paths. In the same manner maximum m2' 

l k(R
d

n2)J paths are excluded because the cor

responding inputlinks to stage 3 cannot allo
cate R. So, in the worst case, ml '+ m2' blocks 
in stage 2 is not available for the virtual 
connection R. This proofs b). 

c) follows from d). We number the blocks in 
stage 1 from 1 to r. Suppose we wish to allo
cate a VC of type R between block 1 and block 

2. A maximum of l k(Rdn)J = m blocks in the 
the 2. stage is not available from block 1. 
From an equal number of blocks in the 2. stage 
block 2 is not available. In the worst case 
all these can be different when r>4 since then 
for instance all traffic to/from block 1 is 
from/to block 3 and all traffic to/from block 
2 is from/to block 4. For r=3 a similar argu
ment holds for unsymmetrical traffic. That is, 
all existing traffic from block 1 is towards 
block 3 and all traffic from block 3 is 
towards block 2. 

For r=2 the network is reduced to two blocks 
~ith dm internal links. This network is non
blocking if and only if dm>n. But this gives 
nothing more than a 2n x 2n block. 

For circuit switched network, the classical 
results from Clos [1] follows from substitu
ting k(R,n)=n-l, which is the maximum number 
of outputlinks from a block that can be occu
pied if at least lout of n inputlinks is 
free. If we now compare this classical case 
with the linear CAC-function case of proposi
tion 2, we see that k is somewhat higher in 
the ATM case. That is if Cl =C2 and f2=f=2 then 
k{R,n)=2n-2, which is twice as much as in the 
circuit switched case. If f>n then k(R,n)=n. 
So if we restrict the ATM network to be non
blocking for connections R with F(R)~C/n, then 
we would only need two more middle stage 
blocks then in the circuit switched or the PCM 
case (se below). 

The results from Jajszczyk [4] and [5] for 
digital symmetrical matrixes follows from 
substituting 

k(R,n) • lnf
fl2
-1j 

where fl is the number of channels on a PCM 
link incoming to the DSM and f2 is the number 
of channels on a PCM link outgoing from the 
DSM. 
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The results from Niestegge [6] for multirate 
switching networks follows from substituting 

k(R,n) lnf -1] 
f-s+l 

where f is the number of channels on a link 
and s is the number of channels occupied by a 
connection of type R. 

3. POINT TO MULTIPOINT CONNECTIONS 

A n x k block is said to have multiplicator y 
if a point to multipoint connection which can 
be allocated an inputlink at the maximum can 
be allocated y outputlinks at the same time. 

Given a block with n inputlinks and multipli
cator y. Then k(R,n,y) is the maximum number 
of outputlinks that cannot allocate a connec
tion of type R at a time when this connection 
can be allocated an inputlink. 

Example 4: In the linear case it's again easy 
to find the k-value. The argument is almost 
the same as in proposition 2. That is 

k(R,n,y) lim l yo (n ° C, -F(R» J 
E~O C2-F(R)+E 

l y o (n° f, -1) J = r yo (n° f, -1) 
f 2-1+E/F(R) f 2-1 1 -1 

Lemma: v{m,nl,rl,n2,r2) is nonblocking for 
point to multipoint connections of type R if m 
~ k{R,nl ,r2) + k(R,n2) + 1 

Proof: We can assume that we never allocate 
more than one component of a point to multi
point connection to each outputblock. Suppose 
now that we want to allocate a connection 
between an inputlink on inputblock 1 and an 
outputlink on outputblock 1. In the worst case 
all connections Ri from inputblock 1 is estab
lished to all outputblocks. The connections Ri 
cannot make more than k(R,nl ,r2) blocks in the 
middle stage unavailable for connections of 
type R from inputblock 1. And from a maximum 
of k(R,n2) blocks in the middle stage, output
block 1 is unavailable for connections of type 
R. If m ~ k(R,nl,r2) + k(R,n2) + 1 there will 
always be at least one block in the middle 
stage that can be used to allocate the desired 
connection. 

This procedure implies that all copying can be 
done in the first stage and the last stage. 
This means that y=r2 for blocks in stage 1, 
y=l for blocks in stage 2 and y=n2 for blocks 
in stage 3. When k(R,n2}+1 < r2 we have 
another alternative which leaves us with fewer 
blocks in the middle stage. From the proof 
above we can see that k(R,n2}+1 blocks in the 
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middle stage (out of m~k(R,n2)+1 ) is enough 
to establish a certain point to multipoint 
connection of type R. For, given a point to 
multipoint connection for which k(R,n2)+1 com
ponents have already been allocated using 
k(R,n2)+1 middle stage blocks. If we want to 
allocate a new component to a certain output
block where this component can be allocated an 
outputlink, one of the k(R,n2)+1 links between 
the k(R,n2)+1 middle stage blocks and this 
outputblock can always, by definition of 
k{R,n2), allocate this component. 

Proposition 4: If a point to multipoint con
nection never is permitted to use more than 
y=min(r2,k(R,n2)+1) middle stage blocks, than 
v(m,nl,rl,n2,r2) will be nonblocking for con
nections of type R if 

With d-fold internal links the corresponding 
result is 

m > 

when all the inputblocks have multiplicator 

( lk{R,n2 }J 1 ) y=min d + ,r2 . 

Another strategy could be that all copying 
should be done in the second stage and the 
third stage. For a nonblocking network, this 
would imply though, that we had to allocate 
resources for a copy of each VC to each block 
in the last stage. Then we would need one 
middle stage block for each inputlink to the 
first stage, and the first stage would be 
superfluous. 

We now look at the idea of using Richard
networks for point to multipoint connections. 

Figure 5: Richard network. 

Proposition 5: Let M-k{R,n2}+1. Given the 
Richard-network in figure 5. In the first 
stage n1 'r1 pieces of lxM copiblocks (all 

connections on the inputlink is copied to each 
outputlink of the block). In the second stage 
M sets of n1 pieces of rl x r2 switching
blocks. These stages are connected with a link 
from each copiblock to one link in each of the 
M sets of second stage blocks. In the third 
stage r2 pieces of M'n1 x n2 outputblocks and 
a link between each block in the second stage 
and each outputblock. Then the network is non
blocking for point to multipoint connections 
of type R. 

Proof: Let R be a connection of type R which 
can be allocated an inputlink and an output
link on outputblock i. R is allocated M links 
between stage 1 and stage 2 and can thus be 
reached via M middle stage blocks. These 
blocks are all connected to outputblock i and 
at most M-l of the corresponding links cannot 
allocate this connection. 
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