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Abstract 

In a broadcast connection through a multi-stage network, an input port can be connected to more than one 
output port, with the restriction that at no time can an output port be connected to more than one input port. 
We present new constructive designs for nonblocking multi-stage switching networks for realizing broadcast 
connections. Our nonblocking connecting capability is based on the adherence to a connection path set-up 
strategy as implemented by a network control algorithm. In three-stage versions of our designs wherein there 
are.,. switch modules in each of the first and third stages, n input ports on each -switch module in the first 
stage and n output ports on each switch module in the third stage, the strategy demands that any broadcast 
connection be realized using at most z middle switches, where 1 ~ z ~ min{n - I,.,.}. We prove that if the 
number of switch modules in the middle stage, m, satisfies m> min(n - l)(z + .,.1/,"), the resulting network is 
nonblocking for broadcast assignments. This condition on the number of switch modules in the middle stage 
represents an improvement from O( n.,.) to O( n log.,. /log log.,.) relative to previously known results. We present 
a linear algorithm for satisfying new broadcast connection requests which employs the strategy. Our results 
represent the best known explicit constructions with limited numbers of stages relative to both crosspoint and 
control algorithm complexity. 

1 Introduction 

In an increasing number of computing and communication 
environments, it is necessary to simultaneously transfer 
text / voice / video / graphics information from a set of trans
mitting devices to a set receiving devices in various combi
nations. This can be accomplished using an interconnec
tion network called a multi-stage switching network. When 
a transmitting device simultaneously sends information to 
more than one receiving device, the one-to-many connec
tion required between the transmitting device and the re
ceiving devices is called a broadcast connection. A set of 
broadcast connections is referred to as a broadcast allign
ment. Multi-stage switching networks that can satisfy such 
broadcast requirements are called broadcast networks. 

2 Multi-Stage Switching Networks 

Multi-stage switching networks are composed of crosspoint 
switching elements or, more simply, crosspoints that are 
usually grouped together into building-block subnetworks 
called switch modules. In an (N x M) multi-stage switch
ing network with N input ports and M output ports, the 
switching modules used as building blocks to implement 
the network might each have, for example, n inputs and 
m outputs, where n < N and m < M. These would be 

referred to as (n X m) switch modules. 

The connectivity available among the n inputs and the 
m outputs of the (n X m) switch modules depends upon im
plementation details, but a case of general interest which 
will be considered exclusively in the following will be 
that in which the switch module has sufficient crosspoint 
switching elements to provide broadcast capability from the 
n inputs to the m outputs in the sense that any input of 
the switch module can always be connected to any idle 
output (that is, an output from the switch module that is 
not currently connected to any input of the switch mod
ule). The input to output connections implemented in a 
switch module characterize the state of the switch module. 

The (n X m) switch modules in a multi-stage switching 
network are interconnected by means of links. The switch 
modules in a multi-stage switching network are grouped 
together into stages such that the inputs of the switch 
modules of one stage are linked only to outputs of switch 
modules of another stage, and, similarly, the outputs of the 
switch modules of one stage are linked only to inputs of 
switch modules of another stage. Figure 1 shows a three
stage switching network with N = M = 9 input/output 
ports and comprised of three (3 X 4) input switches, four 
(3 X 3) middle switches, and three (4 X 3) output switches. 
The set of switch module states in a network characterizes 
the state of the network. The network of Figure 1 is shown 
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Figure 1: A (9 X 9) three-stage switching network denoted 
as a v( 4,3,3) network realizing a broadcast assignment 
characterized as 11 = {1,2,3},I2 = {1},I5 = {2},Ie = 
{3}, and all other Ij = 4>. The destination sets for the 
middle switches for the shown network state are M1 
{I, 2}, M2 = {2, 3}, M3 = {3}, and M4 = {I}. 

in a state realizing a broadcast assignment. 
In general, an (N1" X N 2) three-stage network has r1 (n1 X 

m) switch modules in stage 1, m (rl X r2) switch modules 
in stage 2, and r2 (m X n2) in stage 3. Such a multi
stage switching network is denoted as a v( m, nit rh n2, r2) 
network. For the special symmetrical case where nl = 
n2 = nand rl = r2 = r, the three-stage network is denoted 
as a v(m, n, r) network. The three-stage network of Figure 
1 is a v( 4,3,3) network. In general, the set of input ports 
is denoted as {I, 2, ... , rlnl} and the set of switch modules 
in the output stage are denoted as 0 = {I, 2, ... , r2}. 

The results on nonblocking multi-stage broadcast 
switching networks that follow will initially be described 
primarily in terms of three-stage networks. It should be 
understood, however, that our results are applicable to k
stage networks for k > 3 by recursively using the design 
criteria developed on the switch modules. 

2.1 Network control 

The network controller of a multi-stage switching network 
executes a network control algorithm for establishing con
nection paths between input and output ports. There is 
an inherent trade-off between network control algorithm 
complexity and the number of switching modules used in 
a design of a multi-stage switching network. An awareness 
of this trade-off has led to the development of network 
structures in which providing for new connecting paths 
between ports can sometimes require the rearrangement of 
existing connection paths. In rearrangeable networks, an 
attempt is made to reduce the switch hardware costs of 
the structure at the expense of the complexity and time 
required to set up connection paths. 

In general, it is desirable to minimize or, indeed, even 
eliminate the need for rearrangements to existing connec
tions in order to satisfy a new connection request from 

an input port. Multi-stage switching network structures 
in which rearrangements of existing connections can be 
avoided in establishing a new requested broadcast connec
tion path by an input port fall into two categories. The 
distinction between these two categories is due to Benes 
[1]. In strictly nonblocking broadcast networks, for any le
gitimate broadcast connection request from an input port 
to some set of output ports, it is always possible to pro
vide a connection path through the network to satisfy the 
request without disturbing other existing broadcast con
nections, and if more than one such path is available, any 
of them can be selected without being concerned about sat
isfaction of future potential broadcast connection requests. 
In wide-sense nonblocking broadcast networks, it is again 
always possible to provide a connection path through the 
network to satisfy the request without disturbing other ex
isting broadcast connections, but in this case the path used 
to satisfy the connection request must be carefully selected 
so as to maintain the nonblocking connecting capability for 
future potential broadcast connection requests. 

Without in any way attempting to criticize the term 
wide-sense nonblocking, as it was chosen at a time when 
algorithm analysis was not well-developed, the term is 
nevertheless somewhat of misnomer as it does not con
vey the notion of nonblocking connecting capability that 
it is meant to imply. This particular type of nonblocking 
capability might perhaps be better referred to as control
strategy-based nonblocking capability, since the network 
control strategy used to satisfy requests figures critic;ally 
in the nonblocking connection capability provided. 

Control-strategy-based nonblocking capability must be 
evaluated from the perspective of the complexity of the 
control algorithm as opposed to only a proof of its exis
tence. It is this type of nonblocking capability we address 
in this paper, and we elect to refer to it as simply as non
blocking connection capability. We will show constructive 
multi-stage designs for such nonblocking broadcast net
works for which a linear network control algorithm is given 
that permits a broadcast connection request from an idle 
input port to some set of idle output ports to be satisfied 
without any rearrangement of connection paths of other 
existing broadcast connections. 

3 Preliminaries 

3.1 Fanout 

Every switch module in our networks will be assumed to 
have broadcast capability. In a v( rn, nI, rh n2, r2) network, 
if a network input port is to be connected to more than 
one output port on the same switch module in the output 
stage of the network, then it is only necessary for the input 

port to have one connection path to that switch module. 
Broadcast assignments can therefore be described in terms 
of connections between input ports and switch modules in 
the output stage. An existing connection or a requested 
connection from an input port to output ports on r' output 
stage switches is said to have fanout r'. 



3.2 Characterizations 

To characterize a broadcast assignment, for each input 
port i E {I, ... , rlnl}, let Ii ~ 0 = {I, ... , r2} denote 
the subset of the switch modules in the output stage to 
which i is to be connected in the broadcast assignment. 
For example, for the broadcast assignment shown in Fig
ure 1,11 = {1,2,3},I2 = {1},I5 = {2},I6 = {3}, and all 
other I; = 4>. 

To characterize the state of the rn switch modules in 
the middle stage of a three-stage switching network, let 
M; ~ 0 = {I, ... , r2}, i = 1,2, ... , rn, denote the subset 
of the switch modules in the output stage to which the 
M; is providing connection paths from the input ports. 
In other words, each M; denotes the connection paths 
passing through middle switch j in terms of their output 
switch destin~tions. We will refer to the sets M; ~ 0 = 
{I, ... , r2}, i = 1,2, ... , rn, as the destination sets of the 
middle switches. It should be clear that in general for any 
state of a three-stage switching network 

nlrl 

E 11,1 = E IM;I $ n2r2· 
i=l ;=1 

4 N onblocking Connecting Capabil
ity 

4.1 Sufficient conditions on m for v( m, n, r) net
works 

Assume that a v( rn, n, r) network is currently providing 
some set of broadcast connections from the input ports 
to the output ports. Suppose there is a new request for 
a connection from an input port i (i E {I, 2, ... , nr}) to 
some set of r' idle output ports (each assumed to be on 
a distinct output switch). We denote this new connection 
request as Ii ~ 0, where r' =\ I , \, 1 $ r' $ r, is the 
fanout of the request. We will refer to the set of middle 
switches with currently unused links to the input switch 
associated with input i as the available middle switches for 
this connection request. 

To satisfy this request I" we scan the available middle 
switches. If we find an empty middle switch (that is, a 
middle switch, say, i1, il E {I, 2, ... , rn}, where Mil = 
4», we can surely satisfy Ii through this middle switch. 
Similarly, if our scan determines that there are two middle 
switches, say, il and i2 for which 

Mil UMi3 = {1,2, ... ,r}, 

where, Mi = {I, 2, ... , r} - M" we can satisfy Ii through 
these two middle switches. In general, if there exist z 
(1 $ z $ rn) middle switches with 

z 

U Mi - = {1,2, ... ,r}, 1 _ (1) 
;=1 

we can satisfy Ii throu~h these z middle switches. 
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The above -naturally leads us to the following lemmas 
and theorems. Detailed proofs can be found in a Johns 
Hopkins University Technical Report [6]. 

Lemma 1 We can satisfy a new connection request with 
fanout r using some z (z ~ 1) middle switches, say, 
il, ... , i z , from among the available middle switches iJ 
and only if the current destination sets of these z middle 
switches are such that 

Lemma 2 Assume that a v( rn, n, r) network is in a state 
in which there ezist at most n' connection paths, 1 $ n' $ 
n, to each of the output switches. Then the intersection oJ 
more than n' M,'s is empty. 

For the following lemma, we will assume that a v( rn, n, r) 
is in an arbitrary state in which there exist at most n' con
nection paths, 1 $ n' $ n, to each of the output switches. 
Figure 1 is an example of such a state for a v( 4,3,3) net
work where n' = 2. 

Lemma 3 For all n', 1 $ n' $ n, and for all z, 1 $ 
z $ min {n', r}, let rn' be the mazimum number of middle 
switches whose destination sets have the following proper
ties: 

1. there are at most n' l's, n' 2 's, ... , n' r's distributed 
among the destination sets; 

2. the intersection of any z of the destination sets is not 
empty. 

Then 

We now present fundamental results on the number of 
middle switches sufficient to realize a general broadcast 
assignment with nonblocking connecting capability. 

Theorem 1 In a v( rn, n, r) network, for a new connec
tion request with fanout r', 1 $ r' $ r, if there ezist more 
than (n - l)r'l/z, 1 $ z $ min{n - 1,r'}, available mid
dle switches for this connection request, then there will also 
always ezist z middle switches through which this new con
nection request can be satisfied. 

Theorem 2 A v (rn, n, r) network is nonblocking for gen
eral broadcast assignments if 

rn> min {(n - l)(z + rl/Z)} (2) 
l$z$min{n-l,r} 

For a given n and r in a v( rn, n, r) network, we could use 
Theorem 2 to find z such that a minimum rn can be deter
mined for nonblocking connection capability for broadcast 
assignments. But it is also of interest to determine bounds 
on rn as a function of n and r. 



902 

Theorem 3 A v( m, n, r) network is nonblocking for gen
eral broadcast assignments if 

1. m> (n - l)(logr + 2) 

or, more precisely, 

2. m>O(n~) - 10,10,,. 

4.2 Some extensions 

The above results for v( m, n, r) networks can be gener
alized in two ways: first, the more general asymmetrical 
v(m, n1, rh n2, r2) networks can be consideredj second, re
stricted fanout connection assignments can be considered 
in which each input port can have connection paths to at 
most d, 1 ~ d < r2, output switches [3, 4, 5]. Again, we 
will state corollaries to the above theorems that address 
such generalizations without proofs[6]. 

Corollary 1 A v( m, nh rh n2, r2) network is nonblocking 
for general broadcast assignments if 

In particular, this condition can be written as 

m> (n1 - 1) 10gr2 + 2(n2 - 1) (4) 

or, more precisely, 

Corollary 2 A v( m, nh r1, n2, r2) network is nonblocking 
for restricted broadcast assignments, in which each input 
port can be connected to at most d (1 ~ d < r2) output 
switches, if 

In particular, this condition can be written as 

m> (nl - l)logd + 2(n2 - 1) 

or, more precisely, 

logd 1/2 
m> 2(n1 - 1)-1 l ' d + (n2 - l)(logd) 

og og 

It is interesting to note that for the restricted fanout 
case, when d = 1 we have the special case of permuta
tion connection capability. The above result then takes on 
the form of the sufficient condition for strictly nonblocking 
connection capability of C. Clos [2] . 

Corollary 3 Setting d = 1 in Corollary 2 yields m ~ n1 + 
n2-1, which is the bound on m associated with the classical 
Glos strictly nonblocking permutation networks [2}. 

5 An O(N) Network Control Algo
rithm 

The theorems in the previous section provide the basis for 
a network control strategy. Assuming the network satisfies 
the conditions of Theorem 3, this control strategy can be 
briefly described as follows: to satisfy each connection re
quest, we use at most z middle switches whose destination 
set intersections are empty from among the guaranteed 
more than (n - l)r'l/Z available middle switches. Note 
that based on this control strategy, each of the connection 
paths from each input port on the input switch associ
ated with the connection request passes through no more 
than z middle switches, and any middle switch providing 
a connection path from an input port on a particular input 
switch is not available to the other input ports of that par
ticular input switch. In this section, we present an O(N) 
algorithm for satisfying a general broadcast connection re
quest in our nonblocking v( m, n, r) networks. Extensions 
of this algorithm to more general v( m, nh r1, n2, r2) net
works and restricted fanout broadcast assignments are not 
difficult. Finally, this network control algorithm can be 
easily implemented in either software or hardware. 

Given a v( m, n, r) network satisfying the condition on m 
in Theorem 2, we have some z E {1,2, ... ,min{n-1,r}}. 
Given a connection request li' i E {1, 2, ... , nr = N}, with 
Ilil = r' ~ r, we take a set of any m' = (n-1)r'1/Z+1 avail
able middle switchesj without loss of generality, let the des
tination sets of these middle switches be M 1 , M2 , •• • , Mm" 
The following algorithm will generate a set of middles 
switches through which the connection request can be sat
isfied. 

Algorithm: 
Step 1: mid_switch +- <Pj 

for j = 1 to m' do 
Si +- Mi n lij 

Step 2: repeat 
find Sic (1 ~ k ~ m') such that 
ISIcI = min{IS11, IStl, ... , ISm,l}j 
min_set +- Slcj 

mid_switch +- mid_switch U {k}; 
if min_set -I <p then 

for j = 1 to m' do 
Si +- Si n min_set; 

until min_set = <pj 
Step 3: connect li through the middle switches in 

mid_switch and update the destination sets 
of these middle switches. 

End 

It is not difficult to show that the complexity of the our 
algorithm is O(rn'r'}. Taking z = logr, we get that the 
complexity is O(nr') or O(N) for satisfying one input port 
broadcast connection request. It can also be shown that 
the complexity of our algorithm for satisfying an entire 
broadcast assignment is O(nN) r61. 



6 Asymptotic Crosspoint Growth 

Let G1c(N) denote the minimum number crosspoints of our 
(N x N) broadcast network with k stages. The following 
theorem gives an upper bound on G1c(N) for the case of 
fixed k. 

Theorem 4 For each fiud integer k ~ I, 

G21c+1(N) ::; C21c+1Nl+Iir(1ogN)~-Iir (6) 

h 3 d 1c ( (1c )!.±.!.-! were, c3 = 2 an C21c+1 = m 2 + m 2 lC21c_l) 

From the above theorem, we actually considered all sub
networks at each stage as symmetrical networks which can 
be easily implemented in practice. If we allow these sub
networks to be asymmetrical, the upper bound in (6) can 
be reduced to 

7 Comparisons 

Hwang and Jajszczyk's [7, 8, 9] nonblocking multi
connection broadcast networks require that m = O(nr) 
even for the case where the input set is a singleton (that 
is, the broadcast case). Thus, since our networks only re
quire that m = 0 ( n log r /log log r ), extensive comparison 
of our nonblocking broadcast networks with that Hwang 
and Jajszczyk's network is not very illuminating as our 
designs clearly require significantly fewer middle switches 
and therefore have an overwhelming advantage in cross
point growth. 

Even though our networks are nonblocking, our re
sults warrant comparisons not only with other nonblocking 
broadcast switching networks, but with some rearrange
able networks as well. Recall that our nonblocking three
stage network has O(N1/2 10gN) crosspoints per output 
port. Richards and Hwang [10, 11] have proposed a multi
stage rearrangeable broadcast network for video telecon
ferencing applications. Their rearrangeable broadcast net
work utilizes a fixed fanout of each input port to M of the 
input switches in the first or input stage. The proven two
stage version ofthe RichardsjHwang network has O(N3/ 4 ) 

crosspoints per output port and the proven three-stage 
version has O(N9/ 14 ) crosspoints per output port. Thus 
our nonblocking three-stage network demonstrates supe
rior crosspoint growth for these cases. 

Richards and Hwang conjecture that the two-stage ver
sions of their rearrangeable networks can be constructed 
with O(N2/ 3 ) crosspoints per output and that three-stage 
versions of their rearrangeable networks (which result after 
one recursive decomposition of their two-stage design) can 
be constructed with O(N1/ 2 ) crosspoints per output port. 
Regardless of the whether or not the conjecture is correct, 
our nonblocking three-stage network again exhibits supe
rior crosspoint growth relative to their claimed two-stage 
rearrangeable construction. However, RichardsjHwang's 
conjectured three-stage rearrangeable network must be 
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considered more carefully. The conjectured three-stage re
arrangeable design relies upon the an unproven claim that, 
n2, the number of output ports per output switch that can 
be accommodated in two-stage versions of their rearrange
able networks is O(M3 ). However, RichardsjHwang only 
prove that n2 is between O(M2) and O(M3 ). They cannot 
guarantee that n2 actually reaches O(M3 ). This is critical, 
for if n2 can only reach O(M1c) where k is slightly less than 
3, say k = 3 - €, for an arbitrary small € > 0, the resulting 
number of crosspoints in their three-stage network would 
be O(N~+E') for some €' > o. Such crosspoint growth 
would be inferior to that of our three-stage nonblocking 
network. 

Lea [12] has shown a multi-stage rearrange able broad
cast network which cascades a so-called consecutive 
spreading network with a rearrangeable permutation net
work to achieve broadcast capability. The resulting rear
rangeable multi-stage structure has O(logN) stages and 
O(NlogN) crosspoints. Clearly, Lea's rearrangeable net
work exhibits superior crosspoint growth to our non
blocking network. However, the fact that to achieve 
the 0 (N log N) crosspoint growth the number of stages 
in Lea's rearrangeable network must grow at a rate of 
o (log N) with the number of input ports and output ports 
represents a significant restriction to its application. Since 
a constant-stage network cannot be provided with this ap
proach, installations which will undergo eventual port size 
growth must be initially installed with their worst-case 
staging requirements. This would result in a considerable 
cost and size overhead for expandability. Since we can 
provide our nonblocking broadcast networks with limited
stage configurations, for example, 3 or 5 stages, we do not 
suffer this same overhead penalty. Finally, delays through 
a version of Lea's network of practical size could be signif
icant, and rearrangements, when they occur, can be pro
hibitive, involving as many as half the connections already 
existing through the network. 

Kumar's five-stage rearrangeable network [13, 17] has 
5N1 / 2 crosspoints per input port or output port, while 
a five-stage version of our nonblocking network has 
2N1/3(log N)5/3 crosspoints per input port or output port. 
Clearly, the (O(N1/3(log N)5/3)) crosspoint growth in our 
nonblocking broadcast networks is superior to Kumar's 
O(N1 / 2 ) crosspoint growth in his rearrangeable broadcast 
networks. Furthermore, rearrangement in Kumar's net
work can be extensive sometimes requiring O(N) rear
rangements per connection request. 

Dolev, Dwork, Pippenger and Wigderson [14] have given 
a minimum possible upper bound of O((N log N)l+1/1c) on 
the number of crosspoints needed for k-stage rearrange
able broadcast networks (which they refer to as generalized 
connectors). Subsequently, Feldman, Friedman and Pip
penger [15], gave an upper bound O(N1+1/1c(logN)1-1/1c) 

on the number of crosspoints in k stage nonblocking broad
cast networks. Since the latter is a superior bound, it 
therefore also represents the best upper bound on cross-
points for rearrangeable nonblocking networks. Clearly, 



904 

our results are not in agreement with this latter upper 
bound. But there are no known constructions satisfying 
these bounds nor are there efficient control algorithms. 
Dolev, Dwork, Pippenger and Wigderson [14] also gave 
an explicit construction for (3k - 2)-stage rearrangeable 
broadcast network (k ~ 1) with g31c-2(N) = O(Nl+1/Ic) 
crosspoints, where gi is the number of crosspoints in an 
i-stage network. From Theorem 4 we have that the 
number of crosspoints of our (2k + I)-stage network is 

1 1 !±! 1 
G21c+1(N) = O(N +m(logN) 2 -m). In other words, 

3 
for any limited i-stage network, gi = O(N1+m) and 

2 !±! 2 
Gi = O(N1+m(logN) • -m). Obviously, for any i> 1, 
we have an improved result. Feldman, Friedman and 
Pippenger [15], also gave explicit constructions for non
blocking broadcast networks with two-stages with O(N5 / 3 ) 

crosspoints, and with three-stages with O(Nll/7) cross
points. However, there are no efficient control algorithms 
for these constructions. Again our O(N3/ 210g N) cross
points is an improvement with the added benefit of a linear 
control algorithm. 

Kirkpatrick, Klawe, and Pippenger [16] gave a construc
tive result for multi-stage rearrangeable broadcast net
works where, from the perspective of a three-stage net
work, m ~ (nl - 1) log 2r2 + 2n2. Recall that by Corol
lary 1, our result is m ~ 2( nl - 1 )(log r2/ log log r2) + 
(logr2)1/2(n2 - 1) + 1. Therefore, in any case we would 
have slightly fewer crosspoints. In addition, we give a 
linear time control algorithm while Kirkpatrick, Klawe, 
and Pippenger[16] did not specify a control algorithm, and 
their proof implies only an exponential time control algo
rithm. 
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