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TIME-DEPENDENT ANALYSIS OF PROCESSOR-SHARING QUEUE 

S.F. Yasbkov 

Institute for Problems of Information Transmission 
of the USSR Academy of Sci., 19, Yermolova Street, 
101447 Moscow GSP-4, U.S.S.R. 

This paper shows how the analysis of the M/G/1 queue with egalitarian 
processor-sharing in [12,14] can be continued to yield additional in- . 
sights about the time-dependent behaviour of the queue-length process. 
We ·present the new exact solution based on novel techniques for the 
transient queue-length distribution in the terms of double transforms 
with respect to space and time. This double transform has a very 
simple form, given that processor-sharing queue is empty at time O. 
As a consequence, we have established a number of useful results 
available for time-dependent evaluating this queueing model in com
puter applications. 

1. INTRODUCTION 

During the last decade considerable at
tention has been paid to the analysis 
of various processor-sharing queues 
which are very useful for modelling 
many phenomena in computer-communica
tion systems (see e.g., (4,Ft.IV]). One 
of the basic models for investigating 
the effects of time-sharing is the 
~G/1 queue with the discipline of ega
litarian processor-sharing (EPS). In 
this model it is assumed that when the
re are 1 ~ n<oo jobs present, then all 
these jobs are serviced simultaneously 
by the single server (processor) with 
the rate 1/n i.e., they receive 1/n ti
mes the rate of service which a solita
ry job in the processor would receive. 
Jumps of the service rate occur at the 
instants of arrivals and departures 

from the system. Therefore, the rate 
of service received by a specific job 
fluctuates with time and, importantly, 
its sojourn time depends not only on 
the jobs in the processor at its time 
of arrival there, but also on subsequ
ent arrivals. This makes the EPS queue 
intrinsically harder to analyze than, 
say, the first-come-first-served (FCFS) 
queue. 

The problem of the determination of the 
stationary sojourn-time distribution in 
the NVG/1-EPS queue was open a long ti
me; its solution has been obtained by 
Schassberger [10] and Yashkov [12] by 
means of different methods. Recently, 
van den Berg and Boxma (2] offered on
ce more approach to this problem the 

background of which was given by Re
sing, Hooghiemstra and Keane[9]. Ott 
[8J exploited the method of [12] to 
analyze the joint stationary distribu
tion of the sojourn time and the num
ber of jobs in the M/G/1-EPS queue 
and obtained a some slight generaliza
tion of the previous result. 

In recent paper ~4] we have deri· -
ved an integral representation for the 
time-dependent (transient) queue
-length distribution in the M/G/1-EPS 
queue using double transforms (with 
respect to space and time). The new 
method in [14] has been based on the 
combination of techniques like those 
of [12] and random time change ar6U
ments used, in particular, in [131 for 
related model. In this paper we show 
that our analysis in [14] can be con
tinued to yield additional insights 
about the time-dependent behaviour of 
the queue-length process in this sys
tem. In particular, the exact solutiac 
will be presented for the transient 
distribution of the queue length in 
the form of Laplace transform for co~ 
responding generating function. When 
the EPS queue is empty at initial in
stant, the final double transform has 
a very simple form. 

Nevertheless, our main result is in 
the spirit of exact solution for the 
transient queue-length distribution 
in the standard M/G/1-FCFS system 
(see e.g. t [7,Ch~]). It should be men
tioned that up to now even the time
dependent analysis of ·the M/M/1-FCFS 
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queue remains a topic of interest (see 
m~ papers of Abate and Whitt e.g., 
(11). The principial technique that we 
use here is to solve some defective 
renewal equations starting from the re
sults of (14]. Our goal is to develop 
a better understanding of a time-depen
dent behaviour of the M/G/1-EPS queue, 
and to provide the way for obtaining 
relatively simple description suitable 
for engineering purposes (e.g., on re
laxation time). 

The rest of the paper is organized as 
follows. Section 2 contains a model 
description and our starting point: the 
integral representation for the Laplace 
transform of the generating function of 
the number at time t in the M/G/1-EPS 
queue on one busy period. Section 3 
shows how this double transform can be 
reduced to a simple closed form and it 
is extended on all half-axis [0,00). In 
Section 4 we present some interesting 
corollaries which are useful in appli
cations. A conclusion is given in 
Section 5. 

2. MODEL DESCRIPrION AND PRELIMINARIES 

le consider the M/G/1/oo queue where 
the jobs arrive according to a Poisson 
process with rate a. The service disci
pline is egalitarian processor-sharing 
described in ' Section 1. The job's 
lengths i.e., the service requirements 
are independent identically distributed 
(i.i.d.) random variables with a gene
ral distribution B(x) (B(O+)=O) the 
first moment of which is Bj<OO. Let 
6(s) be the La~lace-StieltJes transform 
(L-S T) of B(x) i.e., . 

00 
B(s)=! e-sxdB(x). 

o 
rhe number of jobs at time t in the 
~G/1-EPS system will be denoted as 
L(t) the non-Markovian process 
{L(t~ :t~O} is defined on standard 
probability space. 

The process {L(t)} is considered on one 
busy period. Let 9=inf {t: L(t)=O}. An 
indicator function of an event (.) will 
be denoted as 1(.). A mathematical 
e:y>ectation of [.] will be denoted as 
El·l. 
Definition. The function 

00 
Pn(s,z)= J e-stE[zL(t)1 (e>t) IL(O)=n]dt, 

O . (2.1) 

Re s-:> 0, I z t~ 1 

defines the Laplace transform (with 
respect to t) of the generating funct~ 
on for a time-dependent queue-length 
distribution P{ L(t)=ilL(O)=n} , 
i=1,2, ••• ; n>O on one busy period 
that is begun with n jobs present at 
time O. 

Now we summarize those results from 
[14] which will be need in Section 3. 

Theorem 2.1. For the M/G/1-EPS system, 
the exact solution for the function 
Pn(s,z) defined by (2.1) has the fol
lowing integral representation 

00 

Pn(s,z)=zn.f L(-~ln w(s, z,t»ndt , 
a 0 az at (2.2) 

Re s>O, jz 1~1 
where functiOb w(s,z,t) (w(s,z,0)=1) 
is given by its Laplace transform 

00 

w(q,s,z)=5 e-qtw(s,z,t)dt= 
o 

=q+s+a-az+azE(q+s+a) 
(q+s+a)(q+aE(q+s+a)1 

Re s;>O, q;>-ab(s), Izt~1, 
and b (s ) is the unique solution of the 
well-known equation for the L-S T of 
the busy period distribution 
b(s)=E[e-S9]=B(s+a-ab(s» • (2.4) 

Proof. See {14] (an improved pl(:oof 
with details is also given in l15, 
§ 2.8])·0 

Remark 2.1. The proof in (14,15] is 
non-trivial and it uses an amalgam of 
techniques like the random time ch~ 
and branching processes arguments used 
in (12,13]. The former is fruitful far 
analysis of processor-sharing queues, 
for example, the stationarity of in
crements in the process of accumulated 
work (this process determines the 
sojourn-time of a job in this queue) 
has recently been established in [6J 
by means of similar arguments from 
random time chan6e (see also the sur
vey by Syski ~1] on the related to
pics). The key tool in the proof is to 
randomly scale time and work with pro
cesses on this new time axis. We note 
that the process {L(t)} on the new ti
me axis is interpreted as the sum of n 
i.i.d. branching processes {N(x,t)} 
which have the Same type as the bran
ching processes by Crump - Mode -
Jagers. The formula (2.3) is found as 
the solution of an equation (of the 
same type as in [12J) for some functi-



onal of such process, which describes 
the joint distribution of the number of 
particles N(x,t) at time t, generated 
by one progenitor of the length x at 
time 0, and their total lifetime F(x,t)= 
= J~ N(x,u)du. More precisely, the 
function w is defined in [14,15) by 

too 

w(s,z,t)~exp(-aJ Jf(S,Z,X,U)dB(X)dU) 

° ° where 
f(S,z,x,t):E[e-SF(x,t)zN(x,t)] • 

Remark 2.2. We did not require in the 
proof of Theorem 2.1 that b(0)=1 that 
is true as r=aB1~ 1 hence this Theorem 
holds not only for the stability condi
tion r<1 but even r~1. 

3. MAIN REsums 

In this section we show how Theorem 2.1 
can be used to determine the function 
p (s,z) (defined by (2.1)) in explicit 

n 
form for the case ~1. 

Theorem 3.1. For the M/ G/ 1-EPS syst em" 
the exact solution for P1(s,z) defined 
by (2.1) is given by 

P1(s,z)- z(1-b(s» , (3.1) 
s+a(1-z)(1-b(s) ) 

Re s> 0, tz '~1 
where b(s) is satisfied to Eq.(2.4). 

Proof. From (2.3) it follows after so
me:routine algebra that 

where K1(q,S) and K2(q,S) are the La
place transforms of some functions 
k1(s,t) and k2(s,t) respectively: 

K1(q,s)=1/(q+aB(q+s+a», 
a-aB ( q+s+a) 

It (q,s) 
2 (q+s+a)(q+a.B(q+s+a» 

q>-ab(s) • 

Using (3.2), the expression (2.2) can 
be rewritten as 

00 

Pn(s,z)= z n J ~ (- ~. In (k1 (s,t) -
a ° 3z at 
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For n=1 we can interchange the order 
of the differentiation with respect 
to z and t in the integrand of (3.5). 
Then (3.5) reduces to 

z k2(s,t) 
P1(s,z)=-lim (3.6) 

a t-oo k1 (s,t)-zk2(s,t) 

where we have used the fact that 
w(s,z,0)=1. 

Now it is possible to obtain the asy
mptotics of the functions k1(s,t) 
and k2(s, t) as t --00. At first we 
consider k1(s,t). One way to establi
shin6 desired result is to rewrite 
(3.3) in the form: 

1 1-E( q+s+a) 
K1 (q, s) =- +a K1 ( q, s) , 

q+s q+a 

that is equivalent to the renewal 
equation 

where * is the convolution operation 
for probability densities. In (3.7) 
h1(t) is determined by its Laplace 
transform 

~ (q)=(a(1-E(q+s+a» )/(q+a), ~ (0)< 1, 

which shows us that ~(t) is the den
sity of a defective (improper) dis
tribution of the intervals between 
the renewal epochs in a terminati~ 
renewal process. Following Feller L5, 
Oh.11, §6) we can reduce our defecti
ve renewal equation (3.7)to the stan
dard renewal equation since there 
exists a constant 01 (s) > ° such that 

00 

01(S)=£ teab(s)t~(t)dt_ 

° I 

= -n1(-ab(s»<oo, s > ° (3.8) 

and besides 
00 J eab (s)th1 (t)dt-n1 (-ab(s) )-1, s ~ o. 

° Then we multiply each term of Eq.(3.7) 
by' exp(ab(s)t) that leads to the 
: standard renewal equation 
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~(s,t)eab(s)t.e-t(a-ab(s»+ 

t 
.+J k1(s,t_y)eab(s)(t-Y)~(y)eab(s)ydy 

o (:;.9) 
where the function exp(-t(a-ab(s») is 
directly Riemann integrable. 

The asymptotic solution of Eq.(3.9) is 
found with help of the key renewal 
theorem [5, Oh.11, §1). Hence 

lim k (s,t)eab(s)t= 
t-OO 1 

1 00 1 --- J e-t(a-ab(s»dt_ ------
01(s) 0 01(s)(a-ab(s». 

(3.10) 

Now we can repeat similar arguments to 
the function k2(s,t) which is given by 
its Laplace transform (3.4). From (3.4) 
we see that 

1 
, ~(q,s)--- - n2(q)K2(q,S) (3.11) 

q+s+a 

where a-2aB(q+s+a)-q 
n2(q)------

a-aB(q+s+a) 

is the Laplace transform of h2(t), the 
density of defective distribution of 
the intervals between renewals in some 
terminating renewal process. Since 
there exists a constant 

00 ° (s) ... J teab(s)th (t)dt < 00 for s > 0 , 2 2 
o (3.12) 

and also 
00 J: eab (s)th2(t).1 

o 
for s~O, 

we apply to E~.(3.11) the same approach 
as one to Eq.(3.7). It leads to the 
following asymptotic solution 

,lim k
2
(s. t)eab(s)t=( 02(s) (s+a-ab(s)) )-1. 

t-oo (3.13) 

,We can see from (3.8) and (3.12) that 
'01(s)-02(s) for s ;> O. Using this 
fact l it follows from (3.10) and 
(3.1:» that 

k 2(s,t) a-ab(s) 
lim ----- • ----

t-oo k 1 (s,t) s+a-ab(s) • 

This permits us to reduce (3.6) to 
(3.1) .0 
Remark 3.1. Remark 2.2 remains in 
force for Theorem 3.1. 

The well-known arguments from renewal 
theory permit us to connect (3.1) with 
the distribution of the process {L(t» 
on all half-axis [0, 00 ). Let the 
whole system is empty at t=O. We de
fine for t E [0; 00 ) 

00 

goes, z)= J e-stE (zL( t) tL(O)-O ]dt. (3. ,14) 
o 

It is not difficultly to show (e.g., 
as in (7, Oh.1, § 3] that the function 
gO(s,z) satisfies to the equation 

gO(s,z)=h(s)/a +h(s)P1(s,z) 

where h(s)=a/(s+a-ab(s» is the Lapla
ce transform of the renewal density in 
a renewal process which is generated 
b~ epochs when the successive busy pe
rlods are opened, and P1(s,z) is defi
ned by (2.1) for n = 1. This leads 
to the result 

gO(s,z)=(1+aP1(S,z»(s+a-ab(s»-1 

(3.15) 

which holds for the M/G/1 queue under 
any work-conserving discipline with 
the initial condition P {L(O).O} III 1. 

The formulae (3.15) and (3.1) prove 

Theorem 3.2. In the notation (3.14), 
the function 

go(s,z)=(s+a(1-z)(1-b(s»)-1 (3.16) 

determines the time-dependent queue
length distribution in the M/G/1-EPS 
system, given that P{L(O)=O}- 1 and 
r= aB1 < 1. Here b ( s) is determined 
by Eq. (2.4). 0 
For comparison, we give the exact so
lution for the function P1(s,z) in 
the M/G/1-FCFS queue [7] 

1-B(s+a-az) z-b(s) 
P1(s,z)= ---------- -------------

1-z-1 .13( s+a-az) , s+a-az 
(:3.17) 

Re s > 0, I z I ~ 1. 



4. SOME CONSEQUENCES 

Now we give some corollaries from Theo
rem 3.2. Transient results can also be 
obtained from Theorem 3.1 for r ~ 1 
but we will only consider the case r < 
<1. 
coroll~ 4.1. The stationary distribu
tion o~e queue length is geometrical 
(the well-known old result): 

lim E[zL(t)]=lim sgO(s,z)=(1-r)/(1-rz) 
t-oo s~O 

whence it follows that Pn=(1-r)rn , 
~O,1, ••• , where P = lim P{L(t)=n}. 

n t-oo 

Coroll~ 4.2. The mean number of jobs 
at tim~ Is given by its Laplace 
transform: 
00 

I t ogo(s,z) 
E[L(t)]e-S dt= --.;~-

o oz z=1 

a(1-b(s) ) . ----.~-
s2 

where b(s) is the unique root of Eq. 
(2.4) • 

coroll~ 4. f. Let P (t)=p {L(t)=O}. 
The pr~bil ty Po(t)O has the follo
wing Laplace transform: 

Po(s).So(s,o)=(s+a-ab(s)-1. (4.1) 

Corollary 4.4. In the case B(x)_1-e-¥x 
the transient behaviour of the EPS 
queue is the same as that of FCFS 
queue, given that P {L(O)=O} 11: 1. 

Proof. For B(s)= P/(s+~) the Eq. (2.4) 
reduces to quadratic equation from 
which it follows that b(s)= 
_«s+a+¥)-«s+a+¥)2-4a¥) 1/2)/(2a) in 
view of tb(s)t ~ 1. Using these two 
formulae, it can be shown from (3.15), 
(3.16) and (3.17) after some algebra 
that sa(s,z) for the EPS model coinci-
des with So(s,z) for FCFS model. 0 
Due to Corollary 4.4 all results on 
transient behaviour of the M/M/1-FCFS 
queue (cf.[4, § II.2.1]) remain valid 
for the M/1a1I1-EPS queue. In particular, 
the {ollowing asymptotic relation holds 
forELL(t)] wIth t - et) (4,Eq.(2.9)J 

E[L(t) tL(O)aO] .. r(1_r)-1_ 
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1 e-¥t(1_r1/ 2 )2 

- 2(J(1/2r 1/4) (1-r 1/2)3(}lt)3/2 · 

r1/2 1 
,( 1/2 - O( -t) ) • 

1-r 
(4.2) 

It follows from (4.2) that E[L(t)] 
approaches its steady-state value in 
an exponential manner with a time 
constant given by 

Tc=(¥(1_r1/2)2)-1. 

This quantity is so called "relaxation 
time" that characterizes the rate with 
which the process {L(t)} approaches 
steady state, see [4, § 111.7.3] for 
details. 

Following the approach described in 
[3], it can be shown that the relaxa
tion time of the M/G/1-EPS queue is 
determined by (4.1). We note that 
poet) for the M/G/1-EPS queue coinci-
des with poet) for the M/G/1-FCFS 
queue beginning at rest. Hence, the 
results of (3J about Tc for the M/G/1 
-FCFS queue are extended to the EPS 
model, therefore we have 

Corollary 4.5. Let ~ < 0 be the 
abscissa of convergence of E(s) and 
suppose B(s)' 00 as s t ~. Then the 
relaxation time of the M/G/1-EPS queue 
is equal to 

Tc= -s01 (4.3) 

where So is the singularity with the 
largest real part of the Laplace 
transform PO(s) determined by (4.1) 
(apart from a pole at s:O-). 

Proof. See [:;, 16]. 0 
The relaxation time is easily calcula
ted from (4.3) for some M/G/1-EPS sys
tems in which B(x) has the rational 
L-S T B(s) with denominators of degree 
1 or 2 (the details are omitted). Such 
L-S T B(s) is completely determined 
by its mean .131 ' its coefficient of va
riation CB and its largest pole sO. 
We note that Tc is an increasing 
function of r, CB and So for such 
E(s) • 
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5. CONCWSION 

We have derived the new exact results 
for the time-dependent ~ueue-length 
distribution in the ~G/1 system with 
egalitarian processor-sharing by means 
of a new method. Theorems 2.1, 3.1 and 
3.2 and Corollaries open the way for 
efficient numerical studies of transi
ent behaviour of the l4/G/1-EPS queue. 
The results can also be used to derive 
a number of others, including additio
nal transient performance measures. 
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