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Abstract. We investigate a model for buffer management of multi-class traffic into a finite
shared buffer. A hierarchy of increasingly stronger linear programming relaxations for
this model is proposed. The number of hierarchies equals the number of job classes. Each
relaxation in the hierarchy is constructed by projecting the original achievable performance
region into a polytope with fewer variables and fewer constraints. Based on the first order
LP relaxation, we propose a heuristic buffer management policy which can be obtained
efficiently and is applicable to a wide range of reward functions including weighted sum
of throughputs and weighted sum of buffer utilization. According to our simulations, the
proposed heuristic performs close to optimum in all traffic conditions when the objective
is to maximize the weighted sum of throughputs.

1 INTRODUCTION

The buffer sharing model in telecommunication concerns a multi-port packet switch with
a shared buffer of finite size. Sometimes the buffer sharing model can also be viewed as a
multi-class queueing system in which customers/jobs/packets of different classes share a
common queue and are served by their respective servers/processors. The central issue is
the design of a buffer management strategy (or admission control policy) so that certain
objectives, such as throughput maximization or buffer utilization maximization can be
achieved. With appropriate assumptions, such as Poisson arrivals and exponential service
time distributions, the optimal policy can be obtained by the machinery of Markov decision
process. Due to the complexity reason, it is neither realistic to obtain the optimal policy
nor to use it for the problems encountered in practice. Thus heuristics are often employed
in real life applications. The performance analysis of heuristics often demands an easy way
to compute a tight upper bound on the optimal performance objective. Encouraged by the
recent success of exploiting projection representation ideas to restless bandits, a related
stochastic scheduling problem, this work applies the same projection technique to the
buffer sharing model and obtains a hierarchy of increasingly stronger linear programming
relaxations. Based on the first order LP relaxation, we also propose a heuristic buffer
management policy which can be computed efficiently based on linear programming and
is applicable to a wide range of reward functions including weighted sum of throughputs
and weighted sum of buffer utilization.
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1.1 Related Work

Buffer sharing is a classic model in telecommunications. Early works enjoyed limited
success in identifying the structure property of the policy which is optimal among a
subset of the stationary policies. In [FG83,FGH81], Foschini et al. studied buffer sharing
with two and three classes of jobs. They showed that the optimal coordinate convex policy
that maximizes the average throughput or average buffer utilization is of threshold type.
Jordan and Varaiya [JV94] showed that when the objective is maximizing average buffer
utilization, the optimal policy is of generalized threshold type. The Internet booming
makes an urgent call for a more practical approach to buffer sharing problem. Choudhury
and Hahne [CH98] for example, proposed a scheme called dynamic threshold that combines
the simplicity of static threshold and the adaptivity of push-out policies. In that scheme,
the threshold for individual classes changes as unused buffer varies.

Buffer sharing can be thought of as admission control of multiple independent queues
with constraints on the aggregated queue size which in turn is a special case of stochastic
control for multiple independent random processes with the sample path constraints on
the state space. A closely related category of stochastic control model is restless bandits
in which the constraint is on the sample path of actions. The restless bandits model was
initially proposed by Whittle [Whi88] as an extension to the classic multi-armed bandits
model. In their inspiring work [BNM00], Bertsimas and Niño-Mora proposed a hierarchy
of linear programming relaxations for the restless bandit problem based on the polyhe-
dron projection representation idea described in [LS91]. They also proposed a primal-dual
heuristic with exceptional performance. The application of projection representation idea
to buffer sharing model in this work is to a large extend encouraged by their success.

1.2 Results

In this work, we obtain a hierarchy of increasingly stronger linear programming (LP)
relaxations for the buffer sharing model with a class of reward functions including weighted
sum of throughput and weighted sum of buffer utilization as special cases. The number
of hierarchies is corresponding to the number of job classes. The last relaxation in the
hierarchy is exact and corresponds to exponential size LP formulation of the problem as a
Markov decision process. Intuitively, the first order relaxation is obtained by relaxing the
constraint that no buffer overflow in every sample path to the constraint that no buffer
overflow on average. The nature of this relaxation can also be viewed from the achievable
performance region perspective. In the exact formulation of the buffer sharing model, the
number of variables and the number of constraints to describe the achievable performance
polytope is exponential in the number of classes. We then construct a polytope that
contains the original performance region but has fewer variables and constraints. The
maximization over this enlarged but simpler polytope gives a tight upper bound for the
original formulation. A hierarchy of increasingly stronger linear programming relaxations
can then be easily identified from this perspective.

Based on the first order LP relaxation, we also propose a heuristic policy which is
applicable to a wide range of reward objectives including throughput maximization and
buffer utilization maximization. The time complexity to obtain and the space complexity
to store the proposed heuristic is polynomial in the product of buffer size and number of
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classes. According to our simulation results, the proposed heuristic is close to optimum
when the reward function is the weighted sum of throughputs. As a merit inherited from
LP formulation of Markov decision process, the framework of this work is adaptable to
different performance objectives such as fairness and to situations where extra constraints
are needed.

Even though only the discounted reward case is studied here, extending the result in
this paper to the average reward case is straightforward.

1.3 Organization of the Paper

In §2 we introduce the semi-Markov decision process and its equivalent discrete time
Markov decision process for the buffer sharing mode. The exact LP formulation for the
discrete time Markov decision process and the associated complexity issue are discussed
in §3. In §4, the construction of the first order LP relaxation is demonstrated in details.
A description of higher order LP relaxations is also given. In §5, we describe a heuristic
buffer management policy based on the first order LP relaxation. The numerical examples
are given in §6.

2 THE MODEL

2.1 Semi-Markov Decision Process for the Buffer Sharing

Let K be the set of job classes. The buffer size is B. The class k job arrives according to a
Poisson process with rate λk. The service time for a class k job is exponentially distributed
with rate µk and buffer size requirement is deterministic and is denoted as bk. The jobs
of the same class are served in FCFS fashion. The independence between classes is also
assumed. Due to the Markovian nature of the arrival and departure, the system state is
determined by the vector i = (ik)k∈K ∈ Z|K |

+ . The buffer size is finite which implies that

the state space S =
{
i = (ik)k∈K ∈ Z|K |

+ :
∑

k∈K ikbk ≤ B
}

is also finite. Denote by

Θ = (θi)i∈S the initial state distribution such that
∑

i∈S θi = 1.
The reward received (before discount) per unit of time for class k job is rk

ik
when

there are ik class k jobs in the buffer. Alternatively if the reward r′k is received for each
departure then rk

ik
= r′kµk1 {ik > 0} and if r′′k amount reward is generated per time unit

for class a k job in the buffer then rk
ik

= r′′kik. The total reward received ( before dis-
count) per unit of time is therefore ri =

∑
k∈K rk

ik
. By defining the reward function like

this, our results are applicable to both throughput maximization and buffer utilization
maximization problems.

The admission control action is a vector a = (ak)k∈K with ak = 0 if k:th class job
should be rejected and is 1 otherwise. An admission control policy is admissible if the
action selection only depends on the current state and not on the current time. We denote
by U the class of admissible policies. Given that the system is in state i, the set of possible
actions is denoted as
A (i) =

{
a = (ak)k∈K : ak ∈ {0, 1} if i + ek ∈ S and ak ∈ {0} otherwise

}
.

To reduce the number of double sums, we introduce the set of state-action pair
C = {(i, a) : i ∈ S , a ∈ A (i)} .
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The rate of state transition when the system is in state i is νi =
∑

k∈K λk+µk1 {ik > 0}.
When the action is a, the probability that a transition from state i ∈ S to state j ∈ S

is qa
i,j and qa

i,j = λkak/νi if j = i + ek; qa
i,j = µk/νi if j = i− ek; qa

i,j =
∑

k∈K λk(1 − ak)/νi

if j = i; qa
i,j = 0 otherwise.

Thus the buffer sharing problem (discounted case) is in essence an α-discounted semi-
Markov decision process with state space S , the action set A (i), i ∈ S , the rate of state
transition νi, i ∈ S , the state transition probabilities qa

i,j, i, j ∈ S , a ∈ A (i), the initial
state distribution Θ and the reward function ri, i ∈ S .

2.2 Equivalent Discrete time Markov Decision Process

For every α-discounted Semi-Markov decision process described above, we can construct a
β-discounted discrete time Markov decision process with the same state space S , the same
action set A (i), i ∈ S , but different state transition probabilities pa

i,j, i, j ∈ S , a ∈ A (i)
and a different reward function Ri, i ∈ S . Let ν =

∑
k∈K (λk + µk). When β = ν

α+ν
,

Ri = ri/(α + ν), and pa
i,j = λkak/ν if j = i + ek; pa

i,j = µk/ν if j = i − ek; pa
i,j =∑

k∈K (λk(1− ak) + µk1 {ik = 0}) /ν if j = i; pa
i,j = 0 otherwise. The constructed discrete

time model is equivalent to the continuous one in the sense that the optimal policy and
the quantity of optimal objective for both models are the same. See [Ber95, §5] for the
details and the proof of such a construction for Semi-Markov decision processes in general.

The equivalent discrete time model is more pleasant to work with because of the
common denominator ν in the state transition probability. Therefore, the rest of the
paper only deals with the equivalent discrete time Markov decision process.

3 THE EXACT LP FORMULATION FOR THE BUFFER
SHARING MODEL

3.1 LP Formulation from the Achievable Performance Region Perspective

We first introduce the performance measure of the discounted average number of times
that the system is in state i and action a is applied: xa

i (u) = Eu
Θ [

∑∞
t=0 βtIa

i (t)]where
u ∈ U and U is the class of Markovian policies which selects the current action as a
function (possibly randomized of the current state and time), Θ = (θi)i∈S is the initial
state distribution, Ia

i (t) is 1 if at time t, the system is in state i and action is a.
The optimal performance objective can thus be written as

Z∗ = max
u∈U

∑
(i,a)∈C

Rix
a
i (u).

Note that the reward Ri is only dependent on the state and independent of action.
Denote the vector x(u) = (xa

i (u))(i,a)∈C . The performance region spanned by the per-

formance vector under all admissible policies u ∈ U is X = {x(u) : u ∈ U }. Hence

Z∗ = max
x∈X

∑
(i,a)∈C

Rix
a
i
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where x = (xa
i )(i,a)∈C ∈ R|C |

+ .
Introduce the following polyhedron

P =

x ∈ R|C |
+ :

∑
a∈A (j)

xa
j = θj + β

∑
(i,a)∈C

xa
i p

a
i,j, j ∈ S


.

Actually P is a polytope (bounded polyhedron) because
∑

(i,a)∈C xa
i = 1/(1− β).

Theorem 3.1. (a) X = P; (b) The vertices of polytope P are achievable by stationary
policies.

The proof for the special case when θi > 0, ∀i ∈ S , X = P can be found in [HS04,
Theorem 6.1, p.246]. The proof for the general cases, i.e. regardless of assumptions on Θ,
is given by [BNM00, Theorem 1].

Hence the following LP fully characterizes our buffer sharing problem in the sense that
the optimal policy can be identified by looking at the optimal solution of the LP and the
optimal objective the buffer sharing problem equals the objective of the LP:

Z∗ = max
x∈P

∑
(i,a)∈C

Rix
a
i . (1)

3.2 Complexity Issue

The number of variables and the number of linear constraints for describing the poly-
tope P are respectively |C | and |S |. Clearly the number elements in C is at least

2|K |−1
(⌊

B
maxk∈K bk

⌋)|K |
the number of elements in S is at least

(⌊
B

maxk∈K bk

⌋)|K |
. Thus

even for a problem instance with a moderate number of classes but with large buffer
size, obtaining the exact solution for the LP (1) is an unrealistic goal given today’s hard-
ware and software infrastructure. Even if one obtains the optimal policy, the storage
requirement for the optimal policy also grows exponentially fast as the number of classes
increases.

4 RELAXATIONS AND UPPER BOUNDS

As we discussed in §3, the number of variables and constraints for describing the polytope
P increases exponentially fast as the number of classes becomes large. If there exists
another polytope Q such that Q ⊇ P and we define Z = maxx∈Q

∑
(i,a)∈C Rix

a
i , then

Z ≥ Z∗ and we have an upper bound on the optimal objective. Ideally, we would like that
Q consists as few faces as possible and encloses P as tight as possible. In this section, we
show that a decreasing sequence of polytopes Q(1) ⊇ Q(2) ⊇, . . . ,⊇ Q(|K |) with increasing
number of faces can be constructed. The first order relaxation will be demonstrated in
details here. The procedure to obtain higher order relaxations is also briefly outlined.
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4.1 The First Order LP Relaxation

The first order LP relaxation can alternatively be viewed like this: For each class we
allocate a buffer of size B with the constraint that the aggregated buffer utilization on
average must be less than B. However for higher order relaxations, we found that the
polyhedron projection viewpoint is more helpful.

For convenience, we introduce a few subset sets of the original state space, action space
and state-action pair space, S k

i = {i ∈ S : ik = i}, A k
a (i) = {a ∈ A (i) : ak = a} and

C k
j,a =

{
(i, a) ∈ C : i ∈ S k

j , a ∈ A k
a (i)

}
.

When we isolate class k from others, we need new notations for the state space, action
set corresponding class k jobs: Sk = {i ∈ Z+ : bki ≤ C},
Ak(i) =

{
a ∈ {0, 1} : i + a ∈ Sk

}
, and Ck =

{
(i, a) : i ∈ Sk, a ∈ Ak(i)

}
.

Introduce new parameters θk
i =

∑
i∈S k

i
θi,∀i ∈ Sk, k ∈ K ; νk = λk + µk,∀k ∈

K ; βk = νk

α+νk
,∀k ∈ K Rk

ik
= rk

ik
/(α + νk) and

(
pk,ak

ik,jk

)
ik,jk∈Sk,ak∈Ak(ik),k∈K

as follows,

pk,ak
ik,jk

= λkak/νk, if jk = ik + 1; pk,ak
ik,jk

= µk/νk, if jk = ik − 1;

pk,ak
ik,jk

= (λk(1− ak) + µk1 {ik = 0}) /νk, if jk = ik and pk,ak
ik,jk

= 0 otherwise. Notice that νk

and pk,ak
ik,jk

are actually the normalized transition rate and the state transition probability
when the class k jobs are isolated from others.

Introduce new variables
(
xk,ak

ik

)
(ik,ak)∈Ck,k∈K

. Geometrically speaking, we draw a new

set of axes
(
xk,ak

ik

)
(ik,ak)∈Ck,k∈K

in the achievable performance space P whose axes are

(xa
i )(i,a)∈C . We related the new axes to the old ones by the following linear transformation.

xk,ak
ik

=
1− β

1− βk

∑
(i,a)∈C k

ik,ak

xa
i , ∀(i, a) ∈ Ck, k ∈ K .

The performance objective in (1) can be represented by the newly introduced variables

Lemma 4.1.
∑

(i,a)∈C Rix
a
i =

∑
k∈K

∑
(ik,ak)∈Ck Rk

ik
xk,ak

ik

We can also project the |S | number of facts of the polytope P into the subspace formed
by new axes.

Lemma 4.2. For all k ∈ K , jk ∈ Sk,
∑

ak∈Ak(jk) xk,ak
jk

= θk
jk

+ βk

∑
(ik,ak)∈Ck xk,ak

ik
pak

ikjk
.

Notice that the number of newly constructed equality constraints is
∑

k∈K

∣∣Sk
∣∣.

Lemma 4.3. B ≥
∑

k∈K (1− βk)
∑

(ik,ak)∈Ck ikbkx
k,ak
ik

Define the polytope Q(1) as follows

Q(1) =

(
xk,ak

ik

)
(ik,ak)∈Ck,k∈K

∈ R
P

k∈K |Ck|
+ : B ≥

∑
k∈K

(1− βk)
∑

ik∈Sk

ikbk

∑
ak∈Ak(i)

xk,ak
ik

,

∑
ak∈Ak(jk)

xk,ak
jk

= θk
jk

+ βk

∑
(ik,ak)∈Ck

xk,ak
ik

pak
ikjk

, ∀jk ∈ Sk, k ∈ K

 .
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and consider the following LP

Z(1) = max
x(1)∈Q(1)

∑
k∈K

∑
(ik,ak)∈Ck

Rk
ik
xk,ak

ik
(2)

where x(1) =
(
xk,ak

ik

)
(ik,ak)∈Ck,k∈K

. Notice that the number of variables and the number

of constraints for describing Q(1) are, respectively,
∑

k∈K

∣∣Ck
∣∣ and

∑
k∈K

∣∣Sk
∣∣ + 1.

The following theorem follows naturally from Lemma 4.1,4.2 and 4.3:

Theorem 4.4. Z∗ ≤ Z(1)

4.2 Higher Order LP Relaxations

In general, the n:th order LP relaxation

Z(n) = max
x(n)∈Q(n)

∑
k∈K

∑
(ik,ak)∈Ck

Rk
ik
xk,ak

ik

can be proceed in two steps.

Step 1: Introduce new axes x
k1···kn,ak1

,··· ,akn

ik1
,··· ,ikn

for all (ik1 , · · · , ikn , ak1 , · · · akn) ∈ Ck1···kn ,

(k1, · · · , kn) ∈ K n,k1 < k2 < . . . < kn and axes xk,ak
ik

for all (ik, ak) ∈ Ck,k ∈ K . Denote
by

x(n) =

(
xk,ak

ik

)
(ik,ak)∈Ck,k∈K

,
(
x

k1···kn,ak1
,··· ,akn

ik1
,··· ,ikn

)
(ik1

,··· ,ikn ,ak1
,···akn )∈Ck1···kn ,

(k1,··· ,kn)∈K n,k1<k2<...<kn


Step 2: Construct the polytope Q(n) by projecting the |S | number of facts of the

polytope P into the subspace formed by new axes x
k1···kn,ak1

,··· ,akn

ik1
,··· ,ikn

and introduce the

following constraints for all (k1, · · · , kn) ∈ K n, k1 < · · · < kn,

x
k1ak1
ik1

=
1− βk1···kn

1− βk1

∑
(ik2

···ikn ,ak2
···akn)∈Ck2···kn

x
k1···knak1

···akn

ikn ···ikn
,

...
...

...

x
knakn
ikn

=
1− βk1···kn

1− βkn

∑
(ik1

···ikn−1
,ak1

···akn−1)∈Ck1···kn−1

x
k1···knak1

···akn

ikn ···ikn

and the constraint∑
(k1,··· ,kn)∈K n

k1<···<kn

(1− βk1,··· ,kn)
∑

(ik1
···ikn ,ak1

···akn)∈Ck1···kn (
∑n

l=1 ikl
bkl

) x
k1···knak1

···akn

ikn ···ikn
≤

(|K |−1
n−1

)
B.

Note that the number variables and the number of constraints for the n:th order
relaxation are respectively

∑
k∈K

∣∣Ck
∣∣ +

∑
(k1,··· ,kn)∈K n

k1<k2<...<kn

∣∣Ck1...kn
∣∣ and

1 +
∑

(k1,··· ,kn)∈K n

k1<k2<...<kn

(∣∣Ck1
∣∣ + · · ·+

∣∣Ckn
∣∣ +

∣∣Sk1...kn
∣∣).

We conclude this section by the following theorem which follows directly from our
construction of the polytopes Q(1), . . . ,Q(|K |).

Theorem 4.5. Z(1) ≥ Z(2) ≥ . . . ≥ Z(|K |) = Z∗
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5 A HEURISTICS BASED ON THE FIRST ORDER LP
RELAXATION

The dual of the LP formulation in (2) is

Z(1) = min
∑
k∈K

∑
jk∈Sk

θk
jk

yk
jk

+ z B

subject to

yk
ik
≥ Rk

ik
− z(1− βk)ikbk + βk

∑
jk∈Sk

pk,ak
ikjk

yk
jk

, ∀ (ik, ak) ∈ Ck, k ∈ K

and z ≥ 0.

Let
(
x̄k,ak

ik

)
(ik,ak)∈Ck,k∈K

and
((

ȳk
ik

)
ik∈Sk,k∈K

, z̄
)

be the optimal primal and dual so-

lution pair to the first order relaxation and its dual. Let
(
γk,ak

ik

)
(ik,ak)∈Ck,k∈K

be the

corresponding optimal reduced cost coefficients, for all (ik, ak) ∈ Ck, k ∈ K ,

γk,ak
ik

= ȳk
ik

+ (1− βk)ikbkz̄ −Rk
ik
− βk

∑
jk∈Sk

pk,ak
ikjk

ȳk
jk

.

Notice that γk,ak
ik

≥ 0 by definition. By the complementary slackness, we have xk,ak
ik

γk,ak
ik

=

0. Therefore if xk,1
ik

> 0 and xk,0
ik

= 0 then γk,1
ik

= 0 ≤ γk,0
ik

. The reduced cost is the rate of
decrease in the objective value of the primal LP per unit increase in the value of variable
xk,ak

ik
. This motives us to admit class k jobs when either one of the conditions below is

satisfied:

1. If xk,1
ik

> 0 and xk,0
ik

= 0 when there are ik class-k jobs in the buffer and when there is
enough capacity left, i.e.

∑
l∈K ilbl + bk ≤ B.

2. If xk,1
ik

> 0, xk,0
ik

> 0 and γk,1
ik

≤ γk,0
ik

(
∑

jk∈Sk pk,1
ikjk

ȳk
jk
≥

∑
jk∈Sk pk,0

ikjk
ȳk

jk
after simplifica-

tion) when there are ik class-k jobs in the buffer and when there is enough capacity
left.

As our model allows a wide class of reward functions including the weighted sum of
throughput and the weighted sum of buffer utilization, the proposed heuristic is, therefore,
more applicable than those heuristics with specialized objectives.

6 NUMERICAL EXAMPLES

In this section, we report a series of numerical experiments aimed at investigating the
tightness of the relaxations and the performance of our heuristic proposed in this paper.
Due to the limited space here, we only show the results for the throughput maximization
case. There are in total six problem instances, A1, A2, A3, B1, B2 and B3 as shown in
Table1. Problems A and problems B are different in the system configurations: the number
of classes and the number of classes. Problems A1, A2 and A3 differ in arrival rates and
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Table 1. Problem instances

Problem A1 A2 A3 B1 B2 B3

|K | 3 8
B 20 100

(λk)k∈K

0@ 0.1
0.2
0.3

1A 0@ 0.4
0.8
1.2

1A 0@ 0.8
1.6
2.4

1A

0BBBBBBBBBB@

0.1
0.1
0.2
0.2
0.3
0.3
0.4
0.4

1CCCCCCCCCCA

0BBBBBBBBBB@

0.4
0.4
0.8
0.8
1.2
1.2
1.6
1.6

1CCCCCCCCCCA

0BBBBBBBBBB@

0.8
0.8
1.6
1.6
2.4
2.4
3.2
3.2

1CCCCCCCCCCA
(µk)k∈K (0.8, 1.1, 1.4)T (0.7, 0.9, 1.0, 1.2, 1.3, 1.5, 1.6, 1.8)T

(bk)k∈K (1, 2, 1)T (1, 2, 1, 2, 1, 2, 1, 2)T

r′k (1.0, 1.5, 2.0)T (1.0, 1.5, 1.5, 2.0, 2.0, 2.5, 2.5, 3.0)T

represent light, medium and heavy traffic respectively. The same also goes for problem
B1, B2 and B3.

For each test problem we compute the following quantities for two different discount
rate α = 0.01 and α = 0.1:
Zcs, the expected value of complete sharing policy. This quantity is estimated by discrete
event simulation;
Zcp, the expected value of complete partition policy. The optimal partition policy is ob-
tained by solving a corresponding 0/1 mixed integer programme and the quantity is esti-
mated by discrete event simulation;
Zh, estimated expected value of our heuristic. The estimation is achieved through discrete
event simulation;
Z∗, optimal value of the objective. This value was calculated only for problems A1, A2
and A3;
Z(2), optimal value of the second order relaxation. This value was calculated only for
problem A1, A2 and A3;
Z(1), optimal value of the first order relaxation.

The LP formulations were implemented in AMPL and solved using CPLEX-9.0. For
each problem instance, the result obtained by simulation is the average of 100 independent
runs. Each run of the simulation is terminated after the discount factor e−αt is less than
10−5, i.e. t ≥ − log 10−5/α.

In Table 2, we report the results of numerical experiments for all problem instances
with two different discount factors . The values obtained via simulation are in italics. Next
we discuss these results.

1. The proposed heuristic performed well in all traffic conditions we investigated. The
performance of the heuristic is comparable to that of complete sharing when the offered
traffic load is low and matches to that of complete partition when the offered load is
high. It is worth noting that while the time to obtain the optimal complete partition
policy is in order of minutes for problems instances B1, B2 and in order of hours
for problem instances B3, the time to obtain the heuristic is in order of second in all
problem instances we investigated. Our heuristic provides suboptimal guarantee within
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Table 2. Numerical results for throughput maximization.

α Zcs Zcp Zh Z∗ Z(2) Z(1)

A1 0.01 98.66 95.39 98.15 98.99 98.99 98.99
0.1 7.74 7.87 8.33 9.09 9.09 9.09

A2 0.01 375.95 366.78 375.97 378.68 380.36 384.81
0.1 30.88 30.96 31.04 32.47 32.50 32.55

A3 0.01 424.48 488.93 485.35 494.58 498.21 503.55
0.1 42.61 43.53 43.03 45.19 45.46 45.61

B1 0.01 445.92 444.92 445.46 - - 446.00
0.1 39.92 38.40 39.88 - - 41.37

B2 0.01 1717.60 1683.42 1713.08 - - 1718.49
0.1 144.81 143.68 145.38 - - 145.81

B3 0.01 1622.65 2098.57 2104.72 - - 2119.88
0.1 187.29 192.32 187.90 - - 194.40

10% of the optimal for problem instances A1, A2 and A3 and with 5% of the optimal
for problem instances B1, B2 and B3.

2. Regarding the performance of relaxation, the first order relaxation already provides
upper bounds within 2% of the optimal Z∗ for problem instances A1, A2 and A3 and
within 4% of the optimal for problem instance B1, B2 and B3.
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