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Abstract. In contention-based single-channel ad hoc networks, power control is an effi-
cient way to improve the spatial reuse by allowing multiple pairs to communicate simul-
taneously. In this paper, we address the problem by jointly considering power and rate
control in Rayleigh fast-fading environment. We utilize a mapping from outage to average
Signal to Interference and Noise Ratio (SINR) constraints and suggest a game-theoretical
approach with step-up price. In the game, each link tries to maximize its transmit rate
while considering the transmit power as the cost, since higher power leads to higher inter-
ference and more energy consumption. In particular, in our auction-like pricing algorithm
the cost per unit power steps up until the network settles down at the first feasible power
and rate allocation, even when the outage-probability requirements are initially infeasible.
Keywords: Ad hoc networks, power control, outage probability, spatial reuse, rate adap-
tation, game theory, Nash equilibrium.

1 Introduction

Mobile Ad hoc NETworks (MANETs) have received much attention recently. Because
of the scarce radio spectrum and energy limitation, efficient radio resource management
such as transmit power control and rate adaptation are essential to MANETs.

One important objective of power control is to facilitate spatial reuse of the radio
resource. Reducing transmit power allows more links to communicate simultaneously and
provides energy savings as well, whereas there exists the QoS (e.g. outage-probability)
requirement to each link for reliable transmission. In order to find the globally optimal
power allocation with outage constraints in rayleigh fading environment, the centralized
interior-point methods was proposed in [1]. More recently, the authors in [2] introduced a
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mapping from outage to average SINR constraints. However, how to deal with infeasible
scenarios, where links can not transmit simultaneously for QoS requirements, remains
unsolved.

So far, many power control schemes under a set of average SINR constraints have
been proposed in [4–11]. In [4], the authors proposed Foschini-Miljanic (F-M) algorithm
to distribute power levels among competitive links, but the algorithm diverges under in-
feasible scenarios. A so-called Distributed Power Control with Active Link Protection
(DPC/ALP) [5] algorithm was proposed, which accepts new links only if all the SINR
requirements of established links can be maintained. The DCP/ALP protects on-going
links by rejecting incoming ones, but the total throughput is obviously smaller than the
maximum. Through a power-based interference graph which describes the feasibility con-
dition of link pairs, the Distributed Power Controlled Scheduling (DPCS) [7] algorithm
seeks out a set of links in which every pair of links is feasible. The DPCS achieves optimal
set but no distributed algorithm had been proposed yet. The authors in [8] proposed a
heuristic policy to find the feasible set by Deferring the link with Minimum SINR (DMS)
one by one. But as simulation results show, the DMS scheme obtains poor performance,
especially at heavy congestion conditions.

Game theory has been utilized as another powerful way to allocate radio resource
among competitive links. In non-cooperative games [12–15], each transmitter tries to
maximize its revenue (utility minus cost). For distinct optimizing objectives, previous work
has used different utility functions, such as throughput per unit power consumption [12],
frame outage probability [13], and Shannon capacity [14]. Meanwhile, most of previous
games assumed cost functions linearly proportional to the transmit power. In [15], the links
decides whether to transmit or not depending on whether the linear cost is affordable or
not. However the authors acknowledged that, if the unit price is not high enough, Nash
equilibrium does not exist, thus the scheme fails to find the feasible set.

In this paper, we utilize the mapping method to convert the outage-based problems
into average SINR constrained ones, and propose a Distributed Power and Rate Control
based on Step-up Pricing Game (DPRC/SPG) to find the feasible resource allocation. We
believe that joint power and rate control improves the spectrum efficiency but increases
the dimension of the scheduling, especially when the data rates are discrete values. In the
next section we give the system model and discuss the mapping method. In Section 3, our
power and rate control based on auction-like pricing game is discussed. Numerical results
are provided in Section 4. Finally, we conclude the paper in Section 5.

2 System Model and Mapping Method

Given that there are N links willing to transmit in an ad hoc network, the SINR of the
ith link is given by

γi =
GiiFiiPi∑N

j=1,j 6=i GijFijPj + ηi

, i = 1, 2, 3, . . . , N, (1)

where Gij and Fij are the slow-varying path gain and associated fast fading component
from the transmitter of the jth link to the receiver of the ith link respectively, Pi denotes
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the transmit power of the ith link, and ηi is the thermal noise at the receiver of the ith
link.

In Rayleigh fading environment, the terms Fij’s are assumed to be unit mean expo-
nentially distributed random variables, independent of all j given i. Thus we have

E[GijFijPj] = GijPj. (2)

The outage probability of link i is denoted by Oi, which is the proportion of time that
SINR threshold γth

i is not met. The γth
i represents the QoS of a link. We can express the

outage probability for the ith link as:

Oi = Pr(γi ≤ γth
i ). (3)

Since Fij’s are exponentially distributed variables, we have (see [2])

Oi = 1− exp(
−ηiγ

th
i

GiiPi

)
∏

j 6=i

1

1 +
γth

i GijPj

GiiPi

. (4)

Therefore, the constraints of outage-based power control problem are given by

Oi ≤ Oth
i , i = 1, 2, 3, . . . , N, (5)

where Oth
i is outage probability threshold of ith link.

Meanwhile, we take average SINR as Γi which means the expected value of the ith
link’s received power over the expected value of the interference and noise [2]:

Γi =
E[GiiFiiPi]

E[
∑

j 6=i GijFijPj + ηi]
=

GiiPi∑
j 6=i GijPj + ηi

. (6)

Then the average SINR constrained power control is give by

Γi ≥ Γ th
i , i = 1, 2, 3, . . . , N, (7)

where Γ th
i is average SINR threshold of the ith link.

The authors in [2] derive the relationship between Oi and Γi as Oi ≤ 1 − e−γth
i /Γi .

Therefore, we can relax the constraints of outage-based problem Oi ≤ Oth
i as 1−e−γth

i /Γi ≤
Oth

i or

Γi ≥ γth
i

ln( 1
1−Oth

i
)

.
= Γ th

i , (8)

which implies that, given γth
i and Oth

i , we can define Γ th
i as

γth
i

ln( 1

1−Oth
i

)
and introduce the

mapping from outage to average SINR constraints.
To deal with the average SINR constraints Γi ≥ Γ th

i and Pi ≥ 0 for ∀i ∈ {transmitting
link set}. Foschini and Miljanic [4] rewrote the constraints of in matrix form by (I−F)P ≥
u and P ≥ 0, where P = (P1, P2, . . . PN)T, u = (

Γ th
1 η1

G11
,

Γ th
2 η2

G22
, . . . ,

Γ th
N ηN

GNN
)T, and F is a

N ×N matrix with the (i, j)th element given by

Fij =





Γ th
i Gij

Gii

, i 6= j

0 , i = j
(9)
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The scenarios are defined as feasible if the average SINR requirements of all N links can
be satisfied simultaneously, otherwise infeasible. It has been proved in [4] that the scenario
is feasible, i.i.f (I−F)−1 exists and positive. Moreover, the optimal power allocation leads
to

P∗ = (I− F)−1u. (10)

Foschini and Miljanic also proposed a distributed algorithm, which calculates P∗ in [4].
Here only average local SINR (Γi at the ith link) should be measured.

P
(k+1)
i =

Γ th
i

Γ
(k)
i

P
(k)
i , i = 1, 2, 3, . . . , N, (11)

in which Γ
(k)
i and P

(k)
i denote the average SINR sensed and the transmit power of the ith

link at the kth step respectively. In feasible scenarios, the convergence of (11) has been
proved. However in infeasible scenarios, iterations diverge.

To find the maximal transmission link set in infeasible scenarios, the optimal schedul-
ing is an NP-complete problem [9]. Recently in [8], the authors introduced a heuristic
scheduling in which, if (11) diverges, a new round of iterations begins after deferring the
link with minimum SINR (DMS). The DMS scheme finally converges to a feasible trans-
mit set whereas the deferred links keep silence. The numerical results in [8] show that the
optimal policy with exhaustive search significantly outperforms the DMS policy.

3 Game-Theoretical Approach with Auction-like Pricing

We use the system model defined in Section II, but introduce rate adaption and the upper
bound of transmit power (0 ≤ P ≤ Pmax). In a general M -rate system, we assume Γ th

i as
the average SINR requirement, which is converted from the outage probability threshold
γth

i by (8), of the ith link for the lowest transmit rate. Meanwhile, by increasing Γ th
i (γth

i )
by factors h2, h3, ..., hM (hM > hM−1 > · · · > h2 > 1)), the link is able to transmit with
b2, b3, ..., bM (bM > bM−1 > · · · > b2 > 1) times the lowest data rate. Meanwhile it is
reasonable to assume hM−hM−1

bM−bM−1
> hM−1−hM−2

bM−1−bM−2
> · · · > h2−h1

b2−b1
> 1 (h1 = b1 = 1), since the

increase of the SINR requirement is surely faster than the increase of the data rate for
the decreasing slope of logarithm-like Shannon capacity.

3.1 Revenue, Utility, Cost and Reaction Functions

The distributed control scheme can be formulated as a noncooperative game, where a link
transmitting with power Pi obtains revenue given by

Ji(Pi) = Ui(Pi)− cPi, (12)

where Ui(·) is the utility function, cPi is the cost and c is the unit price. Here Ui(·) is
assumed to be a multi-step function of Pi demonstrated by Fig. 1 and given by

Ui(Pi) =





bM , αiPi ≥ hMΓ th
i ;

bM−1, hMΓ th
i > αiPi ≥ hM−1Γ

th
i ;

· · · , · · · ;
b1, h2Γ

th
i > αiPi ≥ h1Γ

th
i ;

0, αiPi < h1Γ
th
i

(13)
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Fig. 1. The utility function of two-rate system. Utility of high rate is b2 and the low rate achieves b1 = 1.

where αi is given by αi = GiiP
j 6=i GijPj+ηi

.

We define the vector P−i = {P1, . . . , Pi−1, Pi+1, . . . , PN}, which represents the action
set of other N−1 links. Also, we assume links are rational, i.e., each link tries to maximize
its revenue based on the actions of other links. Therefore, the best transmit power P †

i ,
which maximizes Ji(Pi), is determined by the reaction function P †

i = Φi(P−i):

P †
i =





hMΓ th
i

αi

, αi ≥ hM − hM−1

bM − bM−1

Γ th
i c;

· · · · · · , · · · · · ·
h2Γ

th
i

αi

,
h3 − h2

b3 − b2

Γ th
i c > αi ≥ h2 − h1

b2 − b1

Γ th
i c;

h1Γ
th
i

αi

,
h2 − h1

b2 − b1

Γ th
i c > αi ≥ Γ th

i c;

0, αi < Γ th
i c.

(14)

The reaction function of each link represents a hyper-plane. The intersections of all
the planes are Nash equilibrium [17], at which no link intends to change its power and rate
level. If a Nash equilibrium exits, links alternative adjust their power, and the network
finally stabilizes at the Nash equilibrium.

We can give the iterative algorithm by using P
(k+1)
i = Φi(P

(k)
−i ), where k denotes the

kth step iteration. In particular, the distributed and iterative algorithm for the fixed rate
systems (M = 1) is given by

P
(k+1)
i =





Γ th
i

Γ
(k)
i

P
(k)
i , Γ

(k)
i ≥ Γ th

i cP
(k)
i ;

0, Γ
(k)
i < Γ th

i cP
(k)
i ,

(15)

Comparing (11) with (15), we see that the Foschini-Miljanic algorithm is a special case
of the DPRC/SPG approach with zero unit price (c = 0).

3.2 Auction-like Pricing Algorithm

Proposition 1. If a scenario is feasible3, under any price c satisfying c ≤ hM (bM−bM−1)

(hM−hM−1)Pmax
,

the DPRC/SPG scheme has one and only one Nash Equilibrium which equals the optimal
power vector P∗ given by (10).

Proof. See [3].

3 In an M-rate system, to call a scenario feasible means that all the N links can simultaneously transmit with
the highest data rate.
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Fig. 2. A demonstration of 2-link reaction function in infeasible scenario. A low unit price is given in Sub-fig. (a),
and high price in Sub-fig. (b). The thick dotted line denotes Φ1(P2), and the thick dotted line denotes Φ2(P1).

Proposition 1 states that the DPRC/SPG scheme is able to find the optimal power
allocation in feasible scenarios if the unit price c is equal to or smaller than a threshold.
However in infeasible scenarios, as also mentioned in [15], if the unit price is not high
enough, Nash equilibrium does not exist, thus failing to find the feasible set. In an 2-
link infeasible scenario as shown in Fig. 2(a), no Nash equilibrium exists. The lines with
arrows show that the link repeats the procedure of being turned off and retrying, resulting
in oscillation. By increasing the price, new Nash equilibrium emerges since some links
(e.g. link 2 in Fig. 2(b)) which can not afford the cost choose to quit from transmitting.
Meanwhile even higher price depresses more links from transmitting which leads to system
throughput degradation. At the worst, all the links are reluctant to transmit as Proposition
2 describes.

Proposition 2. If the unit price c satisfies c > 1
mini(Γ th

i ηi)
, the DPRC/SPG scheme con-

verges at a Nash equilibrium in which none of the links transmits.

Proof. See [3].

In order to find a feasible resource distribution while achieving maximum throughput,
we suggest the auction-like pricing algorithm. In an auction, the auctioneer increases the
price of one merchandise until the highest bidder remains. Our DPRC/SPG imitates the
auction process: the unit price of each link is initially set as lower bound

cmin =
hM(bM − bM−1)

(hM − hM−1)Pmax

, (16)

and increases by

c = cδ, (17)

where δ = 1 + ε with ε > 0, if oscillation is detected, until the first Nash equilibrium
appears. Moveover as we proved in Proposition 2, the increasing of price will definitely
stop before reaching the upper bound (cmax = 1

mini(Γ th
i ηi)

).

In detail, the judgement of oscillations is given by

|P (k+1)
i − P

(k)
i |

|P (k)
i − P

(k−1)
i |

≥ σ, (18)
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Fig. 3. Convergence processes of the DPRC/SPG approach for an infeasible scenario in two-rate system (M =
2, h2 = 10, Oth = (10%, 20%, 30%, 40%) and h2γ

th = 1).

in which σ denotes oscillation detection factor.
We also examine the scheduling criteria of the DPRC/SPG. By (14), the ith link quits

from transmitting if αi < Γ th
i c is satisfied. We define Pmi = Γ th

i /αi as the lowest power
level if the ith link tries to transmit. We have

Pmi =
Γ th

i

αi

>
1

c
. (19)

Therefore, our game-theoretical approach drops the links transmitting with power higher
than the threshold 1/c, which decreases and then becomes more and more stringent as
the unit price c increases.

3.3 Adaptive Modification for Energy Efficiency

Here we also propose an Adaptive Pricing modification (DPRC/SPG/AP), which assigns
the links with better channel quality a lower initial unit price, and thus higher priority to
transmit. The DPRC/SPG/AP is expected to improve the energy efficiency of the system.

For
∑

j 6=i GijPj ' G̃i

∑
j 6=i Pj, where G̃i = 1

N−1

∑
j 6=i Gij, the criteria (19) can be

rewritten as
∑

j 6=i Pj > Gii

c eGiΓ th
i

. The link is deferred in the DPRC/SPG since the overall

power consumption of its remaining links higher than the threshold Gii

c eGiΓ th
i

. A link with

lower power gain Gii, higher average interference power gain G̃i, or higher average SINR
requirement Γ th

i is more likely to be dropped, because it takes more stringent threshold.
This obeys our common sense that such a link costs more power consumption to transmit,
thus with poorer channel quality.

Next, by assigning links with different initial unit prices:

c
(0)
i =

G̃iΓ
th
i

Gii

·min
i

(
Gii

G̃iΓ th
i

) · cmin, (20)
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the DPRC/SPG/AP reinforces the links with a higher priority to capture the channel.

Moreover, formula (20) assures that all the c
(0)
i s are smaller than cmin. To avoid confusion,

we emphasize that in the DPRC/SPG/AP the unit price of each link also steps up with
the factor δ, but the increases begin with different initial prices given by (20).

4 Numerical Results

In experiments, we simulate the ad hoc transmissions under a set of typical values and
the random scenarios. We assume that the outage probability constraints Oth are 10%
to 40%, the noise variance η is 1 and maximum power Pmax as 200. The price increasing
factor δ is set as 1.2 and the oscillation detection factor σ as 0.95.

First, we verify via simulation the capability of outage-based power and rate allocation.
The typical power gain matrix is given by

G =




1.000 0.060 0.040 0.190
0.090 0.900 0.126 0.100
0.064 0.024 0.800 0.070
0.080 0.020 0.120 1.000


 . (21)

In Fig. 3(a), oscillations occur as the SINR of some links vary intensely. As the unit
price steps up, link 4 lowers down its transmit rate with lower transmit power. The
DPRC/SPG successfully converges to the rate allocation in which link 4 transmits with
half-rate, since the requirements Oth = (10%, 20%, 30%, 40%) are not affordable if all the
link transmit with full-rate. Fig. 3(b) shows that all the outage probability requirements
are successfully met.
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We also generate random scenarios with N links desiring to transmit, in which trans-
mitters and receivers are uniformly distributed in a square area. Larger N means heavier
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traffic load of the network. In Fig. 4 average throughput decreases as the loads increase,
whereas the performance gap between different schemes gradually magnifies. The optimal
scheduling with exhaustive search obtains highest throughput which indicates the limit
of throughput. Here throughput achieved by the DPRC/SPG is closer to the limit than
the DMS policy, especially achieving 30% enhancement at heavy load (N = 8). We also
demonstrate the behavior of average throughput in two-rate systems. As expected, the
DPRC/SPG with two-rate achieves much higher throughput than both the DPRC/SPG
and the exhaustive search in fixed rate systems. It is shown that rate adaptive transmis-
sion outperforms the optimal scheme with fixed rate by a factor of 19%. Furthermore,
improvement remains even when the loads are light.

Finally, we present average power consumption of each scheme, normalized by the
throughput in Fig. 5. As the number of links in the square increases, the average distance
between transmitter and its intend receiver decreases, which leads to normalized power
consumption reduce at heavy loads. The DPRC/SPG/AP consumes only about 50% power
of the DMS policy while achieving even better throughput.

5 Conclusion

In this paper, we propose an auction-like pricing game to allocate power and rate in
wireless ad hoc networks with fast-fading channel. In feasible scenarios, the DPRC/SPG
scheme converges to the energy-optimal power allocation. Whereas in infeasible situations,
the game temporarily removes the links which can not afford the cost. In order to maximize
overall throughput, the unit price steps up until the system settles down at the first
feasible resource allocation. We also introduce an adaptive pricing modification for power
efficiency, where the initial unit prices are adaptive according to the channel quality of
links. Numerical results show that, compared with the DMS scheme, throughput gain
of the DPRC/SPG scheme is significant. Meanwhile, the DPRC/SPG/AP scheme saves
power consumption as we expected, but achieves lower throughput than DPRC/SPG. In
addition, we show that the rate adaptive transmission, which has been implemented in
our scheme, increases throughput remarkably versus fixed rate systems.
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