
On Trajectory Splitting for Accelerating Dynamic Simulations in
Mobile Wireless Networks

S-E. Elayoubi and B. Fourestié
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Abstract. This paper presents a method to enhance dynamic simulation performance
in mobile networks. The aim is to accelerate the estimation of blocking and dropping
probabilities by reducing the variances of the estimators. We adopt a Trajectory Splitting
method that splits the path of the simulated stochastic process into multiple copies when
the station loads cross predetermined thresholds, thus focusing on configurations for which
communication problems are likely to occur. We show that this method significantly
reduces the variance of the estimators of both blocking and dropping probabilities. In a
real network dynamic simulation, we propose an algorithm to first check the convergence
of the network towards its steady state distribution and discard the initial stabilization
samples, and second apply Trajectory Splitting to accelerate simulations.
Keywords: Dynamic simulation, mobile networks, variance reduction, convergence diag-
nostic.

1 Introduction

In classical Monte-Carlo static simulations, a set of samples with minimum interdepen-
dencies are generated and evaluated. In the case of UMTS (Universal Mobile Telecommu-
nications System) simulation for example, each snapshot must describe the positions of
all active mobiles, their shadowing variables with all base stations, etc., before calculat-
ing the powers and QoS indicators. However, these static simulations do not incorporate
some important information about the past and the future of the active users and are not
sufficient to model some Radio Resource Management (RRM) algorithms (e.g. handover
and congestion control algorithms), nor some QoS indicators that are mobility dependent
(e.g. dropping rates). Dynamic simulations are then needed to investigate the dynamic
system behavior. These simulations start from a static snapshot of the system and then
one single sample function of the stochastic process representing the system evolution is
extracted for a reasonably long time.

These classical simulation techniques present two drawbacks. The first is that the
number of drawings necessary to ensure a given precision, i.e. a given variance, generally
increases with the number of input random variables. Second the lower the probability for
an event to occur, the bigger the number of drawings necessary to reach a given precision.
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In static Monte-Carlo simulations, this problem can be solved by some variance reduction
methods like Importance Sampling (IS) and Optimally Stratified Survey that, instead of
simplifying the network model, strive to better exploit simulation results. In IS methods
for example (see [8] for a survey), the sampling procedure is biased to increase the fraction
of samples where rare events occur, and the results are re-pondered to obtain the unbiased
estimate. To evaluate the blocking and outage probabilities in UMTS, IS increases the
number of mobiles in the network [3], or jointly modifies the number of mobiles and the
shadowing variables [9]. It was shown in [3] that a computational time gain as high as
30% could be reached with IS without loosing precision in the problematic areas.

However, these techniques cannot be applied in dynamic simulations. In fact, as one
would try to modify the traffic distribution in order to increase problems and accelerate
rare events simulation, the complicated dynamic behavior of the system and the correla-
tions between samples would make unbiasing the outputs almost impossible. However, one
variance reduction method called Trajectory Splitting (TS) [8][10] can be adapted to our
case. It is based on the fact that some intermediate states of the system are visited much
more than the target states and behave as gateways to reach them. Entering the interme-
diate states, usually characterized by a control parameter crossing a threshold, triggers
the splitting of the trajectory. The current system state is then saved and a number of
independent subtrajectories are simulated from that state. A practical implementation
of TS called RESTART (REpetitive Simulation Trials After Reaching Thresholds) was
proposed in [10][11] for single or multiple thresholds. RESTART was applied to many
relatively simple cases like estimation of queue length distribution [11] or cell loss [8] in
an ATM multiplexer, or the packet loss probability in a single server queuing system [5].

Applying TS methods to dynamic simulations in mobile systems introduces additional
complications. First, simulated mobile networks are usually very large (at the scale of a
city) which generates several interactions between different cells and makes trajectory
splitting at the network scale quite impossible. Second, if we focus on some regions of
interest, QoS problems may be generated by a multitude of system parameters (uplink
or downlink loads, uplink maximal transmission power, shadowing, etc.); some points of
interest will thus remain outside of the region defined for RESTART, and their proportion
must be kept as small as possible. Moreover, TS methods were designed to estimate rare
events (of probabilities smaller than 10−4), and, although blocking and dropping rates
in mobile networks are small, their values remain relatively large and vary between 1
and 10% in properly designed networks. Finally, the problem of convergence assessment
arises in dynamic simulations because of the bias introduced by the first static snapshot.
It will then be misleading to begin splitting before ensuring that the system has left the
transitory phase and entered its steady-state phase. In this paper, we will show how to
solve these problems in order to use TS in dynamic simulations of mobile systems.

This paper is organized as follows. In Section 2, we analyze statistically the variance
of the estimators of both blocking and dropping probabilities in a classical dynamic simu-
lation. Section 3 studies the simulation with Trajectory Splitting and calculates the gain
obtained in the variance of the estimators. In Section 4, we show how to assess conver-
gence of the system before beginning parameter estimation and Trajectory Splitting in
order to eliminate the bias introduced by the initial configuration. Numerical applications

1718



in Section 5 illustrate the convergence diagnostic results and show the benefits of our TS
method in a real UMTS simulation scenario. Section 6 eventually concludes the paper.

2 Crude dynamic simulation

Our aim in this section is to characterize a given cell of the system. We are interested in
estimating blocking and dropping rates of calls belonging to a given service. We consider
a classical dynamic simulation that begins with a static snapshot and suppose that the
system has reached its steady state before beginning calculating the estimators. We will
show in Section 4 how to assess this convergence.

Consider the following values :

– N is the simulation length.
– M is the total number of call arrivals in the simulation.
– M1 is the number of blocked calls.
– N1 is the number of samples where blocking occurs.
– M2 is the number of dropped calls.
– N2 is the number of samples where dropping occurs.
– a is the mean number of call arrivals at each sample, whose estimator is â = M

N
.

– a1 is the mean number of blocked calls in a sample where blocking occurs. We use for
a1 the following estimator : â1 = M1

N1
.

– a2 is the mean number of dropped calls in a sample where dropping occurs. Its esti-
mator is similarly â2 = M2

N2
.

– p1 is the probability that blocking occurs in a given sample. It can be estimated by
the ratio [10] : p̂1 = N1

N
.

– p2 is the probability that dropping occurs in a given sample, estimated by p̂2 = N2

N
.

– q is the blocking probability. We estimate it using q̂ = M1

M
.

– d is the dropping probability to estimate using d̂ = M2

M−M1
.

We have the following relationships between the different estimators :

q̂ =
M1/N1

M/N

N1

N
= p̂1.

â1

â
and d̂ =

M2/N2

(M −M1)/N

N2

N
= p̂2.

â2

â′

where â′ = â−M1/N . Note that, while q and d have values ranging from 10−2 to 10−1 in
real networks, p1 and p2 have smaller values (10−4 to 10−3, depending on arriving traffic).

We will first focus on q̂. Consider the variable b̂ = â1

â
, ratio of the two estimators â1

and â, both dependent on the system input. If we consider for instance in our simulation a
Poisson call arrival distributed over the cell surface, â ¿ 1 will depend exclusively on the
arrival rate. On the other hand, â1 ≥ 1 is the ratio of two counters : the denominator is
incremented at each sample where blocking occurs, and the numerator is incremented at
the same time by the number of blocked calls. This latter rarely exceeds one in dynamic
simulations where the time between samples is properly chosen, as this event will associate
two rare events : the first is the blocking and the second is the arrival of more than one
call between two samples. We then have â1 ' 1. This implies that b̂ = â1

â
À 1, and for a

large number of samples N , V ar[b̂] is small compared to (E[b̂])2.
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The variance of the estimator of p1 is calculated classically in the literature [10][11] by

V ar[p̂1] ' p1

N
K1 (1)

where K1 is the average value of the number of blocking instants surrounding a given
blocking instant t, minus the number of them which occur if there were independence
between them. For explicit formulation of K1 please refer to [10].

For a large N , q̂ is thus the product of two random variables, the first b̂ À 1 converges
rapidly and becomes almost a constant with a small variance and the second p̂1 ¿ 1 has
a slow convergence with N and its variance is relatively large. The variance of â can thus
be approximated by :

V ar[q̂] ' (E[b̂])2V ar[p̂1] =
a2

1

a2
V ar[p̂1] (2)

Note that the result is straightforward if we assume that b̂ and p̂1 are independent so that

V ar[b̂p̂1] = V ar[b̂]V ar[p̂1] + (E[b̂])2V ar[p̂1] + p2
1V ar[b̂] (3)

and we can neglect the first and third terms in Eqn. (3) compared to (E[b̂])2V ar[p̂1].
Using (1) and (2), we derive the variance of the estimator of the blocking probability:

V ar[q̂] ' a2
1K1

a2

p1

N
(4)

For the dropping probability estimator, the same approach leads to a similar formula
as in (4), as â2 is also almost equal to one in a proper simulation and â′ is also almost a
constant with a small variance. The variance of d̂ is then governed by that of p̂2. In the
following, we will limit ourselves to the analysis of q̂ with Trajectory Splitting.

3 Trajectory Splitting simulation

To accelerate the simulation of the rare events (blocking and dropping), we adopt a TS
strategy based on both the downlink load (ratio of the emitted power to the maximal
transmission power of the base station) and the uplink total received power, as their large
values are usually associated with QoS problems. More precisely, when one of these pa-
rameters reaches a predetermined threshold, we save the state of the system and continue
simulation until this threshold is down-crossed again. We then reload the saved state and
repeat this operation r times, the last one being a ”normal” simulation (see Figure 1). If
the RESTART procedure is initiated by crossing the downlink threshold, any additional
crossing of the uplink threshold is neglected until the r retrials are completed, and vice-
versa. Note that these two parameters are so correlated that considering only the downlink
load will be sufficient in most of the cases. In what follows, notations TS and RESTART
will be used interchangeably and subscript r will indicate RESTART simulation.

Let us denote by A the region where the load is above the threshold. This latter
will include the major part of connection problems. However, some blocking events may
occur out of this region A due to other parameters (for instance coverage problems). The
blocking probability is then the sum of two independent variables in regions A and Ā, as
these problems will be completely uncorrelated. Define the following variables :
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Fig. 1. TS with a threshold on downlink load. The stars correspond to blocking events.

– MC
r and MC the numbers of call arrivals in C ∈ {A, Ā}, with and without TS, resp.

– MC
1r and MC

1 the numbers of blocked calls in region C with and without TS, resp.
– NC

1r and NC
1 the numbers of samples with blocking in C with and without TS, resp.

In crude simulation, we have q̂ =
MA

1 +M Ā
1

MA+M Ā =
MA

1

MA+M Ā +
M Ā

1

MA+M Ā = q̂A + q̂Ā and

V ar[q̂] = V ar[q̂A] + V ar[q̂Ā] = V ar[q̂A][1 +
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1

] (5)

Similarly, in the simulation with TS : q̂r = q̂A
r + q̂Ā

r and V ar[q̂r] = V ar[q̂A
r ] + V ar[q̂Ā

r ],

where q̂A
r =

MA
1r/r

MA
r /r+M Ā

r
and q̂Ā

r =
M Ā

1r

MA
r /r+M Ā

r
.

The variance of the estimator in region Ā remains unchanged (V ar[q̂Ā
r ] = V ar[q̂Ā]),

whereas the variance in A decreases due to TS by a factor :

F =
V ar[p̂1

A]

V ar[p̂1r
A]
' 1

1
r

+ b1p′1
(6)

where p′1 is the probability that blocking occurs in the region A (P (blocking/A)) and
b1 ≥ 0 is the efficiency factor that could be reduced by an appropriate choice of the event
that starts the retrials (threshold parameter) (see [10] for details). Using Eqns. (4) and
(6), the variance becomes :

V ar[q̂r] = V ar[q̂A][
V ar[q̂A

r ]

V ar[q̂A]
+

V ar[q̂Ā
r ]

V ar[q̂A]
] = V ar[q̂A][

(aA
1r)

2

F.(aA
1 )2

+
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1

] (7)

As aA
1 is independent on the number of retrials, aA

1r = aA
1 . Using Eqns. (5) and (7), the

gain in the variance of the estimator, for the same N , is :

V ar[q̂]

V ar[q̂r]
=

[1 +
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1
]

[ 1
F

+
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1
]

(8)
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Note that V ar[q̂]
V ar[q̂r]

≤ F (equality holds if no blocking occurs out of region A).
However, although Trajectory Splitting decreases the variance, it introduces an addi-

tional number of samples corresponding to the retrials. The ”real” gain of the simulation is
then expressed as the ratio of the variances multiplied by the time spent in the simulation
(expressed in number of samples) :

G =
N

N + (r − 1)Nr

[1 +
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1
]

[ 1
F

+
(aĀ

1 )2KĀ
1 pĀ

1

(aA
1 )2KA

1 pA
1
]

(9)

where N is the number of samples in the crude simulation and Nr is the mean number of
samples in a retrial in region A.

The efficiency of the simulation is then not only dependent on the factor F (determined
by the number of retrials r and the efficiency factor b1), but also depends on the cost of
the simulation in terms of additional samples (r must not have a too large value). A
compromise must then be found between these parameters.

4 Convergence diagnostic

4.1 Background

Dynamic simulations usually start from a static snapshot and are performed for a certain
number of samples N . However, this initial snapshot is rarely distributed according to the
real system distribution and a certain stabilization time is needed before beginning QoS
calculations. Consider for example base station i and a certain related parameter xi (e.g.
the uplink or the downlink load). An initial number of samples Ni must be discarded and
the mean value of xi can be estimated by : µxi

= 1
N−Ni

∑N
n=Ni+1 xi(n). Note that such an

estimation is usually called a Markov Chain Monte Carlo (MCMC) method as samples
are correlated and each sample is calculated using solely the preceding one.

Convergence diagnosis techniques (see [2] for a survey) have been developed to gather
information about this initial convergence. These techniques can be classified into two
main categories: Diagnostics that are based upon one single chain [4][12], or upon out-
puts from several replications of the chain started from points that are depicted from a
preassigned initial distribution [1]. Methods based on parallel chains are not adequate for
mobile network simulations, as they will be very cumbersome and time consuming, and
will lead to a loss of initial samples in each of the parallel chains. On the other hand, most
of the techniques based on one single chain require prior knowledge about the transition
kernel of the Markov chain. A Convergence Diagnostic based on spectral analysis that
relies solely upon the outputs of the sampler was developed in [4]. We will show next how
to apply it to our case.

4.2 Assessing convergence

For each base station i, the sequence xi may be regarded as a time series. To assess
convergence, we apply Geweke’s method [4] that rests on the assumption that the nature
of the MCMC process and the parameter xi imply the existence of a spectral density
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Sxi
(w) that has no discontinuities at the frequency w = 0. The variance of the estimator

µxi
(n) = 1

n

∑n
j=1 xi(j) is then given by

Sxi,n(0)

n
([6] pp. 207-215).

If now the first n1 samples (of mean µxi
(n1)) and the last n2 samples (of mean µxi

(n2))
of the series are taken apart as two different series, with the ratios n1

n
and n2

n
kept fixed

and n1+n2

n
< 1, then using the standard limit theorem and the limiting independence of

µxi
(n1) and µxi

(n2), we have as n →∞ :

µxi
(n1)− µxi

(n2)√
Sxi,n1(0)

n1
+

Sxi,n2 (0)

n2

→ N(0, 1)

The left side of this expression is usually referred to as the Geweke Z-score and is used to
decide about the convergence. Extreme values of this Z-score indicate that the values have
not yet converged. Note that this condition is necessary but not sufficient for convergence;
it however gives an idea about it, and a ”weak diagnostic is better than no diagnostic at
all” [2]. The reliability of this diagnostic increases with the number of performed tests.

Let us note that, to obtain a good convergence diagnostic, one must use a consistent
estimator of the spectral density Ŝ(w) that has no discontinuities at the origin. One
method to do this is to apply a spectral window on the periodogram. We use the Daniell
window which is simply a weighted moving average transformation used to smooth the
periodogram values. This transformation amounts to a simple (equal weight) moving
average transformation of the periodogram values, that is, each spectral density estimate
is computed as the mean of the m/2 preceding and subsequent periodogram values. For
our applications, we take m = p

10
, where p is the length of the studied sequence.

Applying this diagnostic on dynamic simulations, we must assess the convergence of
the parameters (uplink and downlink loads) of the base station of interest, as well as
for surrounding base stations, before beginning the trajectory splitting. The quantity N
in Eqn. (9) must then be equal to the number of samples after discarding the initial
stabilization sequence.

5 Numerical applications

5.1 Assessing the convergence

In our simulations, we consider a large UMTS network with 119 base stations. We ap-
ply Geweke’s convergence diagnostic on the two outputs of the simulation (uplink and
downlink loads) for the different base stations in the following manner :

1. Decompose the sample series into blocks of 50 samples, and calculate the Z-scores
relative to the first block with all other blocks distant of at least 100 samples to ensure
independence.

2. If a high proportion of the values (> 95%) are less than 2, consider that the convergence
has been reached. Otherwise, discard the first block and return to 1.

3. Repeat steps 1 and 2 until convergence of all signals.

After the convergence of the algorithm, one can consider that the initialization bias
in the steady-state estimates is eliminated. Figure 2-a shows the number of samples to
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be discarded before starting parameter estimation and TS. One can see that a majority
of the base stations have signals that converge at once (93 BSs), and 99% of them reach
convergence after 150 iterations.
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Fig. 2. Histogram of the number of initial samples to discard : a) with a properly chosen initial snapshot and b)
in an initially empty network

Note that the length of the stabilization sequence (number of samples to discard)
depends on the initial (static) configuration. The values in Figure 2,a are obtained for
a number of initial mobiles equal to the mean number of mobiles N̄mob supposing that
the number of servers is infinite (no blocking nor dropping). The Little formula gives
then N̄mob =

∑
s

λs

µs
, where λs and µs are, respectively, the mean arrival rate and the

mean departure rate of mobiles of service s. If we begin our simulation with an empty
network, the convergence will be slower. Figure 2,b illustrates this case. For an initial
inadequate configuration, it is also possible that a few base stations (two base stations in
our case) have signals whose convergence is too long. To solve this problem, we decide of
the convergence of the system if a large proportion of the values (say 95%) are convergent.

5.2 Simulation gain with TS

After assessing the convergence and discarding the initial stabilization samples, we sim-
ulate the network and calculate empirically the parameters (ai, Ki, p′i, etc.). We then
calculate the gain when estimating both blocking and dropping rates in a given station
for different values of the number of retrials r. We plot in Figures 3-a and 3-b this gain
according to the number of retrials r, for the blocking and dropping rates, respectively.
Note that r = 1 corresponds to a crude simulation and gives a ratio of 1 (no gain).

Consider first the gain in terms of the ratio of the variances with and without TS
(Eqn. (8)). One can see that this ratio increases significantly, and thus the variance of
the simulation with TS decreases, when r increases. We plot also the ”real” gain in Eqn.
(9) that includes the effect of the additional simulation time introduced by TS. The gains
for both blocking and dropping rates also increase initially with r, due to the decrease
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of the variance. However, the gains start decreasing for large values of r because of the
time increase due to retrials. The impact of decreasing the variance then vanishes. We
find that the optimal value is r = 5 which gives maximal gains equal to 1.43 and 1.47 for
blocking and dropping rates, respectively.

Let us now study the practical case for which we require the standard deviations of
the estimators of both blocking and dropping probabilities to be less than 100 × α% of

their corresponding mean values before stopping the simulation (i.e.,
√

V ar[q̂] < α.E[q̂]

and
√

V ar[d̂] < α.E[d̂], 0 < α < 1). We obtain with TS simulation a dramatic reduction
of simulation time compared to crude simulation. For instance, for α = 0.1 and r = 5, TS
simulation time is less than half the time required in crude simulation (tr = 0.48t).
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Fig. 3. Simulation gain with TS when estimating the blocking and dropping rates in a given station. Plain lines
show the gain in variance, whereas dashed lines illustrate ”real” gain including additional computational cost.

6 Conclusion

In this paper, we proposed a Trajectory Splitting method to accelerate dynamic simu-
lations in mobile networks. This method starts with a Markov Chain Monte Carlo con-
vergence diagnostic that eliminates the bias introduced by the initial configuration. Once
the convergence assessed, the portions of the simulation where the load is above a certain
threshold are repeated several times, thus focusing on configurations of interest for the
operator where the maximal capacity is approached. We derived the variance of the es-
timators for both blocking and dropping probabilities and obtained the simulation gains
of our method compared to classical simulations. We show that the simulation time us-
ing this method is divided by two for the same confidence interval provided that a good
compromise is found to define the number of retrials so that the advantage of reducing
the variance remains preponderant over the additional computational cost. This allows
considerable time savings for the operator during the phases of network planning and
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optimization. As of future work, we aim to consider methods that allow applying TS on
the stations of interest and their most interfering neighbors, without simulating the entire
network.
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