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Abstract. Several previous contributions have proposed calculationmethods that can be used
to calculate the steady state (and from it the blocking probabilities) in CDMA systems. To our
best knowledge, this present work is the first one that extends the classical Kaufman-Roberts
formula such that it becomes applicable in CDMA where elastic services (with state dependent
instantaneous bit rate and average bit rate dependent residency time) are supported. The core of
this method is to approximate the original irreversible Markov chain with a reversible one and
to assign a proper blocking measure to the macro states of thesystem.

1 Introduction

The Kaufman-Roberts formula for a fixed transmission link carrying multi-rate traffic estab-
lishes a recursive relation between the macro states of the system. This formula has been pop-
ular to calculate the steady state of systems with large state spaces, such as the transmission
links of circuit switched and asynchronous transfer mode (ATM) networks [1]. A fundamental
assumption of the Kaufman-Roberts formula is that the system is Markovian and that the so
called local balance equations hold, which is the case in reversible Markov chains.

The works by Stamateloset al. and Ráczet al. extend this formula such that it includes
elastic and adaptive traffic [2], [3]. The core idea in these papers is to construct a reversible
Markov chain that well approximates the non-reversible system that supports elastic traffic.
These papers continue to assume a fixed capacity transmission link.

Along another line, the seminal paper by Altman proposes a Shannon like capacity measure
called the best effort capacity for CDMA networks supporting elastic services. This model and
the calculation method makes use of some assumptions that lead to a reversible system and
the steady state can be determined using product forms. Altman’s calculations use the direct
method for determining the system’s steady state and require a matrix inversion that limits the
applicability to relatively small state spaces [4]. The same is true for the extension of this model
proposed by Fodor and Telek in [5]. The Kaufman-Roberts equation is attractive, because it
does not suffer from the problem of state space explosion of realistic systems. Recognizing
this, Iversenet al.and Mäderet al.builds on the Kaufman-Roberts equation in CDMA, but do
not model elastic traffic [6], [7]. They assume so calledsoft blockingthat leads to a reversible
Markov model and do not face the problem of irreversibility.
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In this paper we consider the uplink of a CDMA network basically as modeled in [4] and [5].
This system is conveniently modeled by a Markov chain. Next,in order to reduce the number
of states and to establish a recursive relationship, we define the system macro states. The macro
states are defined much the same way as in the classical Kaufman-Roberts case, that is, the set of
micro states in which the overall (CDMA) resource consumption is the same. A major difference
compared to the classical case is that the system is (1) irreversible and (2) the macro states are
heterogeneous in the sense that there are macro states that consist of a mixture of blocking
and non-blocking states. As we shall see, this second feature is due to the non-linear relation
between the resource consumption of the elastic sessions and their bit rates. This structure (the
combination of these two features) requires some effort in terms of establishing the balance
equations on which the Kaufman-Roberts recursion can be built. Specifically, we distinguish
non-blocking,partially blockingand fully blocking macro states.

The paper is organized as follows. Section 2 presents our basic model for elastic traffic in
CDMA. In the subsequent section we develop the reversible approximation of this system and
based on this approximation we propose an extension of the Kaufman-Roberts formula. We
conclude the paper in Section 4.

2 CDMA Uplink Equations and State Space Structure

The CDMA uplink model is similar to the single transmission link model in that sessions be-
longing to different service classes share a common resource. In CDMA however, a fast explicit
rate control algorithm allows the system to slow down elastic sessions and thereby reduce the
required power. In this section we extend the classical multi-rate model described in the previ-
ous section and put the CDMA uplink model into a multi-rate context. This model is described
in details in [9], [10] and has also been used in [4] and [5].

2.1 Basic CDMA Equations

We consider a single CDMA cell at which sessions belonging toone ofI service classes arrive
according to a Poisson arrival process of intensityλi. Each class is characterized by a peak
bit-rate requirementRi and anexponentially distributednominal holding time with parameter
µi.

When sending with the peak rateRi for a session, the required target ratio of the received
power from the mobile terminal to the total interference energy at the base station is calculated
as follows:

∆̃i =
Ei

WN0
· Ri, i = 1, . . . , I,

whereEi/N0 is the signal energy per bit divided by the noise spectral density that is required
to meet a predefined QoS (e.g. bit error rate, BER) for class-i sessions; noise includes both
thermal noise and interference. This requiredEi/N0 can be derived from link level simulations
and from measurements.W is the spread spectrum bandwidth.

Just like in the previous section, letni be the number of ongoing sessions of classi. We will
again refer to the vectorn as thestateof the system. We now assume that arriving sessions are
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blocked by a suitable admission control algorithm that prevents the system to reach the state in
which the power that should be received at the base station would go to infinity. In other words,
a suitable admission control algorithm must prevent the system to reach itspole capacity(as
defined by Equation (8.10) of [10] and (5) of [4]).

In order to model this, we use the standard equations (8.3)-(8.12) from [10] as follows. The
powerPi that is received at the base station from the mobile terminalfor class-i session must
fulfill (assuming that the terminal can control the power level for each session separately):

Pi

PN + Yown + Yother − Pi
= ∆̃i; Yown =

I
∑

i=1

niPi and Yother = ϕ ·Yown; i = 1, . . . , I,

(1)

whereYown is the total power received by the base station within its cell (or sector), andYother

is the total power received from other cells (or sector).PN is the background noise power.
Rewriting (1), we get:

Pi

PN + Yown + Yother
= ∆i; ∆i =

∆̃i

1 + ∆̃i

, i = 1, . . . , I. (2)

From (2):

Pi

PN + (1 + ϕ)

I
∑

l=1

nlPl

= ∆i, i = 1, . . . , I. (3)

Multiplying with ni and summing overi:

I
∑

i=1

Pini =

PN

I
∑

i=1

ni∆i

1 − (1 + ϕ)
I
∑

l=1

ni∆i

; Pi =

(

PN + (1 + ϕ)
I
∑

l=1

nlPl

)

·∆i, i = 1, . . . , I. (4)

From (4) and denotingΨ =

I
∑

i=1

ni · ∆i:

Pi =

(

PN + (1 + ϕ) ·
PN · Ψ

1 − (1 + ϕ) · Ψ

)

· ∆i =
PN · ∆i

1 − (1 + ϕ) · Ψ
, i = 1, . . . , I. (5)

2.2 The Impact of Slow Down

Recall that the class-wise required target ratio (∆i) depends on the required bit-rate. Explicit
rate controlled elastic services tolerate a certain slow down of their peak bit-rate (Ri) as long as
the actual instantaneous bit rate remains greater than the minimum requiredRi/âi. When the bit
rate of a class-i session is slowed down toRi/ai (1 ≤ ai ≤ âi), its required∆ai

value becomes:
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∆ai
=

∆̃i

ai + ∆̃i

=
∆i

ai · (1 − ∆i) + ∆i

, i = 1, . . . , I, (6)

which increases the number of sessions that can be admitted into the system, since nowΨa

must be kept below̄Ψ , whereΨa =
∑I

i=1 ni · ∆ai
.

We use the notation∆min,i = ∆âi
to denote the class-wise minimum target ratios (can be

seen as the minimum resource requirement), that is when the session bit-rates of class-i are
slowed down to that class’ minimum value. It is the task of thebandwidth sharing policy to
determine the∆ai

≥ ∆min,i values (and consequently theai ≤ âi class-wise instantaneous
slow down factors) for each state of the system such thatΨa < Ψ̄ . Because of the admission
control assumption, such a resource assignment is always possible in feasible states.

2.3 Determining the System State Space

The maximum number of sessions from each class can be calculated as follows:

nmax,i = ⌊(∆âi
)−1⌋, i = 1, . . . , I.

Recall that in eachn state of the system, the inequality
∑

i ni · ∆ai
< Ψ̄ must hold. The

states that satisfies this inequality are thefeasible statesand constitute the state space of the
system (Θ). The feasible states, in which the acceptance of an additional class-i session would
result in a state outside of the state space are the class-i blocking states. The set of the class-i
blocking states is denoted byΘi. Due to the ”Poisson Arrivals See Time Averages” (PASTA)
property, the sum of the class-i blocking state probabilities gives the (overall) class-i blocking
probability [1].

In each feasible state, it is the task of the bandwidth sharing policy to determine the∆ai
(n) =

fi(n) class-wise target ratios for each class. The functionsfi(·) reflect the fairness criterion that
is implemented in the resource sharing policy and is out of the scope of this paper. From these,
the class-wise slow down factors and the instantaneous bit-rates of the individual sessions can
be calculated as follows:

ai(n) =
∆i · (1 − ∆ai

(n))

∆ai
(n) · (1 − ∆i)

; Rai
(n) = Ri/ai(n) (7)

For ease of presentation, in the rest of the paper we will not indicate the dependence ofai, ∆ai

andRai
on the micro staten.

2.4 An Example of the State Space

Figure 1 depicts an example of the state space. In this example we neglect the other-cell in-
terference (ϕ = 0), that is we consider the overall CDMA resource to be 1 (Ψ̄ = 1), which
corresponds toC = 1 in the classical multi-rate model. There are two traffic classes with peak
resource requirements∆1 = 2∆ and∆2 = ∆ respectively (where∆ = 0.299). Both traffic
classes are elastic and tolerate a slow down of their bit rates to one third of their respective peak
bit rates (i.e.̂a1 = â2 = 3), which corresponds to∆min,1 = 0.3315 and∆min,2 = 0.1245.
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7, 8, 9 :   MACRO STATES in which ALL micro states are Class-1 blocking

6:   MACRO STATE in which SOME micro states are Class-1 blocking
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Fig. 1. An example of a state transition diagram

This system can be in one of the 19 feasible micro states as illustrated in Figure 1. The 9
class-1 blocking micro states are indicated in dotted squares. There are 7 macro states, out of
which macro state 6 (consisting of micro states: (2,1), (1,3) and (0,5)) deserves attention. In this
macro state the overall peak resource consumption is5∆ > Ψ̄ and therefore there is a need for
slowing down some of the sessions. On the other hand, all three micro states are feasible states,
because if all sessions are slowed down to their minimum rates, the resource consumptions
become2∆min,1 +∆min,2 = 0.7875, ∆min,1 +3∆min,2 = 0.705 and5∆min,2 = 0.6225. What is
noteworthy is that micro states (2,1) and (1,3) are class-1 blocking states (micro states (3,1) and
(2,3) are certainly not feasible), but micro state (0,5) is non-blocking, since micro state (1,5) is
part of the state space (∆min,1 + 5∆min,2 = 0.954 < Ψ̄ ).

2.5 Assigning a Blocking Measure to the Macro States

In contrast to the classical Kaufman-Roberts case, a CDMA macro stateΩ(j) may consist
of non-blocking micro states only, a ”mixture” of non-blocking and blocking micro states or
blocking micro states only. In order to define the recursive relationship between macro states,
there is a need to assign a blocking measure to each macro state.

In order to define such a macro state blocking measure, we firstintroduce the following
micro state blocking measure. In each micro staten:

βi(n) =







0 if n is not a class-i blocking state

Π(n) if n is a class-i blocking state.
(8)

Consider now the micro states of the system in which the macrostate isj and|Ω(j)| > 0.
Then:
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– Macro statej is a non-blocking macro state with respect to class-i if |Ωi(j)| = 0. In these
states:βi(j) = 0.

– Macro statej is a fully blocking macro state with respect to class-i if |Ωi(j)| > 0 and
Ωi(j) = Ω(j). That is, all micro states of this macro state are blocking with respect to
class-i. In these states:βi(j) =

∑

Ω(j) Π(n).
– Macro statej is a partially blocking macro state with respect to class-i if |Ωi(j)| > 0 and

Ωi(j) ⊂ Ω(j). In these states:βi(j) =
∑

Ωi(j)
Π(n). Clearly, the calculation ofβi(j) in this

case requires that the blocking micro states within macro statej (that is the setΩi(j)) are
known.

3 Recursive Equation for Elastic Traffic in CDMA

3.1 Constructing the Reversible System

In general the rate controlled system is not reversible, as it was discussed for two specific work
conservingf(·) resource sharing functions in [5]. As a first step, we devise amethod that can
be used to construct a reversible Markov chain for virtuallyall work conserving suchf(·) func-
tions.

Recall that in system staten all class-i sessions are slowed down by a factor ofai(n), which
implies that the class-i session departure (death) rates becomeµi/ai(n). Since the system is not
reversible, the local balance equations in general do not apply:

ni ·
µi

ai(n)
· Π(n) 6= λiΠ(n − ei) ∀i ∈ I. (9)

Similarly to what had been done in [2] and [3], we look for an approximating Markov chain
with the sameΩ state space in the form that is defined by (10).

Φi(n)niµiΠ(n) = λiΠ(n − ei) ∀i ∈ I. (10)

A Markov chain constructed like this is reversible if and only if the values ofΦi(n) for
every state is derived from another positive state dependent variablex(n) as described by the
following equation (see also [1]):

Φi(n) =
x(n−

i )

x(n)
; x(0) = 1. (11)

We select the class dependent functionΦi(n) in such a way that the modified model pos-
sesses the following properties (without further motivating these properties):

– The resource sharing discipline keeps its work conservingproperty, i.e. either all flows get
their respective required peak resource (and are served with their peak rateRi) or the system
is serving at its full capacity.

– Any flow may transfer the same amount of data in staten of the modified Markov chain as
it would do in staten of the original Markov chain.
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Table 1.Comparison of the Original and the Modified Markov Chains

Properties in staten

Original Markov chainReversible Markov Chain

Departure rate µi/ai(n) Φi(n)µi

Traffic demand ∆i/µi δi(n)/(Φi(n)µi)

Used resource ∆ai
δi(n) = Φi(n)∆i

Table 1 compares the properties of the original (irreversible) and the modified (reversible)
Markov chains. The first row corresponds to the holding timesand show that they needed to
be changed to get a reversible Markov chain. The second row shows thetraffic demandof the
flows. We may think of the traffic demand of a class-i session as its peak resource requirement
multiplied by its mean nominal holding time, (that is its mean holding time when served at its
peak rate). This product corresponds to the number of bits that the flow would transfer were it
served at its peak bit-rate. The key observation is that according to the second property and the
reasoning above, these values need to be the same in staten of both Markov chains. The third
raw shows the actual resource consumed by class-i flows in staten, which we may think of as
a ”bandwidth like” quantity in the multi-rate model. Thus, as shown in the last row of Table 1,
the second property determines the resource shares (δi(n)) of the flows in the modified Markov
chain.

We now focus on the work conserving property. This consists of two parts. If the system is
not fully loaded, that isj = n · ∆ ≤ Ψ̄ , then the sum of the bandwidth shares must exactly
match the total amount of resource occupied. This relation is shown in (12). We note here that
this part is handled the same way as it was done in [2] and [3].

I
∑

i=1

ni δi =

I
∑

i=1

ni ∆i Φi(n) = j j ≤ Ψ̄ (12)

Equation (12) implies that whenj ≤ Ψ̄ , thenΦ(n) = 1. On the other hand, when the
resource is over-booked, the bandwidth shares of the flows must sum up to the link capacity.
Equation (13) quantifies this:

I
∑

i=1

ni δi =
I
∑

i=1

ni ∆i Φi(n) = Ψ̄ j > Ψ̄ (13)

Equations (12) and (13) are a system of equations forΦi(n) which assure that the modified
model remains work conserving and describes the system loadwell.

Substituting (11) into (12) and (13) results in (14), which with the condition thatx(0) equals
to 1, determines the values ofx(n) recursively:

x(n) =

∑I
i=1 ni ∆i x(n−

i )

Min(Ψ̄ , j)
. (14)
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3.2 Steady State Analysis

The state space of the reversible Markov chain is identical with that of the original system,
but the state transitions are modified. We can therefore immediately establish the local balance
equations in this modified system (recall the blocking measureβ introduced in Subsection 2.5):

ni∆iΦi(n)Π(n) = ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

. (15)

Subtractingβi(n
−

i ) on the right hand side of this equation reflects that there is no class-i
state transition from state (n−

i ) to staten if the former is a class-i blocking state.
Summing overi, we get for micro statesn in which j ≤ Ψ̄ :

I
∑

i=1

ni∆iΦi(n)Π(n) =
I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

j · Π(n) =

I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

; j ≤ Ψ̄

And for micro states, in whichj > Ψ̄ :
I
∑

i=1

ni∆iΦi(n)Π(n) =

I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

Ψ̄ · Π(n) =
I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

; j > Ψ̄

Summarizing:

Min[j, Ψ̄ ] · Π(n) =
I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

(16)

Summing overΩ(j):

Min[j, Ψ̄ ] ·
∑

n:n·∆=j

Π(n) =
∑

n:n·∆=j

I
∑

i=1

ρi∆i

(

Π(n−

i ) − βi(n
−

i )
)

(17)

Combining (16) and (17) and making use of the macro state blocking measures defined in
Subsection 2.5 leads to our first result.

Theorem 1. Theq(j) macro state probabilities satisfy the following set of recursive equations:

Min[j, Ψ̄ ] · q(j) =
I
∑

i=1

ρi∆i (q(j − ∆i) − βi(j − ∆i)) . (18)

Equation (18) establishes a recursive relationship between macro statesΩ(j) andΩ(j−∆i)
that can be seen as an analogy to the relationship between macro statesΩ(j) andΩ(j − bi)
expressed by the classical Kaufman-Roberts formula. Note that (18) yields the relative (unnor-
malized) macro state probabilities when settingq(0) to some convenient value (typically to 1).
In order to arrive to the macro state probabilities, a normalization is necessary. In order to arrive
at performance measures of interest and specifically the class-wise blocking probabilities, the
issue is to determine theβi(j − ∆i) class-wise blocking measures for each macro state.
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3.3 Revisiting the Example of Subsection 2.4

Macro 
State

Value of 
j 

Micro 
State

Micro state 
probabilities

Macro state 
probabilities

Is it a Class-
1/2 blocking 
micro state ?

�
_1(j)

�
_2(j) q(j-�) q(j-2�)

1 0 1 0,28261 0,28261 NO/NO 0,00000 0,00000 - -

2 � 2 0,17127 0,17127 NO/NO 0,00000 0,00000 q(�) -

3 0,05180 NO/NO
10 0,17100 NO/NO
4 0,01040 NO/NO

11 0,10360 NO/NO
5 0,00190 NO/NO

12 0,03800 NO/NO
16 0,06200 NO/NO
6 0,00034 NO/NO

13 0,01000 YES/NO
17 0,04900 YES/NO
7 0,00006 YES/NO

14 0,00260 YES/NO
18 0,02240 YES/YES
19 0,02240 YES/YES

8 0,00001 YES/NO

15 0,00059 YES/YES

9 �� 9 2,030E-06 2,030E-06 YES/YES 2,030E-06 2,030E-06 q(7�) q(6�)

3 0,22280 0,00000
��

4 0,11400 0,00000

5 0,10190 0,00000

����
6 0,05934 0,05900

7 0,04746 0,04746

	�
�
8 0,00060 0,00060

��
q(0)

q(�)

q(�)

q(2�)

q(3�)

q(2�)

0,04480

0,00059

q(5�)

q(6�)

q(3�)

q(4�)

q(5�)

q(4�)

0,00000

0,00000

0,00000

0,00000

Fig. 2. Micro and macro state probabilities of the system of Figure 1

To illustrate the usefulness of equation (18), we briefly revisit the state space example of
Subsection 2.4. Recall that in this example there are 19 micro states and 9 macro states, where
the macro state values arej = 0, ∆, . . . , 8∆. Figure 2 shows which micro states belong to which
macro states and also the micro and macro state probabilities. The micro state probabilities were
calculated by the direct method described in [5]; the macro state probabilities are simply the sum
of the associated micro state probabilities. We note in Figure 2 that macro state 6 is a partially
blocking Class-1 macro state and macro states 7 and 8 are are partially blocking Class-2 macro
states.

Figure 2 also shows the class-wiseβi(j) values which are simply the sum of the blocking
micro state probabilities within macro statej. Using the terminology introduced in Subsection
2.5, thisβi(j) value is 0 in the case of non-blocking macro states, equals tothe macro state
probability in the case of fully blocking macro states and equals to the sum of blocking micro
states in the case of partially blocking macro states. (See columns 7-8 in Figure 2.)

In this example we have selectedρ1 = ρ2 = ρ and∆1 = 2 ·∆2 = 2 ·∆ and so (18) becomes:

q(j) =
1

Min[j, Ψ̄ ]
·
(

2ρ∆
(

q(j − 2∆) − β1(j − 2∆)
)

+ ρ∆
(

q(j − ∆) − β2(j − ∆)
)

)

(19)

Since Figure 2 lists all the input data that is required at theright hand side of (19), theq(j)’s
can be easily verified for this example.
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4 Conclusions
In this paper we considered a CDMA cell that supports elasticservices. Sessions belonging to
such service classes can dynamically adjust their transferrates depending on the interference
situation in the system. The dynamic adjustment of the session bit rates makes the calculation
of the session-wise blocking probabilities non-trivial, because (1) the session holding times
depend on the received throughput and (2) the CDMA resource consumption and the instan-
taneous bit rate is non linear. In this fairly general setting the paper develops an extension of
the Kaufman-Roberts recursion that has been the de facto standard to calculate the steady state
of fixed multi-rate systems. In order to establish this recursion, we approximated the original
irreversible Markovian system with a reversible one. It turns out that the system macro states
are such that a single macro state may contain both blocking and non-blocking micro states. Be-
cause of this, the issue is to associate appropriate blocking measures with the macro states. We
have shown that if such blocking measures are available thenthe extended Kaufman-Roberts
formula is useful to establish the steady probability distribution of the system. Determining
these blocking measures is left for future work.
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