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Abstract. The arrival curve has been used as a powerful concept for deterministic service
guarantee analysis in communication networks. Since many applications and networks do not
require or provide deterministic service guarantees, stochastic service guarantee analysis is be-
coming increasingly important and has attracted a lot of research attention in recent years. For
this, several probabilistic versions of the arrival curve have been proposed in the literature. They
extend the concept of arrival curve to the stochastic case based on itstraffic amount property.
In this paper, we explore another property, called thevirtual backlog property, of an arrival
curve. Based on the virtual backlog property, we introduce the concept of virtual-backlog-
centric (v.b.c)stochastic arrival curveto facilitate the analysis of stochastic service guarantees.
We prove that a v.b.c stochastic arrival curve has a similar duality as a (deterministic) arrival
curve. With the concept of v.b.c stochastic arrival curve, we derive results for stochastic service
guarantee analysis of systems with the time-varying setting. In addition, we prove that many
well-known types of traffic can be readily represented using v.b.c stochastic arrival curves.
Keywords: Traffic model, Stochastic arrival curve, Quality of service (QoS), Stochastic service
guarantees, Stochastic network calculus, Time-varying server

1 Introduction

The increasing demand on transmitting multimedia and other real time traffic over the Internet
has motivated the study of providing quality of service (QoS) guarantees in the Internet. For
this study, many traffic models have been proposed, which can be put into two categories: de-
terministic traffic models and stochastic traffic models. The(σ, ρ) or token bucket constrained
traffic model is perhaps the most widely studied deterministic one due to the seminar work of
Cruz [1]. The(σ, ρ) model has been generalized to the concept ofarrival envelopeor arrival
curvefor deterministic service guarantee analysis [2][3].

Because deterministic service guarantee can result in (possibly very) low network resource
utilization and because many applications and networks do not require or provide deterministic
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service guarantees, stochastic service guarantee has emerged as a promising candidate for sup-
porting QoS in the Internet. For studying stochastic service guarantee, one crucial issue is traffic
modeling. In the past few years, researchers have proposed several stochastic traffic models that
extend the deterministic(σ, ρ) and arrival curve models to the stochastic case. These stochastic
traffic models perform the extension based on a same property of the(σ, ρ) or arrival curve
model, which, referred to as thetraffic amount property, is that the amount of traffic generated
by a flow during any time interval is upper-bounded. While the extension of the(σ, ρ) model
and arrival curve model to the stochastic case based on this property is intuitively simple, re-
cent study has revealed that the applicability of using these resulting stochastic traffic models
to stochastic service guarantee analysis is limited. In [4] [5], some restriction is enforced on the
proposed stochastic traffic model itself to ensure that the resulting one can be used for deriving
stochastic service guarantees. In [6], the problem of using its proposed stochastic traffic model
to analyze stochastic service guarantees is highlighted. Although an approach is proposed in [6]
to fix the problem, the consequence is that many results of its counterpart deterministic traffic
model are no more available.

In this paper, we first explore another property of the(σ, ρ) model, which, referred to as the
virtual backlog property, is that the queue length of a virtual single server queue (SSQ) fed with
the same flow is upper-bounded. In the literature, it has been proved that the virtual backlog
property is equivalent to the traffic amount property of the(σ, ρ) model. In the paper, we further
prove that the arrival curve has the same duality principle. Based on these, we extend the deter-
ministic arrival curve model to a new stochastic traffic model, called thevirtual-backlog-centric
(v.b.c) stochastic arrival curve, which uses the queue length distribution of a virtual SSQ to
characterize the traffic of a flow. With the proposed v.b.c stochastic arrival curve model, we
analyze stochastic service guarantees provided by a dynamic time-varying server. The analy-
sis is also extended to a network scenario where the end-to-end stochastic service guarantees
provided to a flow are investigated. These analyses make valuable contribution to network cal-
culus, because, although deterministic service guarantee analysis has been conducted for the
time-varying setting [7], no result has been available for stochastic service guarantee analysis
under the time-varying setting. Finally, we present a stochastic ordering monotonicity property
of the v.b.c stochastic arrival curve, with which, we show that many well-known traffic models
can be readily represented using the v.b.c stochastic arrival curve.

The rest is organized as follows. In the next section, the network model and some back-
ground are introduced. In Section 3, the duality principle of an arrival curve is explored. Based
on its virtual backlog property, we extend the concept of arrival curve to the stochastic case
and define the v.b.c stochastic arrival curve model. In addition, a similar duality principle of a
stochastic arrival curve is studied. In Section 4, with the v.b.c stochastic arrival curve, results
for stochastic service guarantee analysis under the time-varying setting are derived. In Section
5, we prove the monotonicity property for the v.b.c arrival curve and show that various existing
traffic models belong to the proposed model. Finally in Section 6, concluding remarks are given.

2 Network Model and Background

2.1 Network Model

We consider a discrete time model with the slots enumerated0, 1, 2, . . .. The traffic of a flow
is represented byA(t) defined as the amount of traffic generated by the flow in time interval
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(0, t]. By convention, we letA(0) = 0, and by definitionA(t) is wide-sense increasing. We use
A(s, t) to denote the amount of traffic generated by the flow in time interval(s, t] or A(s, t) =
A(t) − A(s) wheres ≤ t. Particularly, we leta(t) = A(t) − A(t − 1) be the amount of traffic
arrived at timet with a(0) = 0.

When we consider the input and output of a network node, we useA to represent the input
andA∗ the output. Wherever necessary, we use subscripts to distinguish between different flows,
and use superscripts to distinguish between different network nodes. Specifically,An

i andAn∗
i

represent the input and output of flowi from noden respectively.
We assume that each network node is a dynamicF−server [7] to the traffic class a targeted

flow belongs to. The dynamicF−server extends the concept of service curve in [3] to the
time-varying setting with a bivariate service curveβ(·, ·), whereβ(s, t) denotes the cumulative
capacity in the interval(s, t] with β(s, s) = 0 for all s ≥ 0 by convention. Many scheduling
disciplines have been proved to provide service curve guarantee and belong toF−server (e.g.
[8]). Formally, dynamicF−server is defined as [7]:

Definition 1. A server is said to be dynamicF−server providing service curveβ ∈ F to a flow
A, iff for all t ≥ 0, its outputA∗ satisfies

A∗(t) ≥ min
0≤s≤t

{A(0, s) + β(s, t)}. (1)

Here,F denotes the family of bivariate functionsF = {F (·, ·) : F (s, t) ≥ 0, F (s, t) ≤
F (s, t + 1), for all 0 ≤ s ≤ t}. It is clear that for anyA(·, ·) andβ(·, ·) in F , A(s, t) andβ(s, t)
are nonnegative and nondecreasing int.

The paper uses the convolution operation defined under the (min, +) algebra formulation
[3] and its extension to the time-varying setting [7]. The convolution operation is defined as
follows: (i) For any two bivariate functionsf andh, their convolution, denoted byf ⊗ h, is

f ⊗ h(s, t) = mins≤τ≤t{f(s, τ ) + h(τ, t)},

and (ii) if f andh are univariate functions, their convolution is defined as

f ⊗ h(x) = min0≤y≤x{f(y) + h(x − y)}.

With the convolution operation, (1) can be rewritten as

A∗(t) ≥ A ⊗ β(0, t) ≡ min
0≤s≤t

{A(0, s) + β(s, t)}.

In addition, many properties of the convolution operation⊗ have been proved (e.g. see [3][7]),
which include (i) Associativity: For any functionsf , g, andh in F , (f ⊗ g)⊗ h = f ⊗ (g ⊗ h);
(ii) Commutativity: For any functionsf andh in F , f ⊗ h = h ⊗ f . In addition, it has been
proved (e.g. [9]) that for anyn random variablesWi, i = 1, 2, . . . , n, if P{Wi > x} ≤ fi(x) for
anyx ≥ 0, then

P{
n∑

i=1

Wi > x} ≤
n⊗

i=1

fi(x), (2)

where
⊗n

i=1 fi(x) ≡ f1 ⊗ f2 ⊗ · · · ⊗ fn(x).
For performance guarantee analysis, we shall focus on backlog and delay defined as [2] [3]:

– The backlogB(t) of the flow at timet in the system isB(t) = A(t)− A∗(t);
– The delayD(t) of the flow at timet in the system isD(t) = inf{d ≥ 0|A(t− d) ≤ A∗(t)}.
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2.2 Background on Traffic Modeling for Stochastic Service Guarantee Analysis

For deterministic service guarantee analysis, the(σ, ρ) model used in [1] is perhaps the most
well-known one and has been generalized to the concept ofarrival curve(also called envelope
in other literatures, e.g. [7]) as follows [3]:

Definition 2. A flow is said to have an arrival curveα(∈ F) iff for all 0 ≤ s ≤ t, there holds

A(s, t) ≤ α(s, t). (3)

By letting α(s, t) = σ + ρ(t − s) in (3), the arrival curve model is reduced to the(σ, ρ)
model. Based on the concept of arrival curve and the concept of service curve, many results
have been derived, which establish a deterministic network calculus for analyzing deterministic
service guarantees in communication networks [1][2][3].

Intuitively, the arrival curve defines that the amount of traffic generated by a flow in any
time interval(s, t] is upper-bounded byα(s, t). Thistraffic amount propertyof the arrival curve
model can be utilized to find its stochastic counterpart. Particularly, based on the traffic amount
intuition, we have the following stochastic traffic model:

Definition 3. A flow is said to have atraffic-amount-centric (t.a.c) stochastic arrival curveα
with bounding functionf , denoted byA ∼ta 〈f, α〉, iff for all 0 ≤ s ≤ t and all x ≥ 0, there
holds

P{A(s, t)− α(s, t) > x} ≤ f(x), (4)

wheref(x) is a nonincreasing function ofx andf(x) ≥ 0 for all x ≥ 0.

It is easy to verify that the arrival curve is a special case of Definition 3, in whichf(x) = 0
for x ≥ σ andf(x) = 1 for all x < σ. In addition, while many stochastic traffic models have
been proposed in the literature for stochastic service guarantee analysis, most of them can be
considered as special cases of Definition 3 as demonstrated below.

In [10], a stochastic traffic model, called exponentially bounded burstiness (EBB), is pro-
posed, which is later extended in [4] to the stochastically bounded burstiness (SBB) model.
Both EBB and SBB are special cases of Definition 3. Particularly, setting in Definition 3
α(s, t) = ρ(t − s) andf(x) = ae−bx wherea andb are two nonnegative parameters, it reduces
to EBB. Setting in Definition 3α(s, t) = ρ(t−s) and lettingf(x) be a function satisfying some
constraint, it reduces to SBB. The constraint onf(x) in SBB is f ∈ G, whereG denotes the
function class which contains all the functions defined on[0,∞] with the following properties:
(i) Any f ∈ G is nonnegative and nonincreasing; (ii) Forf ∈ G, letting f (n)(x) be then-fold
integration of functionf(x), e.g.f (1)(x) =

∫∞
x f(u)du, thenf (n) ∈ G for any ordern ≥ 0.

In [6], a stochastic traffic model, called effective envelope, has been used to study stochastic
service guarantees, which also is a special case of the model defined in Definition 3. Specifically,
lettingx = 0 andf(0) = ε in (4), Definition 3 reduces to the effective envelope model.

While promising and intuitively simple, the stochastic traffic model introduced by Definition
3 has the same problems as SBB and effective envelope. First, to represent both input traffic and
output traffic of a FIFO node using the same traffic model defined in Definition 3, the bounding
function has to be restricted toG as SBB. However, it can be easily verified that many types
of traffic do not satisfy this requirement. One example is theα-stable type traffic. Second, with
f ∈ F for the input, the backlog and output of the FIFO server are dependent not only on the
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input’s bounding functionf(x) but also onf (1)(x). Hence, if the traffic model in Definition 3 is
used for the network case, the network delay and backlog can be a function off (n)(x) wheren
is the number of nodes along the path of a flow. Whenn increases,f (n)(x) can become too large
to be meaningful [11]. Since FIFO is the simplest scheduler for implementing a network node,
we hence believe it is difficult to apply the stochastic traffic model defined in Definition 3 to
perform stochastic service guarantee analysis. In fact, this difficulty has also been highlighted
in [6] to explain why stochastic network calculus is hard to develop.

3 Stochastic Arrival Curve

The purpose of this section is to propose a new stochastic traffic model for stochastic ser-
vice guarantee analysis. This model, called thevirtual-backlog-centric (v.b.c) stochastic arrival
curve, is also an extension and generalization of the arrival curve. While the extension of the
arrival curve to the model in Definition 3 is based on its traffic amount property, the extension
to the v.b.c stochastic arrival curve is based on itsvirtual backlogproperty introduced below.

3.1 Duality Principle of an Arrival Curve

For flow A, we define functionW (t;α) as follows:

W (t;α) = max
0≤s≤t

{A(s, t)− α(s, t)}. (5)

A useful interpretation ofW (t;α) is as follows. Let us consider a virtual single server queue
(SSQ) system fed with the flow. The SSQ has infinite buffer space and is initially empty. Sup-
pose the virtual SSQ is a dynamicF−server providing service curveα to the flow and specifi-
cally A∗(t) = A ⊗ α(0, t) for all t ≥ 0. Then it is clear that the unfinished work or backlog in
the SSQ system at timet is W (t) = A(t) − A∗(t) = W (t;α). We call this thevirtual backlog
property ofα. Formally, forA(t) andW (t;α), we have the following result:

Theorem 1. ∀x ≥ 0, A(s, t) ≤ α(s, t) + x for all 0 ≤ s ≤ t, if and only ifW (t;α) ≤ x for all
t ≥ 0.

Theorem 1 reveals that thetraffic amount propertyof an arrival curve, represented by the
first part, is equivalent to itsvirtual backlog propertyrepresented by the second part. Or, if the
former holds, so does the latter and vice versus. We hence call Theorem 1 theduality principle
of an arrival curve. Settingα(t − s) = ρ(t − s) andx = σ in Theorem 1, we can see that the
(σ, ρ) model also has the duality principle, which is consistent with literature results (e.g. [1]).

3.2 Definition and Duality Principle of a Stochastic Arrival Curve

Similar to the extension of the arrival curve to the stochastic case based on the traffic amount
property, we now present another way to generalize the arrival curve model. Our generalization
is based on its virtual backlog property, i.e.W (t;α) ≤ x.

Definition 4. A flow is said to have avirtual-backlog-centric (v.b.c) stochastic arrival curveα
with bounding functionf , denoted byA(t) ∼vb 〈f, α〉, iff for all t ≥ 0 and all x ≥ 0, there
holds

P{max
0≤s≤t

{A(s, t)− α(s, t)} > x} ≤ f(x), (6)

wheref is a nonincreasing function andf(x) ≥ 0 for all x ≥ 0.
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To distinguish between the two stochastic traffic models defined by Definitions 3 and 4,
whenever necessary, we shall call the former thet.a.c stochastic arrival curveand the latter the
v.b.c stochastic arrival curve. Otherwise, we shall simply use the stochastic arrival curve for the
model defined by Definition 4.

We now present a similar duality principle for the v.b.c stochastic arrival curve model as that
for the (deterministic) arrival curve model. Due to space limitation, the proof is omitted and can
be found in [12].

Theorem 2. Supposea(t), (t = 1, 2, . . .), are independent random variables and suppose
α(·, ·) is additive, i.e.,α(s, τ ) + α(τ, t) = α(s, t) for any 0 ≤ s ≤ τ ≤ t. Then,A(s, t) −
α(s, t) ≤st σ for all 0 ≤ s ≤ t, if and only ifmax0≤s≤t{A(s, t)− α(s, t)} ≤st σ for all t ≥ 0,
whereσ is some nonnegative random variable.

In Theorem 2,≤st denotes stochastic ordering between two random variables. Specifically,
random variableX is said to be stochastically smaller than random variableY , denoted by
X ≤st Y , if for any x, P{X > x} ≤ P{Y > x} [13].

Also in Theorem 2, by lettingP{σ > x} ≤ f(x) for the random variableσ, the first part,
i.e. A(s, t) − α(s, t) ≤st σ, implies the definition of the t.a.c stochastic arrival curve, and the
second part, i.e.max0≤s≤t{A(s, t)−α(s, t)} ≤st σ, implies the definition of the v.b.c stochastic
arrival curve.

Comparing Theorem 1 with Theorem 2, we can see that the former is more general than
the latter in the sense that less restriction or assumption is needed for establishing the duality
principle for the arrival curve model. In addition, while Theorem 1 shows that the traffic amount
property of an arrival curve is equivalent to its virtual backlog property, the duality principle of a
stochastic arrival curve holds only in the context of stochastic ordering and with some additional
requirements onA(t) andα.

Although the requirements for Theorem 2 seem to be reasonable for edge nodes in a com-
munication network, they can hardly be met inside the network. Because of this, we estab-
lish the following more general duality principle for the stochastic arrival curve model. Its
first part follows trivially since for all0 ≤ s ≤ t, we always haveA(t − s, t) − α(s, t) ≤
max0≤s≤t{A(s, t) − α(s, t)}; for the second part, the proof follows the same approach as for
Theorem 3. ii) in [4] and that for Theorem 2.ii) in [11].

Theorem 3. (i) If A(t) ∼vb 〈f, α〉, thenA(t) ∼ta 〈f, α〉. (ii) Conversely, ifA(t) ∼ta 〈f, α〉
andf ∈ G, thenA(t) ∼vb 〈g, α′〉 whereα′ = α + ε, ε is any positive real value, andg(x) =
f(x) + 1

ε
f (1)(x).

4 Stochastic Service Guarantee Analysis

In this section, we present results for stochastic service guarantee analysis under the dynamic
time-varying setting based on the concept of v.b.c stochastic arrival curve. Their proofs and a
numerical example demonstrating the use of these results can be found in [12].

We first show that the superposition of flows with v.b.c stochastic arrival curves results in
an aggregate flow with another v.b.c stochastic arrival curve.

Theorem 4. (Superposition)ConsiderI flows with arrival processesAi(t), i = 1, . . . , I, re-
spectively. IfAi ∼vb 〈fi, αi〉 for i = 1, . . . , I, then the aggregateA(t) of theI flows has a v.b.c
stochastic arrival curveA ∼vb 〈

⊗I
i=1 fi,

∑I
i=1 αi〉.
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We next show that the output of a v.b.c stochastic arrival curve flow from a dynamic time-
varyingF -server has another v.b.c stochastic arrival curve.

Theorem 5. (Output) Consider a flowA(t) passing through a dynamicF−server that pro-
vides service curveβ to the flow. IfA ∼vb 〈f, α〉, then the output hasA∗ ∼vb 〈g, α〉, where

g(x) = f(x − max
t−s≥0

{α(s, t)− β(s, t)}).

We now present results for stochastic backlog and delay guarantees by a dynamicF−server.

Theorem 6. (Backlog)Consider a flowA(t) passing through a dynamicF−server that pro-
vides service curveβ to the flow. IfA ∼vb 〈f, α〉, then the backlogB(t) of the flow in the server
satisfies, for allt ≥ 0 and allx ≥ 0,

P{B(t) > x} ≤ f(x − max
t−s≥0

{α(s, t)− β(s, t)}).

Theorem 7. (Delay)Consider a flowA(t) passing through a dynamicF−server that provides
service curveβ to the flow. IfA ∼vb 〈f, α〉, then the delayD(t) of the flow in the server satisfies
for all t ≥ 0 and allx ≥ 0,

P{D(t) > x} ≤ f( min
t−s≥0

{β(s, t + x) − α(s, t)}).

Theorems 5 to 7 can be extended to the network case. Particularly, with the concatena-
tion property of dynamicF−server [7], it is straightforward to extend these results to network
scenarios where each network element is a dynamicF−server to the considered flow and the
network can be treated as anF−server to the flow. In addition, if the stochastic backlog and
delay guarantees of the flow at each network element are known, the following results can be
used to obtain network backlog and network delay, which follow easily from (2) .

Corollary 1. (Network Backlog) Consider a flowA(t) passing through a network withN
nodes on its path. Suppose each noden guarantees to the flow that its backlog satisfiesP{Bn(t) >
x} ≤ gn(x) for all t ≥ 0 and all x ≥ 0. Then, the total backlogB(t) of the flow in the network
satisfies, for allt ≥ 0 and allx ≥ 0, P{B(t) > x} ≤ ⊗N

n=1 gn(x).

Corollary 2. (Network Delay) Consider a flowA(t) passing through a network withN nodes
on its path. Suppose each noden guarantees to the flow that its delay satisfiesP{Dn(t) > x} ≤
hn(x) for all t ≥ 0 and allx ≥ 0. Then, the total delayD(t) of the flow in the network satisfies,
for all t ≥ 0 and allx ≥ 0, P{D(t) > x} ≤⊗N

n=1 hn(x).

5 Traffic with Stochastic Arrival Curve

Having introduced the definition and some basic results for the v.b.c stochastic arrival curve,
we now present its stochastic ordering monotonicity property, with which we further show that
many well-known types of traffic can be represented using the v.b.c stochastic arrival curve.

In (5), we have denotedW (t;α) ≡ max0≤s≤t{A(s, t) − α(s, t)}. We have also discussed
thatW (t;α) or max0≤s≤t{A(s, t)−α(s, t)} can be interpreted as the queue backlog in a virtual
system with service curveα, fed with trafficA. We hence expectmax0≤s≤t{A(s, t)− α(s, t)}
to have similar properties of queue length as aG/G/1 system [13]. Particularly, we have the
following stochastic ordering monotonicity for the v.b.c stochastic arrival curve:
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Theorem 8. (Monotonicity) Supposea(t) is stationary and ergodic. Then, ifE{a(1)} < r for
somer > 0, we have for allt ≥ 0 andx ≥ 0,

W (t; r) ≤st W (t + 1; r) ≤st · · · ≤st W (∞; r), (7)

whereW (∞; r) denotes the steady state ofW (t; r) ≡ max0≤s≤t{A(s, t)− r(t− s)} ast → ∞.

In Theorem 8 and the rest of the paper, we assumeα(s, t) is additive and has the form of
α(s, t) = r(t−s). We shall see that many types of traffic have this form. In such cases, Theorem
8 tells that if the traffic of a flow is stationary and ergodic,P (W (t; r) > x) at any timet(≥ 0)
is always upper-bounded by the steady-state queue length distribution, i.e.P{W (∞; r) > x},
in a virtual SSQ system. The SSQ system has constant service rater and the same traffic input.
It also implies that if the steady-state queue length distribution in a SSQ is known for a certain
type of traffic, then, with Theorem 8 and the definition of the stochastic arrival curve, it is clear
that this type of traffic has a v.b.c stochastic arrival curve〈P{W (∞; r) > x}, rt〉.

In the literature, many well-known or widely studied traffic models assume stationary and
ergodic arrival process. Consequently, for such types of traffic, Theorem 8 provides an approach
to find their stochastic arrival curve representations.

We begin with Poisson traffic. Suppose each packet of a flow has the same normalized size
and packet arrivals of the flow follow a Poisson process with mean arrival rateλ. Then, based on
M/D/1 analysis (e.g. [14]), the flow has a v.b.c stochastic arrival curveA(t) ∼vb 〈fPoisson , rt〉
for anyr > λ, where

fPoisson(x) = 1 − (1 − λ

r
)

x∑

m=0


(λ(m−x)

r
)m

m!
e−

λ(m−x)
r


 . (8)

We next consider Gaussian arrival process. Letr̂t and v̂(t) respectively be the mean and
variance of the Gaussian arrival processA(t). Then, available simulation and analytical results
in the literature [15] [16] suggest that for allr > r̂, exp

(
−inf s≥0

(x+(r−r̂)s)2

2v̂(s)

)
, is an upper

bound onP{W (t; r) > x}. Hence, for this type of traffic, it has a v.b.c stochastic arrival curve
A(t) ∼vb 〈fGaussian, rt〉 with

fGaussian(x) = exp

(
−(x + (r − r̂)s)2

2v̂∗

)
, (9)

wherev̂∗ ≡ v̂(s∗) ands∗ is chosen such that(x+(r−r̂)s)2

2v̂(s)
reaches its minimum ats∗.

In [17] [2], a stochastic traffic model(σ(θ), ρ(θ)), calledθ-MER (minimum envelope rate
with respect toθ), is proposed for studying stationary and ergodic traffic. It is shown in [17] and
[2] that many types of traffic can be represented using this(σ(θ), ρ(θ)) model, which include
exponential On-Off, Markov Modulated Process (MMP) and effective bandwidth. Specifically,
a flow is said to be(σ(θ), ρ(θ))-upper constrained for someθ(> 0), if for all 0 ≤ s ≤ t,
1
θ
log Eeθ(A(t)−A(s)) ≤ ρ(θ)(t− s)+σ(θ). From Lemma 3.7 in [17], it is known that ifρ(θ) < r,

then for allt, P{W (t; r) > x} ≤ β(θ)e−θx. Hence, if a flow is(σ(θ), ρ(θ))-constrained, then it
has a v.b.c stochastic service curveA(t) ∼vb 〈fMER, rt〉 with all r > ρ(θ) and

fMER(x) = β(θ)e−θx. (10)

whereβ(θ) = eθσ(θ)(1− eθ(ρ(θ)−r))−1. An immediate implication of this is thatexponential On-
Off, Markov Modulated Process (MMP)andeffective bandwidthtypes of traffic can be readily
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represented using the v.b.c stochastic arrival curve model and their corresponding bounding
functions can be found from [17] [2].

For traffic modeled by Definition 3, if its arrivals are independent of each other, Theorem 2
implies that it has a stochastic arrival curveA(t) ∼vb 〈fSAC1, rt〉, with

fSAC1(x) = f(x). (11)

If, however,a(t), (t = 1, 2, . . . , ), are possibly dependent, then, from Theorem 3,P{W (t; r′) >
x} ≤ f(x)+ 1

ε
f (1)(x) for r′ > r. In other words, iff (1)(x) exists, the traffic has a v.b.c stochastic

arrival curveA(t) ∼vb 〈fSAC2, r′t〉, with r′ = r + ε, and

fSAC2(x) = f(x) +
1

ε
f (1)(x), (12)

for any ε > 0. A traffic model satisfying (12) is Weibull Bounded (WB) model that has com-
monly been used to characterize the long range dependent (LRD) behavior of traffic [18].

It is worth highlighting that traffic models reviewed above have bounding functions with
exponential forms and/or belonging to the function setG for which, anyf ∈ G implies its
n−fold integrationf (n) also belongs toG. However, some traffic models may not have bounding
functions inG. One example is theα−stable traffic model [19][20].

Theα−stable is a traffic model characterizing the self-similar behavior of traffic [19][20].
The model is defined by four parameters:(α,H, c1, c2). In [19], it is shown that the queue length

of a constant rate server fed withα−stable traffic satisfiesP{W (t; r) > x} ≤ Cα

(
r−m
c1

)−α
,

wherer denotes the rate of the server, andCα andm are parameters determined from(α,H, c1, c2).
Clearly, suchα−stable traffic can also be modeled using a v.b.c stochastic arrival curve with
A(t) ∼vb 〈fAlpha, rt〉 where

fAlpha(x) = Cα

(
r − m

c1

)−α

. (13)

The probabilistic burstiness curve (PBC) concept [21] uses a stationary random process to
model real-time multimedia traffic. Particularly, it uses the steady-state queue distribution of a
constant rate server fed with a flow to represent the traffic of the flow:P{q ≥ x|r}, wherer is
the service rate of the server and the random variableq denotes the steady-state queue length.
Comparing PBC with the definition of stochastic arrival curve, it follows from Lemma 8 that
PBC is a special case of the latter. In other words, if a flow has a PBCP{q ≥ x|r}, it also has
a v.b.c stochastic arrival curveA(t) ∼vb 〈fPBC , rt〉 where

fPBC(x) = P{q ≥ x|r}. (14)

6 Conclusion

We explored the duality principle of an arrival curve. Based on its virtual backlog property, we
proposed a new model for characterizing stochastic traffic, which is called thev.b.c stochastic
arrival curve. This v.b.c stochastic arrival curve generalizes the concept of gSBB (generalized
stochastically bounded burstiness) we proposed in [11]. Importantly, we have investigated the
duality principle of a stochastic arrival curve. In addition, based on the v.b.c stochastic arrival
curve, results have been derived for analyzing stochastic service guarantees in systems with a
time-varying service setting. Furthermore, we have proved the stochastic ordering monotonicity
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property of the v.b.c stochastic arrival curve. With this property, we have shown that many well-
known types of traffic can be readily modeled with the v.b.c stochastic arrival curve.

While the t.a.c stochastic arrival curve has also been used for stochastic service guarantee
analysis, further research is needed to find the t.a.c stochastic arrival curve of a flow. Addition-
ally and importantly, when applied to deriving stochastic service guarantees, a t.a.c stochastic
arrival curve needs to be either implicitly or explicitly converted to a v.b.c stochastic arrival
curve. This implies that the v.b.c stochastic arrival curve model might be a good candidate for
stochastic traffic modeling and for stochastic service guarantee analysis. We note that while
time-varying, the studiedF−server is not random [7]. If the service of a server is random, fur-
ther analysis is needed. Along this line, we have derived some results in recent works [22][23],
which are also based on gSBB or the generalized v.b.c stochastic arrival curve.
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