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Abstract. The time varying nature of the Internet will introduce uncertainties into the
network described by a TCP model. A TCP-AQM (Active Queue Management) system
can be optimized if the controller is designed to minimize an H∞ norm of a certain error
when the uncertainties are within some given ranges.
Let kp represent the proportional gain and ki represent the integral gain of the PI-
Controller. We found that for any values of (kp, ki), the PI-Controller for AQM cannot
achieve robust stability under certain conditions. Let W2 represent a bound of the mul-
tiplicative plant uncertainty and T (s) represent the complementary sensitivity function
of the system, while ‖ · ‖∞ represents the H∞ norm. We also found that when (kp, ki)
is within a certain region, ‖W2(s)T (s)‖∞ is a constant equaling the minimum value, and
the controller will have the identical ability subject to the uncertainty. Simulation results
are also presented to demonstrate the consistency with the theoretical analysis.
Keywords: Active Queue Management, PI-Control, H∞ Optimization

1 Introduction

In recent years, congestion control for TCP networks has been widely studied, but it is
still an active research area because of its growing importance with the rapid development
of the Internet. Congestion control in the Internet consists of two main components: the
TCP Additive-Increase Multiplicative-Decrease (AIMD) mechanism on sending windows
implemented by the end-users, and the AQM scheme implemented in the routers which
improves the effectiveness of congestion control. The IETF (Internet Engineering Task
Force) recommended the deployment of RED for congestion control some years ago [2].
Analysis on the robust stability of TCP-AQM network is always important.

With the fast development of control theory, many control analytical and synthetical
methods have been proposed. Reportedly, more than 95% of industrial processes today are
still controlled by PID-Controllers [3]. This fact demonstrates that the simple PID-control
strategy has great potential in meeting various specifications of the Internet.
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There have been several AQMs based on PID-Controllers. Hollot et al. employed a
linearized model to analyze the stability of RED [9], and they proposed two types of con-
trollers, the Proportional (P) Controller and the Proportional-Integral (PI) Controller, to
improve the stability as well as the performance of RED [10]. A new AQM proposal using
the Proportional-Derivative (PD) Controller has been proposed by Sun et al. recently
[11]. Simulation results indicate that the PD-Controller is powerful and robust enough to
maintain the queue length around a given target value under different network conditions.
In [4], two AQM schemes based on PID-Controllers were suggested which are applied to
practical network scenarios using the Ziegler-Nichols guidelines for tuning the controller
gains.

PID-Controllers for AQM have been proved to have good performance under certain
network conditions. However, the PID-Controllers must be elaborately tuned, since the
parameters have great influences on the stability and the performance of the system. Fur-
thermore, in the presence of uncertainties, both the degradation of performance and the
destabilization might appear. The network conditions, such as the round-trip time, num-
ber of active connections, and available capacity of links, vary frequently. Uncertainties
thus will be introduced into the model of the TCP process. Hence, this important issue
has to be addressed.

To the best of our knowledge, there is no existing work specifically addressing the
problem of uncertainty when PID-Controllers for AQM are employed. Moreover, most of
the proposed PID-Controllers for AQMs are validated for the robustness and stability via
simulations instead of theoretical analysis.

In this paper, we present some quantitative results on the stability of the PI-Controlled
AQM using the H∞ control theory. The contributions of this paper are two-fold. Firstly,
we show that the TCP/AQM system can be optimized if the controller is designed to
minimize an H∞ norm of a certain error when the uncertainties are within some given
ranges. Secondly, we find that when (kp, ki) are within a certain region, ‖W2(s)T (s)‖∞
is a constant equaling the minimum value, and the controller has the identical ability
subject to uncertainties. Simulations will be employed to demonstrate our conclusions,
and prove that under stable conditions, the PI-Controlled AQM is able to maintain the
queue length around the given target value when there are uncertainties in traffic load
and round-trip propagation delay.

The rest of the paper is organized as follows. Section 2 introduces a model of the TCP
AIMD mechanism and a weighting function for this model. Section 3 provides detailed
introduction of the PI-Controller for AQM. Section 4 provides H∞ optimization of the PI-
Controller for AQM. Section 5 provides simulation results to demonstrate the theoretical
analysis. Finally, some conclusions are presented in Section 6.

2 Mathematical Models of TCP Behavior and Its Weighting
Function

A set of stochastic differential equations for TCP-AQM flow dynamics was developed
in [5] without the consideration of slow start and timeout mechanisms. The dominant
AIMD congestion avoidance mechanism was modeled. In this mechanism, the congestion
window (W (t)) increases by one per RTT (R(t)) if no packet loss is detected, otherwise
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the congestion window halves. TCP congestion control algorithm treats the receipt of the
third duplicate acknowledgement as a packet loss signal. Based on this model, we have
the following relations:

Ẇ (t) =
1

R(t)
− W (t)W (t−R(t))

2R(t−R(t))
p(t−R(t)), (1)

q̇(t) =
W (t)

R(t)
N(t)− C, (2)

where q(t) is the queue length in the router; C is the transmission capacity; R(t) is the
sum of queuing delay and propagation delay, namely, R(t) = q(t)/C+Tp; p(t) is the packet
drop probability; Ẇ (t) and q̇(t) denote the time-derivatives of W (t) and q(t), respectively.
The router receives N(t) homogeneous TCP flows.

After assuming N(t) ≡ N and R(t) ≡ R as constants and linearizing Equation (1)
around the operating point [9], [10], we obtain the following TCP model in s domain [9]:

G(s) =
−R3C3

4N2

(R2C
2N

s + 1)(Rs + 1)
e−sR. (3)

There is a time delay between the control signal (packet drop probability) and the
response of the queue length to this control signal. This can be seen from Equation (3)
that the time delay is approximated by one RTT. Approximate the time delay of the TCP
model of Equation (3) using Pade Approximation [6] yields

e−sR =
1− 1

2
Rs

1 + 1
2
Rs

. (4)

Assume that the parameters have known nominal values, (Nd, Cd, Rd), and that we
know the following bounds, (∆N, ∆C, ∆R), for their uncertainties:





|Nd −N | ≤ ∆N,
|Cd − C| ≤ ∆C,
|Rd −R| ≤ ∆R.

(5)

Therefore, a multiplicative uncertainty measure of the nominal plant G is imposed by
embedding G in the following family of weighted transfer functions:

{(1 + ∆W2)G : ‖∆‖∞ ≤ 1}, (6)

where W2 is a bound of the multiplicative plant uncertainty.
Here, we use a weighting function developed in [7],

W2 = a + bs + cs2, (7)

where a, b, and c are defined by

∆W0 = max

{
(R + ∆R)(C + ∆C)

(N −∆N)
−W0,W0 − (R−∆R)(C −∆C)

(N + ∆N)

}
, (8)

Z2 =
N(3W 2

0 ∆W0 + 3W0(∆W0)
2 + (∆W0)

3) + ∆N(W0 + ∆W0)
3 + NW 3

0
∆R
R

2R(1− ∆R
R

)
, (9)
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a3 =
1

1−
√

2
2

{
1 +

6RZ2

NW 3
0

}
, (10)

e3 =
1

4

(√
2

2

)2(
1 +

∆R

R

)2(
1 +

3RZ2

NW 3
0

)2

, (11)

b3 = 4e3, (12)

c3 = (W 2
0 + R2 − 2W0R

2)e3, (13)

d3 = W 2
0 R4e3, (14)

a = a3 + b3, (15)

c =
√

d3, (16)

b = max

{√
2a3

√
d3 + 2ac + c3,

√
a3c3√

b3

+ 2ac + c3

}
. (17)

3 The PI-Controlled AQM

Hollot et al. [10] proposed a PI-Controlled AQM, aiming to improve the stability as well
as the performance of RED. The combined PI-Controller and TCP can be viewed as a
discrete-time control system. To keep the queue length of the router around the given
target value, drop probability is employed to determine whether to drop or to accept an
incoming packet in the PI-Controlled AQM. The drop probability is calculated by the
PI-Controller based on the prediction error. The error signal is defined as

e = QT − q, (18)

which is the error between the instantaneous queue length and the target queue length
QT .

The transfer function of the continuous-time PI-Controller is

C(s) = kp +
ki

s
, (19)

where kp is the proportional gain and ki is the integral gain.

Control
Target Q

T

Error
Signal e

PI-Controller
TCP

process

Control Output
Queue Length q

+ +

+

Disturbances

Control
Signal p

-

Fig. 1. Structure of the PI-Controlled AQM

With respect to the TCP model in Equation (3), a set of all stabilizing values of (kp,
ki) of the PI-Controller for the nominal plant can be found by using the method given in
[12]. The stable region is found numerically and sketched in Figure 2.
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4 H∞ Optimization of the PI-Controlled AQM

Let the sensitivity function S(s) be defined by

S(s) =
1

1 + C(s)G(s)
, (20)

and the complementary sensitivity function be defined by

T (s) = 1− S(s) =
C(s)G(s)

1 + C(s)G(s)
. (21)

Robust stability means the family of perturbed plants in Equation (6) are stabilized
by controller C(s). Based on the Small Gain Theorem [8], if the system is robust stable,
a necessary and sufficient condition is given by the Robust Stability Theorem [8].

Robust Stability Theorem: Assume that a particular controller C(s) stabilizes the
nominal model G(s), and all models G(s) have the same number of closed right half-plane
poles. Then, all models G(s) are feedback-loop stable with the controller C(s) if and only
if the complementary sensitivity function T(s) satisfies the following bound:

‖W2(jw)T (jw)‖∞ = sup
w
|W2(jw)T (jw)| < 1, (22)

where W2 is defined in Equation (7).
Example. Assume that the number of connections N = 100, round-trip propagation

delay R = 0.1s, and capacity of the link C is fixed at 25Mbps. Suppose that the uncertainty
of N is ∆N/N = 10%, uncertainty of R is ∆R/R = 10%, and target queue length QT is
200. The round-trip time is approximated by

Rtt = R +
QT

C
= 0.164s. (23)

From Equation (7), we can calculate the weighting function, as

W2(s) = 0.1671s2 + 26.51s + 26.72. (24)

Assume that the values of (kp, ki) are relatively small. The Bode Diagram of W2(jw)T (jw)
is shown in Figure 3. It can be seen from Figure 3 that the maximum magnitude occurs at
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s = 0. In our extensive simulations, the maximum magnitude is nearly a constant. Thus,
assume that ‖W2(s)T (s)‖∞ is a constant when the values of (kp, ki) are relatively small.
In what follows, some guidelines will be given for designing a better PI-Controlled AQM.

The plot of ‖W2(s)T (s)‖∞ versus (kp,ki) is shown in Figure 4. Curve a is the intersec-
tion of the surface of H∞ norm and the plane of ki = 0, while Curve b is the intersection
of the surface of H∞ norm and the plane of kp = 0. Point A with ki = 1 × 10−5 locates
in Curve b. The smaller the ki value of Point A is assigned, the closer Point A is to the
line where kp = 0 and ki = 0.
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Remark 1. From Figure 4, it can be seen that min‖W2(s)T (s)‖∞ = 0 and this occurs
at kp = 0 and ki = 0, which means that the system has a relatively large stable margin
when there is no AQM control action. Each router has a limited buffer size, so that
overflow occurs when the buffer is full. Therefore, the model of the TCP process will be
changed according to the Drop Tail mechanism.

Remark 2. If kp 6= 0 and ki = 0, the controller becomes a P-Controller. We can also
see from Figure 4 that the P-Controller achieves robust stability when kp is chosen small
enough so that ‖W2(s)T (s)‖∞ does not exceeds 1 in this Example.

Remark 3. When kp 6= 0 and ki 6= 0, the weighted complementary sensitive function
‖W2(s)T (s)‖∞ is never less than one. For any values of (kp, ki), the PI-Controlled AQM
cannot achieve robust stability in this Example for the perturbed plant family as defined
in Equation (6) based on the Robust Stability Theorem.

It is also found that when the values of (kp, ki) are not large, as shown in Figure 4,
‖W2(s)T (s)‖∞ is a constant equaling the minimum value. This part is redrawn in Figure
5 to specify the region of (kp, ki) where the minimum value of the norm is attained.

If we assign values of (kp, ki) inside both the minimal region of ‖W2(s)T (s)‖∞ and
the stable region in Figure 2, we can obtain optimal system parameters for both system
stability and disturbance rejection.

Remark 4. It is also found that ‖W2(s)T (s)‖∞ increases with the increase of kp, or
ki, or both, as shown in Figure 4.

Remark 5. In the PI-Controlled AQM design, the proportional action is to speed
up the system response, and the integral action is to eliminate the steady-state tracking
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error. It is suggested choosing relatively large values of (kp, ki) to speed up the system
response and to obtain small steady-state tracking error. The values of (kp, ki) on the
edge of the minimal region of ‖W2(s)T (s)‖∞ are the best choices.

Based on the above observations following conjecture is proposed.
Conjecture. In designing a PI-Controlled AQM, when the values of (kp, ki) are within

the minimal region of ‖W2(s)T (s)‖∞, the controller has the identical ability in rejecting
disturbances. However, for any other values of (kp, ki), the PI-Controlled AQM cannot
achieve robust stability.

5 Simulations

Complex dynamics exist in the real Internet. In this section, it is to demonstrate that the
simulation results are consistent with the theoretical analysis.

The dumb-bell topology is adopted in our simulations, as shown in Figure 6. This
topology is often employed in network simulations. Further work on more complex network
topology is under study. The capacity of the common link is 25Mbps. The capacity of
other links in the figure are 200Mbps, thus the common link between router A and router
B is the only bottleneck link. The buffer size in the router is set to 625 packets. The
number of connections is 100. The round-trip propagation delay is 100ms. For all AQM
controllers, the target queue length QT is set to 200 packets. The sources use TCP/Reno.
The packet size is fixed at 1000 bytes. The TCP connections are modelled as greedy FTP
connections; that is, they always have data to send. The receivers’ advertised window sizes
are set sufficiently large so that TCP connections are not constrained at the destinations.

Bottleneck Link

.

.

.

SRC DST

Router A

.

.

.Router B

Fig. 6. Network configuration

In [10], it was proposed to assign the values of (kp, ki) of the PI-Controlled AQM by
using the following relation:

kp

ki

=
1

wg

=
R2C

2N
. (25)

To speed up the response of the PI-Controlled AQM, we choose a relatively large kp

value of 0.9×10−4 in Figure 5. Based on Equation (25), we obtained ki = 6.4×10−5. It is
well known that the bilinear transformation always preserves the system stability, so we
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used this transformation to discretize the PI-Controller. In our simulations, the discrete
PI-Controlled AQM adopts the following parameters:{

a = 9.02× 10−5,
b = 8.98× 10−5,

(26)

where a and b are defined in [10].

5.1 Long TCP flows without uncertainties

In this simulation, the performance of the PI-Controlled AQM is studied under the as-
sumption that all N , C and R are fixed. The number of connections is 200, and the
target queue length is 200 packets. The round-trip propagation delay is 100ms for all con-
nections. Figure 7 presents the instantaneous queue length and drop probability. It can
be seen that the queue length in the router is stable. The smooth drop probability also
implies that the network is operated stably. Furthermore, observe that the PI-Controlled
AQM, which adopts the values of (kp, ki) in Equation (26), can stabilize the network if
there are no uncertainties.
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Fig. 7. Queue length and drop probability without uncertainties

5.2 Long TCP flows with traffic load and round-trip propagation delay
uncertainties

This simulation is to study the performance of the PI-Controller for AQM under the
assumption that the number of connections is 90, the round-trip propagation delay for
the connections is 110ms, while the target queue length is 200 packets. Figure 8 presents
the instantaneous queue length and drop probability. It can be seen that the queue length
in the router is stable. The smooth drop probability also implies that the network is
operated stably. Furthermore, observe that the PI-Controlled AQM, which adopts the
values of (kp, ki) in Equation (26), can stabilize the network when the uncertainties are
within the range of 10%.

5.3 Unstable example: (kp, ki) lies outside the minimal region of
‖W2(s)T (s)‖∞

This simulation is to study the performance of the PI-Controlled AQM when (kp, ki)
are outside the minimal region of ‖W2(s)T (s)‖∞, for instance, kp = 5.0 × 10−4 and ki =
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Fig. 8. Queue length and drop probability with uncertainties in traffic load and round-trip propagation delay

3.5556×10−4. Meanwhile, N is decreased by 10%, R is increased by 10%, while C is fixed.
Figure 9 presents the instantaneous queue length and drop probability. It can be seen that
there are significant oscillations in the queue length, which causes jitters in queuing delay.
The queue length can also be small, which causes link under-utilization. In addition, the
oscillations of the drop probability imply that the network is unstable. The PI-Controlled
AQM, which adopts the values of (kp, ki) outside the minimal region of ‖W2(s)T (s)‖∞,
cannot stabilize the network.
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Fig. 9. Queue length and drop probability when (kp, ki) lies outside the minimal region of ‖W2(s)T (s)‖∞

6 Conclusions

The time-varying nature of network conditions usually leads to uncertainties of param-
eter values in the TCP model. We have employed the H∞ method to optimize the PI-
Controlled AQM in this paper and found that for any values of (kp, ki), the PI-Controlled
AQM cannot achieve robust stability. We also found that when the values of (kp, ki) are
within the minimal region of ‖W2(s)T (s)‖∞, the controller has the identical ability in
rejecting disturbance. Furthermore, if we assign values of (kp, ki) inside both the min-
imal region of ‖W2(s)T (s)‖∞ and the stable region, we can obtain an optimal system
performance in rejecting disturbance as well as maintaining system stability. The per-
formance of the system was evaluated using simulations. We found that the system is
stable and possesses good performance if we select parameter values inside the minimal
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region of ‖W2(s)T (s)‖∞; otherwise, the system ability of rejecting disturbance will be
reduced. We have demonstrated by example that the simulation results is consistent with
the theoretical analysis.
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