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Abstract: Network calculus has successfully been deployed to derive deterministic perfor-
mance bounds in packet-switching networks. Recently, the deployment of the conjugate convex
or concave transforms has been proposed as dual approach to this calculus. The attractiveness
of this conjugate network calculus is based on the fact that the Min-Plus convolution and de-
convolution become the more convenient operators addition and subtraction in the conjugate
transform domain. However, the derivation of performance bounds in this domain has not been
elaborated so far. In this work we deploy the theory of conjugate duality in optimization prob-
lems in order to derive closed form expressions for the maximum backlog and delay in the
conjugate transform domain. We illustrate the application of conjugate network calculus while
also pointing on the deficiencies compared to calculus in the time domain.
Keywords: Legendre Transform, Fenchel Duality Theorem, Network Performance Analysis,
Min-Plus Algebra

1 INTRODUCTION

Network performance analysis provides accurate figures or estimates of significant parameters
characterizing the performance of a network. Network performance requirements range from
a purely qualitative differentiation to guaranteeing deterministic upper bounds on individual
performance parameters. Calculating deterministic upper bounds on the performance delivered
by a system involves some kind of “worst case analysis”, where Network Calculus under Min-
Plus algebra [1, 2] is a powerful tool to accurately determine such bounds.

The foundations of network calculus can be well described using an analogy to linear filter-
ing theory, where systems are characterized by their response to the Dirac impulse and where the
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output of a system can be efficiently computed by convolution of the input signal and the sys-
tem’s impulse response. Network calculus relates very much to the above properties of system
theory, while being intimately related to service and arrival curves describing a lower bound on
the service of a node and an upper bound on the traffic arriving at a node [3]. The service curve
corresponds to the impulse response in linear filtering theory and is sometimes called burst re-
sponse. The minimum and maximum output of a system is given as the min-plus convolution
respective de-convolution of the input signal and the system’s burst response and the concate-
nation of independent systems can be described by min-plus convolution of the individual burst
responses.

As system theory provides another convenient domain for analysis applying the Fourier
transform, significant effort has been spent on identifying the analogous domain for network
calculus. In [4] it is shown that the backlog bound at a constant rate server is equal to the
Legendre Transform of the input. A similar concept is used in [5] and [6], where the output of
a network element is computed in the conjugate transform domain. The deployment of convex
and concave conjugates to derive dual operations corresponding to min-plus convolution and
de-convolution together with the derivation of an output bound is provided in [7]. However,
for some tools of network calculus the associated dual operations in the conjugate transform
domain have not been elaborated. In particular, the backlog bound calculation identified in [4]
needs to be extended to generic service curves, while a calculation for an upper delay bound has
not been derived at all. We deploy the Fenchel Duality theorem to formally derive the backlog
and delay bound in the conjugate transform domain and exemplarily illustrate the application
of these tools.

The remainder of this paper is organized as follows: First, section 2 briefly summarizes es-
sential elements of network calculus for network performance analysis. Then, section 3 derives
the Fenchel Conjugate and the Legendre transform on basis of Fenchel’s duality theorem. Next,
section 4 presents the developed methods to determine deterministic upper bounds for backlog
and delay in the conjugate transform domain. Additionally, the application of conjugate net-
work calculus is exemplarily illustrated for Dual Leaky Bucket constrained traffic traversing a
Latency-Rate server. In section 5 we summarize our findings and discuss the applicability of the
obtained results.

2 ELEMENTS OF NETWORK CALCULUS

This section briefly introduces the foundations of network calculus in terms of the min-plus
convolution and de-convolution of arrival and service curves and the computation rules for
single and multiple node scenarios.

Let F be the set of increasing sequences with f(t) = 0 ∀ t ≤ 0, i.e. a sequence f =
{f(t), t = 0, 1, 2, ...} ∈ F satisfies f(0) = 0 and f(s) ≤ f(t) for all s ≤ t.

Definition 1 (Min-Plus Convolution/De-convolution). The convolution of two signals f(t)
and g(t) with f, g ∈ F is is denoted by (1) while the de-convolution is given in (2).

(f ? g)(t) = infs∈R {f(s) + g(t− s)} (1)
(f ® g)(t) = sups∈R {f(t + s)− g(s)} (2)

The name de-convolution is justified by the fact that for any f, g, h ∈ F only if (f ® h) ≤ g
holds, f is bounded by the convolution of g and h: f ≤ g ? h.
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Definition 2 (Arrival Curve). The arrival curve Â constitutes the smallest upper bound on an
arrival process, which is given as the cumulated number of bits A(t) seen in an interval [0, t],
such that A(t)− A(s) ≤ Â(t− s) for all 0 ≤ s ≤ t.

In network calculus, the sub-additive property of arrival curves is essential. Throughout our
work we will only deploy concave curves, which inherently have the property of sub-additivity.

A minimum service curve f̄ indicates the minimum guaranteed number of bits served over
time. Now a network node can be modeled by means of a universal f-server which guarantees
a minimum service curve:

Theorem 1 (Lower Output Bound). Let a universal f-server guarantee a minimum service
curve f̄ ∈ F . Then the output sequence S ∈ F for an input with constraint function Â ∈ F
satisfies

S(t) ≥ (A ? f̄)(t) = min
0≤s≤t

{
A(s) + f̄(t− s)

}
(3)

Theorem 2 (Server Performance Thresholds). Consider a server with infinite buffer and a
minimum service curve f̄ . Let S(t) be the traffic leaving that server, q(t) = A(t) − S(t) the
backlog at the server at time t and and let d(t) be the virtual delay of the last packet that arrives
at time t for traffic with an arrival curve Â. The backlog is upper-bounded by (4), the maximum
delay in case of FIFO scheduling of packets is given by (5) and the output burstiness is bounded
by (6)3.

q(t) ≤ max0≤s≤t

{
Â(s)− f̄(s)

}
=

(
Â® f̄

)
(0) (4)

d(t) ≤ inf
{

d ≥ 0 : Â(t) ≤ f̄(s + d), s = 1, ..., t
}

(5)

Ŝ(t) =
(
Â® f̄

)
(t) (6)

The maximum backlog and maximum virtual delay can be determined from the maximum ver-
tical and horizontal deviations of arrival and service curve, respectively.

Theorem 3 (Concatenation of Servers). The concatenation of n fi-servers for an arrival
process with upper bound Â is in fact an f-server for the arrival process with service curve
f(t) = (f1 ? f2 ? . . . ? fn)(t). Performance bounds can be computed according to (4), (5) and
(6) using the concatenated service curve.4

The proofs of theorem 1 to theorem 3 can be found in [1]. The above theorems hold under the
assumption of fluid flow traffic or for packetized traffic with a fixed packet size. A compre-
hensive overview on current network calculus and extensions of this calculus for variable size
packets are presented in [1, 2].

3 This bound applies if the arrival curve is always less than the maximum number of bits that can be served over time, which
we generally assume to achieve stability of the server.

4 This theorem is also known as “pay-bursts-only-once” principle.
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3 THE FENCHEL CONJUGATE AND LEGENDRE TRANSFORM

This section illustrates the derivation of the Fenchel conjugate and Legendre transform for func-
tions f : R → R using the Fenchel duality theorem. We will partly reproduce the derivation
given in [8], as it will be of importance to determine the backlog bound in the conjugate trans-
form domain.

If a function is only defined on a subset of R, the function can be extended to R while
retaining its property by setting it to +∞ respective −∞ where it is undefined [9]. For arrival
and service curves this means to set Â(t) = −∞ and f̄(t) = ∞ for all t < 0. Such functions
are called extended real-valued functions. In this context, the effective domain of a function f
is defined as the set where f takes finite values, i.e. the effective domain is given by dom(f) =
{x ∈ R|f(x) < ∞} for convex functions.

The Fenchel duality theorem for functions on R deals with the problem of finding the min-
imum distance between two functions f1 and f2, where f1 : R → (−∞,∞] is a convex and
f2 : R→ [−∞,∞) a concave extended real-valued function.

Theorem 4 (Fenchel Duality Theorem). Let the functions f1 and−f2 be convex with f1,−f2 :
R→ (−∞,∞]. Then

inf
x∈R

{f1(x)− f2(x)} = sup
λ∈R

{F2(λ)− F1(λ)} (7)

holds, with F1(λ) and F2(λ) being the convex and concave conjugate of f1(x) and f2(x), re-
spectively.

Proof. First, we want to apply the Lagrange approach for optimization with equality constraints.
Therefore we restate the problem “minimize f1(x) − f2(x) subject to x ∈ R” to “minimize
f1(y)− f2(z) subject to z − y = 0” with y ∈ dom(f1) and z ∈ dom(f2). With the Lagrangian
given by L(y, z, λ) = f1(y)− f2(z) + (z − y)λ we obtain the dual function:

q(λ) = inf
y∈R,z∈R

{f1(y)− f2(z) + (z − y)λ}
= inf

z∈R
{λz − f2(z)}+ inf

y∈R
{f1(y)− λy}

= inf
z∈R

{λz − f2(z)} − sup
y∈R

{λy − f2(y)}

= F2(λ)− F1(λ)

(8)

where F1(λ) = supy∈R {λy − f1(y)} denotes the convex Fenchel conjugate of a convex func-
tion f1(t) and F2(λ) = infz∈R {λz − f2(z)} the concave Fenchel conjugate5.

Now, with the functions F1 : R → (−∞,∞] and F2 : R → [−∞,∞) and according to
duality theory in optimization [8], we can derive the dual problem “maximize F2(λ) − F1(λ)
subject to λ ∈ R”, which corresponds to supλ∈R {F2(λ)− F1(λ)}. ut

Figure 1 illustrates the graphical interpretation of the Fenchel conjugates and of the Fenchel
duality theorem. The convex conjugate F1(λ) as given in (9) for a particular λ can be constructed

5 As f1 and−f2 are convex functions and R is a convex set with a linear constraint z− y = 0 there is no duality gap between
the primal function infx,y∈R,z=y{f1(y)− f2(z)} and infy∈R,z∈R {f1(y)− f2(z) + (z − y)λ}.

1042



by drawing the lower tangent to f1(t) with a slope of λ. As F1(λ) = supx∈R {λx− f1(x)} =
− infx∈R {f1(x)− λx} holds, the ordinate of this tangent equals−F1(λ). Accordingly, the neg-
ative concave conjugate −F2(λ) is given where the upper tangent to f2 with slope λ intersects
with the vertical axis. Fenchel’s duality theorem says that the minimum vertical distance be-

f (x)2

*λ

x x*

F (   ) − F (   )2 λ

2 λ*

1

1

f (x)1

∼λ

λ

F (   ) − F (   )

Fig. 1. Illustration of Fenchel’s Duality Theory

tween a convex and concave curve is equivalent to the maximum difference of the concave
conjugate and the convex conjugate. The first order necessary condition for an extremum of
f1(x)− f2(x) yields df1(x)/dx = df2(x)/dx, i.e. at the minimum distance the tangents to both
functions must be parallel. Consequently, the maximum vertical distance of parallel tangents to
f1(x) and f2(x) at one x∗ corresponds to the minimum distance of the two functions.

The conjugate of a differentiable function is generally denoted as Legendre transform and
consequently we formally define this transform in definition 3.

Definition 3 (Legendre Transform). Let L denote the Legendre transform of a differentiable
function f , where we distinguish between convex conjugates L and concave conjugates L. The
convex conjugate of a convex function f1(t) is given by (9), the concave conjugate of a concave
function by (10).

L(f1(t)(λ) = supt∈R {λt− f1(t)} (9)
L(f2(t)(λ) = inft∈R {λt− f2(t)} (10)

Corollary 1 (Biconjugate Functions). The biconjugate of a convex function is defined by:

L(L(f1(t))(t) (11)

If f1(t) is closed6, then the biconjugate yields the function f1(t) itself. Accordingly, the bicon-
jugate of a closed concave function L(L(f2(t)) yields f2(t).

6 A function f(t) is closed, if its epigraph epi(f) = {(x, w)|x, w ∈ R, f(x) ≤ w} is a closed set.
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4 NETWORK CALCULUS IN THE CONJUGATE TRANSFORM
DOMAIN

Equipped with the derived Fenchel conjugates, this section provides the dual operators of the
min-plus convolution and de-convolution and the computation of upper and lower output bounds
using these dual operators as derived in [7, 10, 9]. Then we extend this dual calculus in the con-
jugate transform domain, which will be denoted as conjugate network calculus, by appropriate
tools to determine upper bounds on delay and backlog.

Theorem 5 (Conjugate Min-Plus Convolution and De-convolution). The Min-Plus convo-
lution of two convex functions f(t) and g(t) in the time domain becomes an addition in the
conjugate transform domain and is given in (12). The min-plus de-convolution of a concave
function f(t) and a convex function g(t) in the time domain becomes a subtraction and is given
in (13).

L ((f ? g)(t)) = L(f(t))(λ) + L(g(t))(λ) = F (λ) + G(λ) (12)
L ((f ® g)(t)) = L(f(t))(λ)− L(g(t))(λ) = F (λ)−G(λ) (13)

Consequently, the conjugate service curve representing a concatenation of fi-servers with
i = 1, . . . , n is given as the sum of the respective conjugate service curves

∑n
i=1 Fi(λ). It should

be noted that theorem 5 only applies for the convolution of convex curves and de-convolution
of a concave-convex pair.

Now we derive the conjugate operations equivalent to those of theorem 2 for the time do-
main.

Proposition 1 (Output Bound in the Conjugate Transform Domain). Consider a server with
infinite buffer, convex conjugate minimum service curve F̄(λ) for traffic with a concave conju-
gate arrival curve Â(λ). From (6) and (13) immediately follows (14).

Ŝ(λ) = Â(λ)− F̄(λ) (14)

Proposition 2 (Backlog Bound in the Conjugate Transform Domain). The maximum back-
log at the server considered in proposition 1 is given in (15).

qmax = sup
λ∈R

{
Â(λ)− F̄(λ)

}
(15)

Proof. We start by mapping the problem to the one considered in Fenchel’s duality theorem.
The maximum backlog is given as the maximum vertical deviation between arrival and ser-
vice curve. We can map the problem of determining the maximum vertical deviation to the
problem considered in Fenchel’s duality theorem (cf theorem 4), where f1 corresponds to
the convex minimum service curve and f2 corresponds to the concave arrival curve. How-
ever, generally the concave arrival curve Â resides above the convex function f̄ on a sub-
set U ⊂ R. This implies a negative difference f̄(t) − Â(t) ∀ t ∈ U such that the mini-
mization in the problem (8) yields the maximum vertical distance between arrival and mini-
mum service curve. Therefore we can immediately apply Fenchel’s duality theorem and obtain
inft∈R

{
f̄(t)− Â(t)

}
= supλ∈R

{
Â(λ)− F̄(λ)

}
ut
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Proposition 3 (Delay Bound in the Conjugate Transform Domain). An upper bound on the
delay at the server considered in proposition 1 in case of FIFO scheduling is indicated by the
difference of the slopes of the tangents to F̄(λ) and Â(λ) in λ∗, which intersect the vertical axis
in the same point.

Proof. We cannot easily apply Fenchel’s duality theorem for the horizontal deviation of arrival
and minimum service curve unless we want to express the deviation as vertical distance of
the inverse functions of Â and f̄ . Instead, we assume that Â and f̄ are closed functions and
make use of their convexity and concavity properties. As a consequence, for their biconjugates
L

(
L(Â(t))(λ)

)
(t) = Â(t) and L (L(f̄(t))(λ)

)
= f̄ holds. Figure 2 depicts the conjugate

transforms of a concave arrival curve and a convex minimum service curve. The value of the
biconjugate for example of f̄(t) is given as the intersection of the tangent to F (λ) with slope t
with the vertical axis.

The problem of determining the maximum horizontal deviation in the time domain can be
stated as follows:

maximize d

subject to Â(x) = f̄(x + d), x, d ∈ R (16)

The Lagrangian for this problem is L(x, λ) = d + λ(Â(x) − f̄(x + d)) and the first order
necessary condition ∂L/∂x = 0 and ∂L/∂λ yields

∂Â(x)/∂x = ∂f̄(x + d)/∂x (17)
Â(x) = f̄(x + d) (18)

The equivalent condition to (18) in the conjugate transform domain means that the tangents to
the conjugate functions must intersect with the vertical axis in the same point, as illustrated in
figure 2. Condition (17) translates to requiring tangents to the conjugate functions at the same
λ. Consequently, the points on Â and f̄ with maximum horizontal deviation in the time domain
correspond to the points on Â and F̄ in the conjugate transform domain, where the tangents
to Â and F̄ at the same λ intersect in the same point on the vertical axis, where due to the
characteristics of the Fenchel conjugates the difference of the slopes of these tangents indicates
the maximum horizontal deviation in the time domain. ut

The application of network calculus and performance analysis in the conjugate transform
domain will be demonstrated using the example of calculating the maximum delay and maxi-
mum backlog of Dual Leaky Bucket (DLB) constrained traffic at a Latency-Rate (LR) server.

Example 1 (Performance of DLB-constrained traffic at LR-servers). The example of DLB-
constrained traffic traversing a LR-server originates from the Integrated Services Model [11]
and considers a variable bit rate flow, which is upper bounded by an arrival curve Â(t) =
min [pt + M,ρt + σ].

Theorem 6. Consider a VBR flow, which is upper bounded by a DLB arrival curve, served in
a node that guarantees a minimum service curve f̄ = r[t − d]+, where p ≥ r ≥ ρ shall hold.
Then, the maximum backlog can be computed by (19) and the maximum packet delay, when
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Fig. 2. Illustration of Maximum Delay in the Conjugate Transform Domain

being served in FIFO order, can be calculated from (20).

Q = σ + ρd +
(

σ−M
p−ρ

− d
)+

(ρ− r) (19)

D = M
r

+ σ−M
p−ρ

p−r
r

+ d (20)

These performance bounds have been derived in [1], for example, and correspond to the maxi-
mum horizontal and vertical deviations between Â and F̄ , respectively (cf. figure 3.a).

M

p
D

Q
r

σ

ρ

d

bit

s

Q
p

D

bit/s

bit

rd

−M

−σ

ρ r

a. Time Domain b. Conjugate Transform Domain

Fig. 3. DLB-LR Performance Bounds

We will provide a proof for theorem 6 based on performance analysis in the conjugate
transform domain using proposition 2 and 3.

Proof. To derive the maximum backlog bound (19) we have to determine the minimum vertical
distance between F̄(λ) and Â(λ)7. The convex conjugate of a latency-rate service curve f̄(t) =
r[t − d]+ and the concave conjugate of a DLB arrival curve Â(t) = min [pt + M,ρt + σ] are

7 Note that Â(λ) for a concave Â(t) ∈ F is generally negative and so is Â − F̄ .
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given in (21).

F̄(λ) =





∞ λ < 0

λd 0 ≤ λ ≤ r

∞ λ > r

, Â(λ) =





−∞ λ < ρ
σ−M
p−ρ

(λ− ρ)− σ ρ ≤ λ ≤ p

−M λ > p

(21)

As depicted in figure 3.b the minimum vertical distance between F̄ and Â is either at λ = ρ in
case that d ≥ (σ −M)/(p− ρ) holds, or at λ = r otherwise. For λ = ρ this distance is σ + ρd,
which corresponds to (19) with (σ−M)/(p− ρ)− d ≤ 0. For λ = r the distance is denoted by
(22), which corresponds to (19) with [(σ −M)/(p− ρ)− d]+ (ρ− r) = (ρ− r)(σ−M)/(p−
ρ)− ρd + rd.

Q = rd + σ − σ −M

p− ρ
(r − ρ) = σ + rd +

σ −M

p− ρ
(ρ− r) (22)

Thus we have derived the backlog bounds from the minimum vertical distance of the conjugate
arrival and service curves. In order to derive the delay bound we need to determine the tangents
to the conjugates at the same λ∗ which intersect in the same ordinate. As illustrated in 3.b such
intersecting tangents can only be at λ∗ = r. The tangent to Â has a slope of (σ −M)/(p− ρ),
the tangent to F̄ a slope of d + σ/r + ρ(σ −M)/ [r(p− ρ)]. Now the maximum delay bound
can be calculated from the difference of the slopes of these tangents, where (23) corresponds to
(20).

D = d + σ
r

+ σ−M
p−ρ

(
ρ
r
− 1

)

= d + σ(p−r)−M(ρ−r)
r(p−ρ)

= d + M
r

+ σ−M
p−ρ

p−r
r

(23)

5 SYNTHESIS
This paper complements recent research in dual approaches to network calculus by providing
two formal methods for calculating deterministic performance bounds for delay and backlog
in the conjugate transform domain. By applying Fenchel’s duality theorem we have identified
the maximum distance of the conjugate transforms of arrival and service curve as indicator
for the maximum backlog. The maximum delay can be determined from the difference of the
slopes of the tangents to the conjugate transforms which intersect in the same ordinate. Using
the DLB-LR example we have shown that performance analysis in the conjugate transform do-
main yields the same results as in the time domain. The attractiveness of network calculus in the
conjugate transfrom domain mainly stems from the simplified computation of convolution and
de-convolution, which become pointwise addition and subtraction. The identified tools to deter-
mine backlog and delay bounds facilitate a comprehensive performance analysis in the conju-
gate transform domain. However, the restriction that theorem 5 only applies for convex-convex
and concave-convex curve pairs for convolution and de-convolution, respectively, imposes a
major limitation of conjugate network calculus. For example, for operations like the self-de-
convolution to determine a sub-additive upper bound of a process, or for typical applications of
time domain calculus, e.g. in window flow control, no dual approaches exist in the conjugate
transform domain. Further work on this subject may study sufficiently accurate approximations
in conjugate network calculus.
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