
 
 

Random Multiple Access with and without Retransmission Cut-Off 
 
Jahangir H. Sarker 
 
Communications Laboratory 
Helsinki University of Technology  
P. O. Box 3000, FIN-02015 HUT, Finland. 
Tel: +358 9 451 4908 / Fax: +358 9 451 2345 
E-mail: jahangir.sarker@hut.fi 
 
Abstract: Slotted ALOHA with retransmission cut-off is frequently used as a component of more 
complex protocols in many modern wireless communication systems. In this paper a simple 
analysis is provided for Slotted ALOHA with retransmission cut-off. Performance of 
retransmission cut-off Slotted ALOHA, such as throughput, average number of retransmissions 
and packet rejection probability is discussed. These analytical results are applied to an existing 
cellular network Global System for Mobile (GSM) and its extension General Packet Radio 
Services (GPRS). A simulation study also carried out in this paper. The results of this analysis are 
in good agreement with simulation results, which are provided in this paper and also another 
reference paper. A simple and complete analysis for the stable operating region in terms of new 
packet generation rate and number of retransmissions is devised, which is originally forming the 
bridge between with and without retransmission cut-off Slotted ALOHA under stable operation. 
 
Keywords: New packet generation rate, Number of retransmissions, Slotted ALOHA, Stable 
operation. 
 
 
1. INTRODUCTION  

For the request of a dedicated mobile channel or for a real time packet transmission system, 
the successful reception of each data packet is not needed. Therefore, the retransmission cut-off 
occurs after a certain number of retransmissions (involved). Note that Slotted ALOHA with 
retransmission cut-off is used in some modern mobile communication systems. For example in the 
random access channels of Global System for Mobile (GSM) communications, its extension 
General Packet Radio Services (GPRS) [1], [2], cdma2000 [3], Wideband Code Division Multiple 
Access (WCDMA) [4] etc. 

Kim [5] studied the frequency-hopped spread-spectrum random access (Slotted ALOHA) 
considering stability while using the number of retransmissions, new packet generation rate and the 
code rate as parameters. Excellent work regarding the stable operation of Slotted ALOHA by usage 
of the retransmission cut-off has been done in [6]. It has been shown that the Slotted ALOHA can 
stabilize the network, with a finite number of users for any values of parameters, if the number of 
retransmission is limited to, at most, seven [6]. For an infinite number of users, the stability of 
random access Slotted ALOHA depends a lot on the new packet generation rate.  

It is shown that for an infinite number of users, the retransmission cut-off is not needed for 
the stable operation of Slotted ALOHA, when the new packet generation rate is below a critical limit. 
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If the new packet generation rate exceeds this critical limit, the number of retransmissions has to 
decrease abruptly with the increase of the new packet generation rate [7, 8].  

All the above mentioned retransmission cut-off schemes show specific results and most of 
the time the derivation of those results follow complicated analytical procedure. So those may not be 
suitable for students starting to know the retransmissions cut-off scheme. In this paper, we tried to 
show an easier version of the basic analytical results of Slotted ALOHA with retransmission cut-off, 
such as, throughput, average number of retransmissions and packet loss probability. To make the 
analysis easier, few assumptions were made. Therefore, computer simulation (assessment of real 
network) is needed to validate the assumptions containing analytical results. For this reason, a 
simulation study also carried out in this paper to find the comparison between the assumptions 
included analytical results and more realistic simulation results. Fortunately, the matches between the 
analytical and simulated results of this paper shown to be excellent. A simulation study is done in [9] 
for the basic performance of Slotted ALOHA with retransmission cut-off considering the case of 
random access channel (RACH) of GSM network. The results presented in this paper show almost 
same results as in [16] in some cases and support the easier analytical results provided here. 

The paper is organized as follows. The next section describes the system model and the 
performances of retransmission cut-off scheme. Application of the mathematical model is 
presented in Section 3, where simulation model and validity of independent retransmissions 
assumption is discussed. Stability of the system is described in Section 4, and the conclusion is in 
Section 5. 
 
2. RETRANSMISSION CUT-OFF SCHEME 

Let us consider the retransmission cut-off procedure as shown in Figure 1. Consider the new 
packet generation rate from all active users as λ  packets per time slot. Including r times 
retransmissions, packet generation rate is G packets per time slot. Assume that the resultant of new 
and retransmitted packet arrivals is a Poisson process. 
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Figure 1: Retransmission cut-off scheme. 
 
According to the Poisson arrival model of Slotted ALOHA, the probability of success of 

any packet without capture is . The probability of failure of any packet is ( G−exp ) )( G−− exp1 . The 

unsuccessful fraction of traffic ( ){ G−− exp1 }λ  is transmitted in a first time retransmission. Assuming 

independent failure and success probability each time, the probability of two successive failures is 
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( ){ 2exp1 G−− } . Hence, the traffic submitted for the second time retransmission is , and 

so on. In general, the amount of traffic submitted for the i

( ){ }2exp1 G−−λ

th time retransmission is . Let 

the maximum allowable number of retransmissions of a packet be r, then the mean aggregate offered 
traffic from all active users is given by 

( ){ }iG−− exp1λ
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This is the first equation of Slotted ALOHA with retransmission cut-off. To obtain the above 

first Equation, we assumed retransmitted packet arrivals as Poisson process. It is obvious that the 
Poisson arrival model is not valid for the reattempt with a very low randomized retransmission delay. 
Fortunately, it is generally assumed that if the random retransmission delay is larger than five slots, 
the combined new and retransmitted packet arrivals can be approximated as Poisson process [10, 
11].  

In Eq. (1), we assume the G in the left hand side of is same as the Gs written in write hand 
side. A similar derivation was obtained in [5] by assuming G written in left side is different 
compare to the written in right side.       

This Equation and system model (as shown in Figures 1) signifying that if the new packet 
generation rate from all active users λ , is high, the number of retransmission r should be low for 
a given value of the total offered traffic load G and vice versa. The role of aggregate traffic 
generation rate G is important to make the system ‘stable’. We will discuss the stability of 
retransmission cut-off Slotted ALOHA later on in Section 4. 
 
2.1 Throughput 

According to the retransmission cut-off scheme, the throughput can be defined as: 
 

[ ][ ]Offered  load Probability of successS =  

( )
 new packet generation rate + 1st retransmitted traffic

exp
+ 2nd retransmitted traffic + ... + th retransmitted traffic
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⎡ ⎤
= −⎢ ⎥
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after suitable manipulation, 
 

( ){ 1
1 1 exp

r
S λ

+⎡= − − −⎣ ⎦
               (2) 

2289



 
where the relationship between new packet arrival rate per random access slot, λ  and the 
aggregate arrival rate in each access slot, G, can be obtained numerically from Eq. (1). 
 
2.2 Average Number of Retransmissions 
  The collapse of the Slotted ALOHA is controlled by different parameters and the 
retransmission number cut-off is one of them [1, 6, 7, 8]. In the retransmission cut-off scheme, the 
retransmissions terminate before rth retransmission because of successful transmission after the 
kth retransmission and the probability of that is  
 

( ){ } ( GGP k
k −−−= expexp1 )            10 −≤≤ rk                    (3a) 

 
In case of rth retransmission, two possibilities may happen. Firstly, it may transmit successfully 
and the probability of that is 
 

( ){ } ( GGP r
r −−−= expexp1 )                 (4b1) 

 
Secondly, the access packet is rejected and will not be retransmitted because of maximum 
retransmission number and its probability is 

[ ] [ ] ( ){ } 1exp1failure ofy probabilit*sionretransmis th time +−−== r
r GPrPP        (4b2) 

Therefore, the distribution is 
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To make the Eq. (5) as absolute distribution for the access attempt k ( rk ≤≤0 ), we do not have to 
normalize this, since . 1

0

=∑
=
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Finally, the expected number of retransmissions of a packet in retransmission cut-off system is 
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where the relationship between the aggregate packet arrival rate G packet per time slot and the 
average access packet arrival rate λ  packet per time slot can be obtained from Eq. (1).  
 
2.3 Packet Rejection probability 

The interesting parameter in the random access channel is the packet rejection probability. It 
defines the probability that a packet is rejected without successful transmission. Obviously, the 
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probability of failure after the first transmission is ( ){ }1 exp G− − . Assuming the independent failure 

probability in each time, the probability that a packet is failure to transmit successfully after 1st 
retransmission is ( ){ }2

1 exp G− − . Since, the retransmission takes place a maximum of r times, the 

packet rejection probability is  
 

( ){ } 1
1 exp

r
R

+
= − −G                   (7) 

 
where the relationship between λ  and G can be obtained numerically from Eq. (1). 
Eqs. (1), (2), (6) and (7) are the basic equations for the retransmission cut-off Slotted ALOHA 
analysis. Articulately, the probability of success ( )exp G−  plays an important role in these three 

equations. 
 
3. APPLICATION OF THE RETRANSMISSION CUT-OFF SCHEME 

Slotted ALOHA with retransmission cut-off is used in some modern communications systems 
like GSM-GPRS. In this Section, we discussed the application of it in GSM-GPRS networks. In 
the case of a normal GSM transmission system, one mobile terminal initiates the call using 
Random Access Channel (RACH). Similarly, A GPRS terminal initiates its call through Packet 
Random Access Channel (PRACH). Both RACH and PRACH use Slotted ALOHA with 
retransmission cut-off access scheme. A GSM-GPRS call tries to access into the base station 
immediately, if it has any information for transmitting. If the first access transmission is 
unsuccessful, it retransmits the access packet using a special algorithm. The time between the two 
transmissions, measured in units of RACH slots, is an integer random variable, uniformly 
distributed between 1 and a parameter Tx-integer, where Tx-integer can be set to some values 
ranging from 3 to 50 slots [1, 9]. 

According to specifications of GSM-GPRS, a maximum of r retransmissions is allowed for 
each mobile call during the access period. The parameter r can be set for four different possible 
values 1, 2, 4 or 7 [1, 9]. The throughput with retransmission cut-off system is derived in Eq. (2) 
and the relationship between the new packet arrival rate λ  and the aggregate arrival rate in each 
access slot G is given in Eq. (1). 

The throughput or the successful access rate per random access slot is S packets per time slot. 
The random access throughput per slot S for different values ascribed to the number of 
retransmission r, is depicted in Figure 2. We also use simulations to validate the results obtained 
by analysis in Section 3, which is presented next. A simulation study for the RACH of GSM is 
carried out in Reference [9]. Note that the results presented in Figure 2 are almost same as in [9, 
Figure 2]. Clearly these similarities show the validity of analytical results presented in Eq. (1) and 
Eq. (2). A simulation study also carried out in this paper, to validate the analytical results presented 
in Eqs. (1), (2), (6) and (7). The simulation model presented next is used in Figures 2 to 4. 

 
3.1 Simulation Model   
 The new packet generation rate of λ  packet per time slot from all active users is modeled as 
Poisson process. Capture effect is not considered. Thus, if more than one packet is transmitted in 
the same slot, they will destroy each other and all collided packets need retransmission(s) for a 
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successful transmission.  
 In a practical situation, the retransmissions are not Poisson distributed and depend on the 
retransmission probability (randomized retransmission delay). If a given packet is unsuccessful, 
then it is retransmitted into any next slots with a given probability called retransmission probability. 
Throughout this paper, the retransmission probability is set to 0.05 in the simulation. In other 
words, it can be said that maximum retransmission delay 20 slots. A slot is considered successful if 
only one packet is transmitted into that slot. A given packet will terminate its retransmission(s) for 
the following two reasons. Firstly, if it is successfully transmitted. Secondly, if the same packet is 
already retransmitted a maximum of r times. We considered 10 000 slots for simulation. For 
finding throughput, we calculated the ratio of successful slots to the total number of simulated 
slots, i.e., 10 000. 
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Figure 2: Random access throughput S vs. new packet generation rate λ . 

3.2 Validity of Independent Retransmissions Assumptions  
  As indicated earlier, the aggregate packet arrival on the Slotted ALOHA channel is consist 
of newly transmitted packets plus retransmitted packets. We have assumed that the total arrival 
rate is Poisson, with parameter G. For doing this, we have made the additional assumption that the 
retransmitted packets are Poisson distributed as well. This is obviously not true, since they do 
depends on collisions. The Poisson arrival model is ideal for independent arrivals not for 
dependent arrivals. However, the computer simulation shows that the assumption of independent 
retransmitted packets arrivals is valid if the random retransmission delay is comparatively large 

[12, p. 425].  

  The retransmitted packet arrival process can be assumed as Poisson process. Computer 
simulation also shows that the final result does not have much difference compared to the 
independent retransmissions analytical results, if the randomized retransmission delay is large and 

the number of retransmissions is not too large [13]. Therefore, we can conclude that the arrivals of 

the new and retransmitted packets are independent in nature and the total arrival rate can be 
assumed as Poisson process. This assumption is valid if each retransmission is memoryless and 
independent of newly generated packets as well as retransmitted packets [14, p. 272]. 
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3.3 Average Number of Retransmissions 
   Let us apply the average number of retransmissions for the Random Access Channel 
(RACH) or a Packet Random Access Channel (PRACH) in a GSM-GPRS network. A GSM-GPRS 
call tries to access into the base station immediately, if it has any information for transmitting. If 
the first access transmission is unsuccessful, it retransmits the access packet. In GSM-GPRS 
maximum r (r = 1, 2, 4, or 7) time retransmissions is allowed. The average number of 
retransmissions for GSM-GPRS is depicted in Figure 3 (using Eq. (6) and simulation model 
presented in Subsection 3.1). Clearly, the simulated and analytical outcomes show the very similar 
results. 
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Figure 3: Average number of retransmissions.           Figure 4: Packet rejection probability 

. 
3.4 Rejection Probability 
 Eq. (7) is the general equation for packet rejection probability. We applied this results for the 
case of GSM-GPRS, when r = 1, 2, 4 or 7. The numerical and simulation results considering these 
four cases along with the curve representing without retransmissions (r = 0) are depicted in Figure 
4. In the simulation, for finding the rejection probability, we calculated the ratio of packets that are 
leaving system without successful transmission after r retransmissions to the total number of new 
arriving packets.  

Clearly, simulation results are well matched with the analytical results; however we did not 
include the retransmission probability term in the analysis.  

Throughout this paper we simulate the performance by setting the randomized retransmission 
delay to twenty slots (retransmission probability 0.05) and the results show very good agreement 
with aggregate new and retransmitted packet Poisson arrival analytical model.  

Finally, we can conclude that the Poisson analytical model for new and retransmitted packet 
arrival shows very good agreement with the simulation if the system follows these three 
conditions.  

(1) New packet generation rate is not very high (≤  one packet per time slot). 
(2) The average randomized retransmission delay is large compared to the slot duration 

(retransmission probability was set to 0.05).  
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(3) The number of retransmissions is not too large (maximum seven retransmissions were 
allowed). 
 
 
4. STABILITY WITH AND WITHOUT RETRANSMISSION CUT-OFF 

In the case of a normal data transmission system, every packet must be transmitted 
successfully. On the other hand, in the case of contention based access or real time transmission, 
we can cut the retransmissions after a certain number of times, which will avoid the undesirable 
bistable behavior of Slotted ALOHA. Over a long time period, the total offered traffic load G will 

have an optimum value  depending on the other parameters like new packet generation rate 

and maximum number of retransmissions. For a stable operation of Slotted ALOHA type channel, 
with a higher value of new packet generation rate, the retransmission number should be controlled. 
The purpose of the retransmission number control is to get the optimum value of offered traffic 

load from all active users , which will make the system stable.  

Gop

Gop

 The Eq. (1) and system model presented in Figure 1, signify that if the new packet 

generation rate from all active users λ , is high, the number of retransmission r should be low for a 

given value of the total offered traffic load G and vice versa. The role of aggregate traffic 
generation rate G is important to make the system ‘stable’. This statement can be verified very 
easily. Combining Eqs. (1) and (2), we can write the throughput Equation as 

 
( )expS G G= −                  (8) 

 
which is same as without retransmission cut-off and written in most of the text book concerning 
random access protocol.  

It is well known that in Slotted ALOHA, the channel throughput S, increases initially with an 
increase of the aggregate packet generation rate G as shown in Figure 5. The throughput reaches its 
maximum value at a certain point of the aggregate packet generation rate, and it starts decreasing 
with a further increase of the aggregate packet generation rate. The optimum packet generation rate 
is the amount of aggregate packet rate that maximizes the throughput. According to Figure 5, the 
optimum packet generation rate is one (G =1). The same result can be obtained by differentiating 
the Eq. (8) with respect to G and setting it is equals to zero. 

Stability is also studied in [4] for the retransmission cut-off scheme of Slotted ALOHA. It is 
shown in [8] that the Slotted ALOHA system is stable if the aggregate packet generation rate is less 
than the optimum packet generation rate. Therefore, according to Figure 5, it can be said that the 
system is ‘stable’ if the aggregate packet generation rate from all active users is less than one 
packet per time slot.  

Clearly, the number of retransmission r should be controlled to make the aggregate packet 
generation rate G limited to one, to achieve the system stability. The main purpose of the 
retransmission number control is to make the system stable. 

The strategy of stable operation of Slotted ALOHA with retransmission cut-off is to 
maximize the throughput, S by adjusting the retransmission number, r and the new packet 
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generation rate, λ . We already know that the maximum throughput of Slotted ALOHA with and 

without retransmission cut-off is  and it occurs when the aggregate traffic generation rate, G = 

1. Now setting G = 1 into Eq. (1) or (2) and after simplification we get  

e−1

 
( ){ }11/ 1 1 1/ re eλ +⎡ ⎤= − −

⎣ ⎦                  (9) 
 
which is the basic equation for the stable operation of Slotted ALOHA with (and without) 

retransmission cut-off. Figure 6 shows the variation of new packet generation rate,λ , with the 

variation of retransmission number, r, using  Eq. (9). 
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Figure 5: Throughput of Slotted ALOHA.         Figure 6: Stable operating region of Slotted ALOHA. 

From Figure 6, it can be said that the maximum value of new packet generation rate,λ  is 1 for 

the stable operation. On the other hand the lower bound of the new packet generation rate, λ ,  is 

 for the aggregate traffic generation rate, G=1. From this figure, we can draw the conclusion 

that, the aggregate traffic load, G, never reaches 1, if the new packet generation rate, 

e−1

λ , is less 

than  packet per time slot. The reason is that, we started to get the result of Eq. (9) with the 
aggregate traffic generation rate, G=1. So it is unnecessary to control the retransmission number 

for a stable operation of Slotted ALOHA, if the new packet generation rate, 

e−1

λ , is less than   

packet per time slot. Clearly the shaded area shows the stable operating region of Slotted ALOHA 
with retransmissions cut-off. The same results also presented in [8, Eqs. (29), (30)] for a special 
case, using complicated analysis. 

e−1

Eq. (9) deals with the following aspects:- (1) a critical limit of the new packet generation rate, 
below which the number of retransmission control is not needed for a stable operation of Slotted 
ALOHA, (2) the exact number of retransmissions for a given new packet generation rate 
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exceeding the critical limit, and (3) the maximum value of the new packet generation rate, where 
no retransmission is allowable for a stable operation. Finally, we can conclude that Eq. (9) forms 
the bridge between with and without retransmission cut-off Slotted ALOHA under stable 
condition. 

 
5. CONCLUSIONS  

An analytical approach for the performance evaluation of Slotted ALOHA with retransmission 
cut-off scheme has been prosecuted, and have been validated by simulations.  

It is found that for a given critical limit of the new packet generation rate, a limited number of 
retransmissions is not needed for a stable operation. The reason is that if the new packet generation 
rate is below a certain limit, the probability of success is very high because of the lower aggregate 
packet generation rate. This lower aggregate packet generation rate is not sufficient to make the 
system unstable. Figure 6 shows that the number of retransmissions has to decrease sharply to keep 
the system operation stable if the new packet generation rate exceeds this critical limit.  

Slotted ALOHA was invented for the wireless bursty computer packet data communications. 
In case of packet data communications, each packet should be received successfully and thus 
retransmission cut-off scheme is not applicable. May be because of this reason, most of the cases 
random multiple accesses are discussing Slotted ALOHA without retransmission cut-off. Few 
modern (tele)communication systems use Slotted ALOHA with retransmission cut-off. Under 
certain conditions the presented results in this paper can be converted for the case of without 
retransmission cut-off (for example Eq. 8). Section 4 describes the stable operation of Slotted 
ALOHA with and without retransmission cut-off. Therefore, we can conclude that the results 
presented in this paper are more suitable for modern books concerning random multiple accesses. 
The reason is not only for simplicity, also for its common applicability in both cases: with 
retransmission cut-off and without retransmission cut-off. 
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