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Abstract. Resource allocation for wireless networks is strongly influenced by the effects
of multiuser interference. Thus, a cross-layer approach is needed, which includes the power
allocation as well as the design of joint receive strategies for interference mitigation. In
this paper, we characterize the resulting QoS feasible region (the set of jointly achievable
QoS). The impact of the receive strategy on the interference is modeled by a parameter-
dependent matrix of coupling coefficients. The problem of feasibility is closely connected
to the theory of non-negative matrices. Power allocation can be seen as an eigenvalue
problem. We propose iterative algorithms which are able to achieve arbitrary QoS targets
within the feasible region, including the boundary. This theoretical framework may serve
as a basis for the development of algorithms for cross-layer resource allocation.

1 Introduction

The quality-of-service (QoS) is a measure for the performance and reliability of a com-
munication link. Although its definition varies from case to case, it is always in some
way determined by the effects of the propagation channel and by interference between
the links. These effects are both captured by the signal-to-interference-plus-noise ratio
(SINR). Thus, a common approach for resource allocation is to model the QoS as a one-
to-one mapping of the SINR. Defining a bijective function φ : R+ 7→ R+, the QoS of the
kth link can be defined as

QoSk = φ(SINRk), k = {1, 2, . . . , K} . (1)

Some examples are the SINR itself: φ(x) = x, BER: φ(x) = Q(
√
x), MMSE: φ(x) =

1/(1+x), BER-slope for α-fold diversity: φ(x) = x−α, queuing delay [1], or the information-
theoretical capacity: φ(x) = log(1 + x).
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Wireless networks are characterized by strong interdependencies between the com-
munication links, which are typically coupled by interference. This results in a necessary
tradeoff between the individual QoS. Increasing one users QoS generally comes at the cost
of decreasing the QoS that can be achieved on other links. The set of jointly achievable
QoS is referred to as the feasible region.

Resource allocation aims at finding a suitable tradeoff between the individual QoS. A
common approach is to optimize the network utility function

f(QoS) =

K∑

k=1

αk ·QoSk .

The functional f(QoS) can be seen as measure of revenue for the network operator, who is
paid according to the QoS he can deliver. The weighting factors α = [α1, . . . , αK] depend
on various parameters, like user requirements, traffic patterns, channel conditions, queuing
lengths, or priority classes.

For some cases, the optimization of f(QoS) can even be considered as the optimal
strategy. For example, it was shown in the context of statistical queuing [2, 3], that this
approach maximizes the stability region of a MIMO multiple access channel. An overview
is given in [4].

Optimization of f(QoS) always leads to a point on the boundary of the QoS feasible
region Q (the set of jointly achievable QoS), as illustrated in Fig. 1. By adjusting α, it is
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Fig. 1. Resource allocation over the QoS feasible region

possible to achieve arbitrary boundary points. Special cases of interest are the best overall
efficiency (the optimum sum of QoS) and max-min fairness (all QoS balanced).

The nonlinear dependency of QoS on channel conditions and powers, as well as on
physical layer designs, are still main challenges of solving utility maximization problems
in wireless networks. In particular, the impact of multiuser reception strategies for in-
terference mitigation needs to be better understood. The choice of the receiver design
determines the shape of the QoS feasible region, and thus has impact on the resource
allocation. For example, the region Q was shown to be convex for certain classes of QoS
mappings [5–8] and algorithms for optimizing f(QoS) are proposed [9].

These results hold under the assumption of a fixed receiver design. The extension to
the case of adaptive receiver designs, which will be studied in the following, is not straight-
forward. In this paper, we investigate the QoS feasible region Q under the assumption
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that both powers and receive strategies can be adjusted simultaneously. The resulting
QoS region is the union of regions resulting from all possible choices of receive strategies.

Instead of optimizing over the set of QoS directly, we exploit the dependency of QoS on
the power allocation. By optimizing over the set of powers, it is possible to derive globally
convergent algorithms, which provide the jointly optimal powers and receive strategies.
The algorithm, which is based on a weighted max-min approach, is able to achieve an
arbitrary target point in the region Q.

This user-centric approach is related to power control theory. On the other hand, it is
also related the optimization of the functional f(QoS). In particular, the proposed max-
min strategy is also able to achieve an arbitrary non-negative target on the boundary ofQ.
Both strategies are closely connected, and in some cases even equivalent, as shown in [10].
Thus, the user-centric framework proposed in this paper may serve as a basis for the
development of future techniques for joint receiver optimization and resource allocation.

2 The QoS Achievable Region

Consider K communication links with a power allocation p ∈ RK+ . We use pk := [p]k
to denote the power of the kth link. The choice of receive strategy is denoted as z. In
order to keep the results as general as possible we do not make any specific assumption
on z, except that it is chosen from a closed set Z. Examples are multi-antenna spatial
processing (beamforming), or CDMA multiuser detection.

2.1 Interference Model

The mutual interference between the communication links is modeled by a coupling matrix
Ψ (z) ≥ 0 being a function of the receiver design z ∈ Z. The component Ψ kl is the cross-
power amplification between the lth transmitter and the receiver with index k. Note, that
the kth row of Ψ (z) only depends on the receiver zk ∈ Zk, where Zk is the compact set of
receive strategies associated with the kth link. This is because the receivers do not interact
directly (only indirectly via the power allocation). All possible strategies are summarized
in Z = Z1 × Z2 × · · · × ZK (Cartesian product).

The links are not only interconnected by interference, but also by the competition for
the limited power resource. Thus, we have to consider possible noise enhancement. The
noise enhancement factors are collected in a vector N(z) ∈ RK+ . The overall system can
be described by an extended coupling matrix

G(z) =
[
Ψ (z)N(z)

]
. (2)

We define the extended power allocation vector

p =
[
p
1

]
∈ RK+1

+ , (3)

where the last component stands for the normalized receiver noise with variance σ2 = 1.
Thus, the total interference-plus-noise power experienced by the kth link can be written
as

Ik(p) = min
zk∈Zk

[
G(z)p

]
k
, k ∈ {1, 2, . . . , K} . (4)
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Here, the receiver zk is chosen so as to minimize the interference, and thus to maximize
the respective SINR

SINRk(pk) =
pk
Ik(p)

, k = {1, 2, . . . , K} . (5)

In general, the optimal receive strategy in (4) does not completely null out the inter-
ference. This is because there is a tradeoff between interference suppression and noise
enhancement. Mostly, it is better to let the transmitted signals interfere with each other
in a controlled way.

The non-linear interference Ik(p) of the kth link depends on all transmission power
p. Thus, all SINR (5) are tightly intertwined. In the following we will develop allocation
strategies, which take into account this interdependency. The optimal receiver design is
implicitly included by this model.

Our analysis is based on the following properties, which are all fulfilled by the inter-
ference function (4).

A1: Ik(p) is non-negative on RK+1
+

A2: Ik(µp) = µIk(p) for all p ∈ RK+1
+ and µ > 0.

A3: Ik
([
p(1)

1

])
≥ Ik

([
p(2)

1

])
if p(1) ≥ p(2).

A4: Ik
([
p
a

])
> Ik

([
p
b

])
if a > b.

This axiomatic framework A1-A4 is similar to the concept of standard interference func-
tions [11], thus we know that feasible target SINRs can be achieved by a fixed-point
iteration, which converges to a unique optimal power allocation. But we can also exploit
the matrix structure of our interference model (4), which is a special case of the more
general concept A1-A4. By exploiting the theory of non-negative matrices, we will develop
new algorithms for QoS allocation. A detailed problem formulation will be given in the
next section.

2.2 QoS-Based Resource Allocation Policies

The achievable sum-power constrained QoS region, i.e., the set of all jointly achievable
Q = (Q1, . . . , QK) > 0 is

Q(P ) = {(Q1, . . . , QK) : C(P,Q) ≥ 1} , (6)

where

C(P,Q) = max
p≥0

(
min

1≤k≤K

φ
(
SINRk(p)

)

Qk

)
(7)

subject to ‖p‖1 ≤ P .

The region (6) is illustrated in Fig. 1 for the 2-user case, assuming that we seek to maximize
the QoS functions (otherwise max and min must be interchanged). The boundary is the
subset for which C(P,Q) = 1. Sometimes, the sum power constraint ‖p‖1 ≤ P in (7) is
replaced by individual power constraints pk ≤ Pk, 1 ≤ k ≤ K.
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Note, that the region need not be convex in general. Nevertheless, it will be shown in
Section 4 that efficient algorithmic solutions can be derived by choosing an appropriate
parametrization for any bijective QoS mapping (1).

We start by discussing special cases of the optimization problem (7).

Max-min fairness means that all QoS are balanced at the same level. This strategy is
a special case of (7) with equal targets Q1 = · · · = QK = 1:

max
p≥0

(
min

1≤k≤K
φ
(
SINRk(p)

))
s.t. ‖p‖1 ≤ P . (8)

The max-min optimum lies on the boundary ofQ(P ). Weak links are assigned more power
in order to compensate for their bad channel states. Although this strategy is fair, it has
a drawback: If there are users with unacceptably high channel attenuations, then these
users will require exceedingly large powers, so the performance of the other users (and
thus the overall system performance) can be severely degraded.

The power minimization problem

min
p≥0

∑

k

pk s.t. min
k

φ
(
SINRk(p)

)

Qk
≥ 1 (9)

seeks for the point within the achievable region Q(P ), which fulfills the QoS requirements
exactly with minimum total power. Unlike problem (8), the problem formulation (9) is
not necessarily feasible, i.e., it is possible that the targets Q > 0 cannot be fulfilled.

There is a close link between the weighted max-min problem (7) and (9). If a target
Q > 0 is chosen such that C(P,Q) = 1, then Q lies on the boundary of the region and is
equivalently achieved by (7) and (9). If C(P,Q) > 1, then additional degrees of freedom
are available, which can be used to further reduce the total transmission power, as in (9).

The best overall efficiency is defined as the maximum achievable sum of all QoS. This
problem can be written as

max
z∈Z, p≥0

K∑

k=1

φ
(
SINRk(z,p)

)
s.t. ‖p‖1 ≤ P (10)

This strategy is “unfair” in a sense that it uses the available power resource to maximize
the overall system efficiency, which may come at the cost of individual links.

It is important to notice that problem (10) differs from the “fair” strategies (9) and
(10) in that users with bad channel conditions are allowed to switch off. There are even
system designs for which the optimum (10) is always achieved by transmitting only to the
link with the best channel at any given time. In general however, it is efficient to schedule
multiple links simultaneously, as shown in Fig. 1.

In the following we focus on the subset of users which are active (Q > 0). Then (10) is
also a special case of the max-min problem (7). That is, by properly choosing the targets
Q, strategy (7) achieves the boundary point associated with the best overall efficiency.
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3 The Boundary of the Unconstrained Region

The power minimization problem (9) aims at fulfilling certain QoS targets with optimal
power efficiency. In this respect, it differs from the problem formulations (8) and (10),
which only require a “best effort” solution, limited by the totally available power. Whereas
problem (9) may become infeasible, i.e., no solution exists.

In order to decide whether or not some QoS targets ΓQ can be fulfilled, it is important
to study the unconstrained QoS region, which is the ultimate limit for jointly achievable
QoS.

Since the QoS is monotonically increasing in the transmission power, the boundary
of this region is approached in the high-power regime, which means that noise can be
neglected. In this case, the interference function is reduced to

Ik(p) = min
zk∈Zk

[
Ψ (z)p

]
k
, k ∈ {1, 2, . . . , K} , (11)

and the SINR (5) becomes the signal-to-interference ratio (SIR).
Note, that (11) still fulfill the properties A1-A3. Property A4 is based on the existence

of a positive noise component.
Let γ be the inverse function of φ, then

γk = γ(Qk), k ∈ {1, 2, . . . , K} , (12)

is the minimum SIR level needed by the kth user to satisfy the QoS requirement Qk.
Thus, the problem of achieving certain QoS requirements, carries over to the problem of
achieving target SIR’s

ΓQ = diag{γ1, . . . , γK} . (13)

A target ΓQ > 0 is achievable if and only if there exists a power allocation p̂ > 0 such
that SIRk(p̂) ≥ γk, for all k = 1, . . . , K, which is equivalent to maxk γk/SIRk(p̂) ≤ 1.
Assuming some receive strategy z, the minimum achievable level is given by the min-max
problem

C(z)(ΓQ) = inf
p>0

(
max

1≤k≤K

[ΓQΨ (z)p]k
pk

)
.

That is, C(z)(ΓQ) ≤ 1 is required in order to be able to support the SIR targets ΓQ.
It is known from the literature (see e.g. [5, 6, 12]) that C (z)(ΓQ) equals the spectral

radius of the coupling matrix Ψ(z) if Ψ (z) is irreducible (but the converse need not be
true). This follows from the Perron/Frobenius theorem for irreducible matrices.

However, the assumption of irreducibility is not necessarily justified for the case at
hand, where Ψ (z) depends on the parameter z. In particular, the receive strategy z may
perform interference cancellation or nulling, and thus may render Ψ(z) reducible. This
is especially true for the boundary, which is approached for ‖p‖ → ∞. Then, MMSE
designs, for example, are equivalent to zeroforcing, i.e., resources are orthogonalized and
Ψ (z) = 0.

Even though the Perron/Frobenius theorem cannot be applied, it can be shown that
the optimum of the min-max characterization can still be expressed in terms of the spectral

1982



radius ρ. For some arbitrary z ∈ Z, the spectral radius ρ of the weighted coupling matrix
ΓQΨ(z) can be expressed by the following Collatz-Wielandt type characterization [13]

ρ
(
ΓQΨ (z)

)
= inf
p>0

(
max

1≤k≤K

[ΓQΨ (z)p]k
pk

)
= C(z)(ΓQ) . (14)

Thus, the optimal level achievable among all possible receive strategies is given by an
eigenvalue optimization problem

C(ΓQ) = inf
z∈Z

ρ
(
ΓQΨ(z)

)
, (15)

and the unconstrained QoS achievable region is

Q = {Q : C(ΓQ) ≤ 1} . (16)

Now, consider the special choice of interference function (11). Performing the min-max
optimization with respect to Ik(p) leads to an optimum

C ′(ΓQ) = inf
p>0

(
max

1≤k≤K

γkIk(p)

pk

)
. (17)

An interesting question is how the optimum (15) compares to the achievable level C ′(ΓQ).
The difference between C(ΓQ) and C ′(ΓQ) is the optimization over z. In (15), a joint
optimization over z is performed, while in (17) each link is optimized independently
(implicitly contained in the interference function (11)). The following theorem shows that
both strategies achieve the same optimum.

Theorem 1. Let Ψ (z) be non-negative (not necessarily irreducible), then

C ′(ΓQ) = inf
z∈Z

ρ
(
ΓQΨ (z)

)
, (18)

thus C(ΓQ) = C ′(ΓQ) holds.

Proof. Since Ik is designed to minimize the interference, we have for every z ∈ Z,

max
1≤k≤K

γkIk(p)

pk
≤ max

1≤k≤K

[ΓQΨ (z)p]k
pk

.

Taking the infimum over p > 0 on both sides we have C ′(ΓQ) ≤ ρ
(
ΓQΨ (z)

)
for any z, and

thus
C ′(ΓQ) ≤ inf

z∈Z
ρ
(
ΓQΨ (z)

)
. (19)

For an arbitrary ε > 0, then there exists a p(ε) > 0 and a z(ε) ∈ Z such that

max
1≤k≤K

[ΓQΨ (z(ε))p(ε)]k

p
(ε)
k

≤ C ′(ΓQ) + ε .

Since this holds for all ε > 0, we can take the infimum over p > 0 and use (14) to show
ρ
(
ΓQΨ(z(ε))

)
≤ C ′(ΓQ) + ε, and thus

inf
z∈Z

ρ
(
ΓQΨ (z)

)
≤ C ′(ΓQ) + ε .

This holds for all ε > 0, thus infz∈Z ρ
(
ΓQΨ (z)

)
≤ C ′(ΓQ). Comparison with (19) yields

the desired result. �
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4 Power-Constrained Optimization

One important difference between problems (8)-(10) and resource allocation for fixed
receiver designs (see e.g. [5,6]), is the non-linear interference function (4), which optimally
adjusts the parameter z for each choice of transmission powers. Generally, the optimizer
ẑ does not even need to be unique. Also, convexity properties, as analyzed in [5, 6], are
more difficult to show under the assumption of adaptive receiver design.

A useful way of characterizing the achievable region (6) is by means of the extended
coupling matrix

Φ(z, P,Q) =

[
ΓQG(z)

1TΓQG(z)/P

]
, (20)

where 1 is the K-dimensional all-one vector and P is the total transmission power.

4.1 Max-Min SINR Balancing

The matrix Φ has a real maximum eigenvalue, which equals the spectral radius ρ
(
Φ).

The inverse spectral radius can be interpreted as the maximum balanced SINR margin.
It is monotonically increasing in the total transmission power P , which is ensured by
the last row 1TΓQG(z)/P . Thus, the max-min balancing problem (7) is equivalent to an
eigenvalue optimization problem

C(P,Q) =
1

minz∈Z ρ
(
Φ(z, P,Q)

) (21)

and the QoS achievable region is

Q(P ) = {Q : min
z∈Z

ρ
(
Φ(z, Q, P )

)
≤ 1} . (22)

Let Q̂ be a point on the boundary of Q(P ), i.e., minz ρ
(
Φ(z, Q̂, P )

)
= 1. Then the set of

optimal receive strategies is given by

ZQ̂ = {z : ρ
(
Φ(z, Q̂, P )

)
= 1} . (23)

A receive strategy ẑ achieves the boundary point Q̂, i.e., ẑ ∈ ZQ̂, if and only if the
following properties hold jointly:

ẑk = arg min
zk∈Zk

[
G(z) p̂

]
k
, k ∈ {1, 2, . . . , K} (24)

Φ(ẑ, P, Q̂)p̂ = p̂, [p̂]K+1 = 1 (25)

The power allocation which fulfills targets Q together with a receive strategy ẑ ∈ Z opt is
given as the right-hand principal eigenvector of the extended coupling matrix Φ(ẑ, Q, P ),
scaled such that its last component equals one.

Note, that due to the non-uniqueness of the optimal receiver, there may exist multiple
“optimal” matrices Φ. However, it can be shown, that all have the same principal right
eigenvector.

Motivated by the optimality conditions (24) and (25), we propose the following itera-
tive algorithm to solve the weighted max-min problem (7):
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1. initialize: n := 0, p(0) := [0, . . . , 0, 1]T

2. repeat
3. n := n+ 1

4. z
(n)
k = arg minzk

[
G(z)

[
p(n−1)

1

]]
k
, k ∈ {1, . . . , K}

5. Φ(z(n), P, Q) p(n) = λmax(n) p(n), [p̂]K+1 = 1
6. until λmax(n− 1)− λmax(n) ≤ ε

Here, λmax(n) = ρ
(
Φ(z(n), P, Q)

)
denotes the spectral radius of the coupling matrix asso-

ciated with the nth iteration. The algorithm converges monotonically towards the global
optimum of (7), i.e.,

C(P,Q) =
1

λmax(n→∞)
.

If Q is a boundary point, then C(P,Q) = 1. In general however, the achievable region is
not known. In this case, the above algorithm can be used to check feasibility. The point
Q is feasible if and only if λmax(n→∞) ≤ 1.

By appropriately choosing the targets Q > 0 (which can also be seen as weighting
factors), the algorithm can achieve any point on the boundary of the QoS region (see
Fig. 1). Optimal max-min fairness, as discussed in Sec. 2, is just a special case, which is
achieved by choosing equal targets Qk = 1. Also the optimal overall system efficiency is
a special point on the boundary of Q(P ), and can be achieved by the above algorithm.

4.2 Power Minimization

Weighted max-min optimization achieves a point on the boundary of the QoS region. We
can use the same optimization framework to solve problem (9), which achieves an arbitrary
point Q ∈ Q(P ) with minimal total transmission power. This is a special case of the max-
min problem. We can use the same algorithm with a slightly modified power allocation
strategy. Instead of fixing the total power and asking for the maximum balanced SINR
margin, we now choose the power allocation such that the targets ΓQ are met exactly.
Both strategies only differ by a scaling. For details, see [14].

5 Conclusions

We propose a cross-layer optimization framework for joint resource allocation, power
control and multiuser receiver design. Since these functionalities are tightly intertwined,
a fundamental insight into the properties of the QoS achievable region is needed.

Our analysis is based on an abstract axiomatic model. Inter-user interference is char-
acterized by a parameter-dependent coupling matrix of the form (2). That is, the noise
can be expressed by a separate column and the interference of the kth user only depends
on the receiver zk. This assumption holds for virtually any system layout, thus the re-
sults can be applied to a wide range of designs. One example is the joint optimization of
beamformers and transmission powers, as described in [15–17].

It has been shown that the analytical structure of the problem leads to very efficient
algorithmic solutions, which can be designed with respect to different optimization goals
(power minimization, fairness, efficiency, . . . ). It was also shown that the unconstrained
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QoS achievable region is adequately characterized by the spectral radius of the coupling
matrix. The assumption of irreducibility is not required. In this respect, the paper extends
previous work, which was based on the assumption of irreducibility.
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