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Abstract—Fuelled by the proliferation of smartphones,
wireless traffic has experienced huge growth, which will
continue with the emergence of ultra-broadband 5G applica-
tions, and exacerbate the capacity strain in cellular networks.
Deployment of pico access points, reducing cell sizes and
allowing more efficient reuse of limited radio spectrum,
provides a powerful approach to cope with traffic hot spots
and bring capacity relief. This network densification makes
cell planning more challenging though, and tends to result
in more irregular cells with possibly overlapping coverage
areas and greater variability in traffic loads. This raises a
critical need for more intelligent cell selection algorithms,
which not only take signal strength values into account, but
also load conditions in order to harness the full potential of
the pico-cells.

In the present paper we analyse online cell selection
algorithms that use a parsimonious set of load-driven control
parameters to determine an optimal user association in
a measurement-based manner, without requiring explicit
knowledge of the system parameters. We exploit stochastic
approximation techniques to establish the convergence of
the control parameters to the optimal values. Extensive
simulation experiments for scenarios with many pico access
points confirm that the algorithms are quite effective in
optimally balancing the traffic loads in hot spot areas,
and further demonstrate that they substantially outperform
conventional approaches in terms of service denials and low
throughput percentiles. We consider several implementation
options and evaluate the relative benefits and potential trade-
offs.

Keywords-wireless pico-cell networks; load balancing; op-
timal cell selection; stochastic approximation;

I. INTRODUCTION

Wireless cellular networks have experienced immense

growth in traffic loads over the last few years fuelled by the

rapid proliferation of smartphones and bandwidth-hungry

applications. The sharp rise in traffic volumes is widely

forecast to continue and exacerbate the capacity strain in

cellular networks.

Two key options to support further growth within

the confinements of the available radio spectrum are to

implement multi-antenna techniques and/or deploy pico

access points so as to cover traffic hot spots. Both options

provide particularly powerful approaches in conjunction

with optical backhaul links, enabling radio-over-fibre tech-

nologies [1], [2].

In the present paper we focus on the deployment of

pico access points, which yields a significant potential for

capacity gains by reducing cell sizes and allowing higher

spectral reuse and efficiency. The denser concentration

of access points also raises challenging issues though,

in particular with regard to cell planning and traffic

engineering [3], [4].

For example, physical constraints will typically make

it even harder to arrange pico access points in an ideal

hexagonal pattern, which causes the coverage areas to

significantly overlap, and the natural cell regions to be

irregularly shaped. Due to the smaller and less regular

cell regions, the nominal traffic loads will tend to exhibit

not only more spatial variation but also stronger temporal

fluctuations (burstiness). This variability in traffic could

potentially result in severe load imbalances and perfor-

mance degradation in case users are simply assigned to the

pico access point that offers the best signal strength. On

a positive note, the higher degree of overlapping coverage

areas also offers greater flexibility in a assigning users to

access points.

In conclusion, pico cell deployments create both a

stronger need and greater scope for more intelligent user

association algorithms which not only take signal strength

values into account but also load conditions. The design

of such load-aware cell selection algorithms is critical

for effective pico cell deployments, capitalizing on the

full capacity gains and ensuring excellent user-perceived

performance.

In order to design load-aware cell selection algorithms,

we formulate the problem of optimally balancing traffic

loads as a linear program (LP). Since the LP formulation

involves several system parameters that tend to be time-

varying and hard to estimate, we analyse an online cell

selection algorithm that solves the LP and determines the

optimal user association in a measurement-based manner

without requiring explicit knowledge of the system param-

eters.

This paper extends [5] in two ways. First, we will

exploit stochastic approximation techniques to establish

convergence of the proposed algorithm under suitable

assumptions. Second, we present extensive simulation

experiments for large systems. The simulation results

also provide empirical evidence of the convergence, and

confirm that the proposed algorithm is quite effective in

optimally balancing the traffic loads. Comparisons further

demonstrate that it substantially outperforms conventional

approaches in terms of user-perceived throughput perfor-

mance and service denials.
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A. Discussion and related work

From a high-level perspective, the optimal cell selection

may be viewed as a load balancing problem in a parallel-

server system, where incoming jobs are assigned to one

of several servers so as to distribute the load and optimize

some performance metric of interest. The above-described

problem formulation involves however a key feature which

provides a fundamental distinction with the typical load

balancing framework in the literature.

In particular, in conventional load balancing settings,

servers may have different processing rates and there may

be heterogeneous user classes with different service re-

quirement distributions, but the service rate is determined

by the server only, and not by the user identity. In our set-

up, the service rate can depend on the specific combination

of the user class and the access point in any arbitrary way.

This is a manifestation of the different signal strengths of

various users with respect to different access points, and

creates a further challenge for load balancing policies [6].

The papers [7] and [8] also consider load balancing sce-

narios where the service rates depend on both server and

users. However their proposed algorithms require solving

an optimization problem for given rate requirements at

each arrival or departure epoch. We on the other hand,

focus on transfers with elastic rates and avoid solving the

optimization problem at each arrival or departure epoch.

We note that several papers have addressed the problem

of optimal user association from a utility maximization

perspective [9]–[16]. However, these papers focus devel-

oping efficient approximation algorithms for static user

ensembles, while we focus on optimizing the perceived

throughput performance for dynamic populations of flows.

The optimal cell selection problem is also tangentially

related to assignment schemes in dynamic spectrum ac-

cess [17] and so-called congestion games, where the user

population is however either supposed to be entirely static,

or only subject to exogenous random variation [18]. In our

situation, the variation in the population of elastic transfers

is intrinsic and strongly impacted by the cell selection

decisions. Ignoring the latter knock-on effects can yield

highly suboptimal decisions and carry severe performance

penalties [19].

B. Organization of the paper

The remainder of the paper is organized as follows.

In Section II we present a detailed model description

and introduce some useful notation and terminology. In

Section III we state the optimization objective that we

pursue and derive optimality results that will play a

crucial role in the design of an online solution algorithm.

In Section IV we specify the online solution algorithm,

provide an interpretation, and discuss some crucial im-

plementation aspects. In Section V we use stochastic

approximation techniques to prove that the iterates of the

control parameters of the algorithm converge to optimal

values. In Section VI we provide extended simulation

results that corroborate the convergence and show that

our algorithm outperforms conventional methods. Finally,

in Section VII we make some concluding remarks and

provide suggestions for further research.

II. MODEL DESCRIPTION

In this section we present a detailed model description

and introduce some useful notation and terminology. We

consider the downlink of wireless network with L pico

access points (APs), and we focus on a scenario with

elastic traffic. Some APs may be physically co-located,

but involve different radio access technologies (e.g. 4G

LTE or 5G with multi-mode handsets). Users initiate

file transfers as a Poisson process of rate λ. When a

user initiates a file transfer, it must be immediately and

irrevocably assigned to one of the APs. For convenience,

we assume that there is a discrete set of N user locations,

which may be interpreted as a suitable discretization of

the overall coverage area. A location does not necessarily

have a geographical interpretation, but rather represents a

class of users that all have (approximately) equal physical

transmission rate characteristics with respect to the APs as

described below. Denote by pn the fraction of users with

location n, with
∑N

n=1 pn = 1, and by λn = λpn the

arrival rate of users in that location. The sizes of the file

transfers initiated by users in location n are independent

and have mean βn.

Let Rn,l be the physical transmission rate in bits per

time unit received by a user at location n from AP l.
By physical rate we mean the achievable transmission

rate per resource unit (e.g. physical resource blocks in

LTE, or frame durations in WiFi), multiplied with the total

number of available resource units per unit of time. For

a given user location n, the transmission rate Rn,l may

be zero for some (and in fact many) APs l, reflecting that

location n falls outside the maximum transmission range

of these APs. Thus, in typical scenarios, only a few of

the Rn,l values for a given location n will be non-zero,

and these values can be reasonably well estimated from

Signal-To-Interference-plus-Noise Ratio (SINR) measure-

ments which are already common in current systems at

the initiation of a flow.

Remark 1: For convenience, we assume that the physi-

cal transmission rates are constant over time. Time-varying

rates due to fading and opportunistic scheduling gains are

thus not explicitly considered here. We also implicitly

assume that the physical transmission rates are not strongly

impacted by time-varying activity levels at neighbouring

access points.

Remark 2: We do not explicitly account for hand-offs

among APs, which is reasonable when the time scale of the

file transfers is relatively short compared to the mobility

dynamics of the users, as would normally be the case in

pico-cell deployments.

III. OPTIMIZATION FRAMEWORK

In this section we state the optimization objective that

we pursue in the form of a Linear Program and present the

corresponding Lagrangian dual problem, which will play a

crucial role in the design of an online solution algorithm.
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Let xn,l be the long-term fraction of users at location

n which are assigned to AP l, with
∑L

l=1 xn,l = 1,

∀n = 1, . . . , N . Define the long-term load of AP l as

ρl = ρl(x) =
N∑

n=1

λnβn

Rn,l
xn,l, (1)

where x = (xn,l)n=1,...,N,l=1,...,L is the vector of

assignment fractions. For notational brevity, we write

ρ = (ρ1, . . . , ρL) for the vector of loads. A proper

assignment vector x and its corresponding load vector

ρ(x) are said to be Pareto-optimal if there exists no other

proper assignment vector x′ with ρ(x′) ≤ ρ(x), and

strict inequality ρl(x
′) < ρl(x) for at least one AP l.

In this paper we focus on minimizing the maximum

weighted load maxl{wlρl} with weights wl for the various

APs. This can be viewed as a weighted load-balancing

problem and can be formulated by the Linear Program

(LP) (2)-(5) [5], where the assignment fractions xn,l are

the optimization variables.

min
x

U (2)

sub: U ≥ wlρl = wl

N∑
n=1

λnβn

Rn,l
xn,l, ∀l, (3)

L∑
l=1

xn,l = 1, ∀n, (4)

xn,l ≥ 0, ∀n, ∀l. (5)

While the above-stated LP has a relatively simple form,

it cannot be solved in a direct manner since in practice

the values of λn and βn are typically unknown and hard

to estimate. In the next section we will therefore analyse

an algorithm for solving the above-stated problem in an

online fashion using load measurements and knowledge

of the Rn,l values only. As mentioned earlier, the Rn,l

values can be reasonably well estimated from SINR mea-

surements.
The online algorithm relies on some structural proper-

ties of the optimal assignment fractions, which we will

now describe. The optimal dual variables corresponding

to the constraints defined by (3) are a solution of the

Lagrangian Dual Problem (LDP) given by:

max
y

V ∗(y), (6)

sub:

L∑
l=1

yl = 1, ∀l, (7)

yl ≥ 0, ∀l, (8)

where V ∗(y) is the optimal value of the following sub-

problem:

min
x

V (y) =
L∑

l=1

ylwlρl(x), (9)

sub :
L∑

l=1

xn,l = 1, ∀n, (10)

xn,l ≥ 0, ∀n, ∀l. (11)

Define Y =
{
y
∣∣∣ ∑L

l=1 yl = 1,y ≥ 0
}

as the set of all

feasible solutions of the LDP satisfying constraints (7)

and (8), and let Y∗ ⊆ Y be the set of all vec-

tors y ∈ Y that are optimal. Also, define X ={
x
∣∣∣ ∀n :

∑L
l=1 xn,l = 1,x ≥ 0

}
as the set of all feasible

solutions of the LP satisfying constraints (10) and (11),

and let X ∗(y) ⊆ X be the set of all vectors x ∈ X that

are optimal with respect to a given vector y.

For a fixed vector y, the sub-problem (9)-(11) amounts

to a minimization of the sum of weighted loads and is

trivial to solve. Indeed, an assignment vector x(y) is

optimal with respect to y if and only if it satisfies the

relationship

xn,l(y) > 0⇒ l ∈ argmin
l′

{yl′wl′/Rn,l′}, (12)

or, equivalently,

ylwl/Rn,l > min
l′
{yl′wl′/Rn,l′} ⇒ xn,l(y) = 0. (13)

Any optimal solution x∗(y) to this sub-problem by def-

inition minimizes a weighted sum of the loads and hence

must be Pareto-optimal, assuming y > 0. Conversely, note

that the set of achievable load vectors ρ is convex, and

hence any Pareto-optimal vector x must minimize some

weighted combination of the loads, and thus must satisfy

the structural properties (12) and (13) for some vector

y ≥ 0. The properties (12) and (13) play a crucial role

in the assignment rule of the algorithm introduced in the

next section.

IV. ONLINE ALGORITHM

In this section we describe the Shadow Price Assign-

ment algorithm, or SPA-algorithm, which uses iterated

control parameters y(i) = (y
(i)
1 , . . . , y

(i)
L ) related to

the dual variables introduced in the previous section. The

dual variables are commonly referred to as shadow prices

which explains the name of the algorithm. The SPA-

algorithm updates the control parameters y(i) at the start of

each file transfer. In the next section we exploit stochastic

approximation techniques [20] to establish convergence of

the control parameters.

A. Algorithm specification

When a user i + 1 initiates a file transfer, the SPA-

algorithm updates the vector y(i) based on load mea-

surements. After the update the algorithm uses the vector

y(i+1), in conjunction with physical rate information, to

assign the user to an AP. The load measurements (proxies)

are determined as follows. Suppose that user i arrives at

location n, is assigned to AP l̃, and has a file of size B(i).

Define

σ
(i)
0 =

B(i)

Rn,l̃

(14)

as the instantaneous load that user i brings to AP l̃, and let

σ
(i)
l = σ

(i)
0 1{l=l̃}. Furthermore, define W =

∑L
l=1 1/wl.

Then the SPA-algorithm is described as follows, where

ε > 0 determines the magnitude of the updates (or step

sizes) and is typically small.
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SPA-algorithm

Initialization: Set y
(0)
l = 1/L, σ

(0)
l = 0, ∀l = 1, . . . , L.

Update Step: Update y
(i+1)
l = y

(i)
l + ε

(
σ
(i)
l − σ

(i)
0

wlW

)
,

∀l = 1, . . . , L.
Assignment
Step:

User i + 1 at location n is assigned to an

AP l ∈ argminl′{wl′y
(i+1)
l′ /Rn,l′}, where

Rn,l′ > 0.

The SPA-algorithm has a similar structure as the user

association rules proposed in [21], which also assign a user

to an AP that offers the maximum ratio of the physical

transmission rate and a load-related variable. In [21], the

load-related quantity is obtained by taking an arbitrary

negative power of the long-term average fraction of time

that the AP is inactive.

B. Interpretation

The update rule increases the control parameter yl
with the local incoming load, and decreases it with a

fraction 1/L of the global incoming load. Thus the update

rule tends to increase/decrease the control parameter yl
for APs l with relatively high/low observed load values.

The assignment rule assigns a user at location n to an

AP l with a relatively high physical transmission rate

Rn,l or a relatively low control parameter yl, consistent

with the property in Equation (12). Together, these two

components will drive the control parameters yl to values

that maximize V ∗(y) as defined in the previous section,

and thus allow for the weighted loads to be balanced,

while assigning users in a Pareto-optimal fashion. Indeed,

in Section V we prove that, under mild assumptions,

the sequence {y(i)}i≥0 realized under the SPA-algorithm

converges (in some appropriate sense) to optimal values

y∗ ∈ Y∗.
Remark 3: When the yl values are not updated but kept

fixed and equal at 1/L, we obtain an assignment strategy

which selects the AP l with the highest value for Rn,l/wl

at location n, irrespective of the load conditions. This

minimizes the sum of the weighted loads, and in particular

the aggregate load in case all weights are equal, i.e. wl = 1
for all l = 1, . . . , L. The latter case corresponds to

the conventional procedure of choosing the AP with the

best SINR, which will be referred to as the Best-SINR

algorithm.

Remark 4: Observe that the SPA-algorithm does not

explicitly use the discrete set of locations. We could allow

a continuum of locations and still apply the SPA-algorithm

as long as it is possible to determine the physical rates Ri,l

which an individual user i can receive from AP l. This

can be done by means of SINR measurements, which is

already common in current systems.

C. Implementation aspects

To perform the assignment step for user i+1 at location

n, the algorithm relies on values for wly
(i+1)
l and Rn,l.

In an actual system implementation, the update step can

be decoupled from the assignment decision. Specifically,

the updates could be performed asynchronously, inde-

pendently of file transfer initiations, and the assignment

decisions could simply be made using the most recently

calculated control parameters.

An alternative option is to perform the updates by using

the resource utilizations of the APs rather than the file size

B(i) of each user. E.g. proxies of the form σ
(i)
l ∈ [0, 1],

where σ
(i)
l is the fraction of resources of AP l being used

at the time at which user i initiates a file transfer. The

advantage is that this does not require knowledge of the

file size of each user, but now we have to determine the

load status per AP. Furthermore, this method measures the

carried traffic and not the offered traffic, and we should

therefore compensate for possible service denials if we

wish infer the offered load from the carried load.

As an alternative to the additive update rule, we can

implement a multiplicative update rule given by

log
(
y
(i+1)
l

)
= log

(
y
(i)
l

)
+ ε

(
σ
(i)
l − σ

(i)
0

wlW

)
. (15)

The advantage of using a multiplicative update rule like

(15) is that the values of y
(i)
l are guaranteed to remain

positive and it is more in line with the multiplicative

nature of the assignment rule. We lose the property that

all the values of y
(i)
l add up to one, but the sum of the

logarithms is kept fixed. In the end the ratios between

the values of y
(i)
l are what matters, since they determine

the association rule. In Section VI we present simulation

results for a multiplicative implementation, which also

demonstrate convergence.

V. CONVERGENCE PROOF

In this section we prove the convergence of the control

parameters y(i) under the SPA-algorithm with an additive

update rule. We assume Poisson arrivals and exponential

file size distributions. We also assume that the optimal so-

lution y∗ to the LDP (6)-(8) is strictly positive and unique.

In Appendix A we will explain why the latter assumption

is reasonable in the present context and demonstrate that

it also implies that y∗ in fact optimizes V (y) over all

y ∈ Y1 = {y ∈ R
L | ∑L

l=1 yl = 1}, in particular

including vectors with negative components.

We use the framework of Kushner and Yin [20] which

implies that under appropriate technical conditions the

control parameters y(i) move to a small neighbourhood

around the limit set of a certain differential inclusion (DI).

The proof thus involves three steps. Step (i) is to verify

all technical conditions in order to apply the framework of

Kushner and Yin. Step (ii) is then to identify the relevant

DI. Step (iii) is to construct a suitable Lyapunov function

which shows that the limit set of the DI consists of the

vector y∗.
For notational convenience, we henceforth assume with-

out essential loss of generality that wl = 1 for all APs l,
and define Nδ(y

∗) as a δ-neighbourhood around y∗. Then,

the control parameters under the SPA-algorithm converge

to the vector y∗ in the sense described by the following

theorem.
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Theorem 1: For any δ > 0, the fraction of time that the

sequence of control parameters {y(i)
ε }{0≤i≤I/ε} produced

by the SPA-algorithm with fixed step size ε spends in

Nδ(y
∗) goes to one (in probability) as ε ↓ 0 and I →∞.

Step (i): As mentioned above, the first step is verifying

that all technical conditions for the framework of Kushner

and Yin to apply are satisfied under Markovian traffic

assumptions. This is a substantial effort, but not difficult,

and the details are omitted due to space limitations. The

framework of Kushner and Yin [20, Theorem. 8.2.5]

(henceforth referred to as the KY-Theorem) then implies

that the behaviour of the sequence {y(i)
ε }{0≤i≤I/ε} pro-

duced by the SPA-algorithm, when suitably rescaled, is

characterized by a DI which can be written as

d

dt
y(t) ∈ G(y(t)), (16)

where G(y(t)) is a set that will be specified in Step (ii),

y(0) = (1/L)�1L, and �1L a vector of length L containing

only ones. Furthermore, the KY-theorem states the follow-

ing. Let LPSG (Limit Point Set) be the set of limit points

of the DI (16) and let {y(i)
ε }{0≤i≤I/ε} be a sequence

of control vectors generated by the SPA-algorithm with

update size ε. Then, for any δ > 0, the fraction of time

that {y(i)
ε }{0≤i≤I/ε} spends in Nδ(LPSG) goes to one

(in probability) as ε ↓ 0 and I → ∞. This result already

brings us close to the statement of Theorem 1. It remains

to determine the set G(y) (Step (ii)) and then establish

that (16) implies that y(t)→ y∗, i.e. LPSG = {y∗}.
Step (ii): In order to determine the set G(y) in the DI,

it is convenient to introduce g(i) = σ(i) − (σ
(i)
0 /L)�1L

as the update direction in the i-th iteration of the SPA-

algorithm, with σ(i) = (σ
(i)
1 , . . . , σ

(i)
L ).

Informally speaking, when y(t) = y, the KY-theorem

states that the time derivative d
dty(t) is determined by the

expectation h(y) of the g(i) values in a system where the

control parameters are held fixed at y at all times, provided

the function h(y) is continuous. In such a system, the as-

signment fractions xn,l must satisfy the structural proper-

ties in Equations (12) and (13), and thus the function h(y)
would be of the form h(y) = ρ(x(y)) − ρ0(x(y))�1L,

with ρ0(·) = (1/L)
∑L

l=1 ρl(·). However, ρ(x(y)) is

not uniquely determined and not continuous, and hence

the function h(y) is not uniquely determined, and not

continuous either. Therefore, additional care is needed,

and rather than an ordinary differential equation, the

behaviour of y(t) is described by the DI (16), where the

set G(y) is such that for any sequence y(i), y, satisfying

limk,k′→∞ supk≤i≤k+k′
∣∣y(i) − y

∣∣ = 0 we have

lim
k,k′→∞

d

⎛
⎝ 1

k′

k+k′−1∑
i=k

E

[
g(i)
]
,G(y)

⎞
⎠ = 0, (17)

where d(s, S) measures the distance of an element s to

a set S. In other words, for any sequence of vectors

{y(i)}i≥1 converging to a vector y, the long-term average

value of g(i) lies in the set G(y). It can be checked that

this holds for the set G(y) defined by

G(y) =
{
ρ(x)− ρ0(x)�1L

∣∣∣x ∈ X ∗(y)} , (18)

with X ∗(y) as defined in Section III.

Step (iii): Now that we have identified the DI we focus

on the third step: constructing a Lyapunov function to

establish that LPSG = {y∗}. Consider the candidate

function given by

D(y) =

L∑
l=1

(yl − y∗l )
2
. (19)

By the uniqueness of y∗, we can derive the following

result.

Lemma 1: The function D(y) given by (19) satisfies
d
dtD(y(t)) < 0 as long as y(t) �= y∗ and y(t) ∈ Y1.

The proof is given in Appendix B. By Lemma 1 we

know that the function D(y(t)) is a Lyapunov function

for the DI given by (16) on the set Y1 and hence y∗ is

locally asymptotically stable in Y1, i.e. LPSG = {y∗}.
Remark 5: Theorem 1 applies to situations where ε

is kept fixed while running the SPA-algorithm. With a

variable step size ε(i) satisfying ε(i) ↓ 0,
∑∞

i=1 ε
(i) = ∞

and
∑∞

i=1(ε
(i))2 < ∞ (e.g. ε(i) = 1/i), we can obtain a

stronger form of convergence, implying that y(i) → y∗ as

i → ∞ almost surely [20, Theorem 8.2.3]. However, for

practical applications it is desirable to keep ε small but

fixed to ensure that the algorithm can respond to changes

in system parameters in non-stationary scenarios.

Remark 6: In the end the optimal values of y are a

means to realize optimal assignments x∗ without knowing

values of λn and βn. Let x
(i)
n,l be the fraction of users at

location n up to and including user i which have been

assigned to AP l by the SPA-algorithm. Results of Sherali

and Choi [22] imply that, as y(i) → y∗, x(i) → x∗ as

i→∞, where x∗ is an optimal solution to (2)-(5). In other

words, the SPA-algorithm realizes optimal assignments in

the long run.

Remark 7: In Section IV-C we considered allowing a

continuum of user locations as this would better suit prac-

tical situations. In addition, it makes the loads ρl(x(y))
continuous as functions of y and so we would obtain an

ordinary differential equation rather than a DI. However,

it also requires an infinite-dimensional state space to

describe the system state. This poses severe complications

in verifying some of the technical conditions needed to

apply the framework of Kushner and Yin.

VI. SIMULATION RESULTS

We now discuss several results of simulation experi-

ments which we conducted to gain insight in the per-

formance of the proposed SPA-algorithm. We used the

SPA-algorithm with the multiplicative update rule as given

in (15), using various step sizes: ε
(i)
↓ = 1/(i + 1)

(decreasing), ε
(i)
↓s = (1/(i + 1))2/3 (decreasing slower),

ε4 = 10−4 (fixed), ε5 = 10−5 (fixed), and ε6 = 10−6

(fixed). Moreover, we calculated the updates by using AP
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utilization proxies as explained in Section IV-C. We in par-

ticular make comparisons with two benchmark algorithms.

The first one is the Best-SINR algorithm introduced in

Section IV. The second benchmark algorithm we will refer

to as the BIR (Best Instantaneous Rate) algorithm [23],

and works as follows. Define m
(i)
l as the number of users

being served by AP l just before the arrival of user i. User

i will be assigned to AP l ∈ argmin1≤l′≤L{(m(i)
l +

1)/Rn,l}. This assignment rule has the same structure as

that of the SPA-algorithm with a state-dependent variable

m
(i)
l instead of a control parameter y

(i)
l . Basically, each

user is assigned to the AP which offers the maximum

instantaneous throughput it can expect directly after being

assigned.

We simulated two scenarios, both a 1500 × 1500m
area with 63 APs and having some hotspot zone(s).

The two scenarios are shown combined in Figure 1. To

1

Figure 1: The black discs represent APs. Scenario 1 has

hotspots marked by the dotted squares. Scenario 2 has a

hotspot marked by the grey area.

better represent realistic scenarios, we used a continuum

of locations in both scenarios and for the achievable

physical transmission rates we used the 3GPP TR 36.814

V9.0.0. urban-micro cell pathloss model: the APs have

orthogonal spectrum resources with a bandwidth of 5

MHz, they transmit with a power of 30 dBm and the

thermal noise is −174 dBm. The resulting pathloss factor

is then 140.7 + 36.7 log10(di,l/1000) dB, where di,l is the

distance in meters from the location of user i to AP l. A

single AP can admit at most 100 users simultaneously and

all APs fairly share the resources among all active users.

A user is blocked (service denial) when it is assigned

to an AP which already has 100 active users. Moreover,

to reduce boundary effects, we glued the left and right

boundary together.

The load balancing capability is particularly critical in

scenarios where the baseline Best-SINR algorithm results

in structurally overloaded APs, while a load-aware as-

signment strategy can avoid this. We chose the following

simulation values. For Scenario 1, the aggregate intensity

of file transfer initiations in the complete area is λ = 20
per second, and the relative intensities of the complete

remaining area and the hotspots (dotted squares, in top

to bottom order) are 1 : 15 : 10 : 8. Moreover, the

mean file size is β = 6 Mb, independent of the location.

For Scenario 2, the aggregate intensity of file transfer

initiations is also λ = 20 per second, but the intensity

in the diagonal hot spot band is three times higher than

the remaining part. In this case, we have β = 4.5 Mb.

The values are such that the BIR algorithm admits all

users (no service denials), while the Best-SINR results in

overloaded APs (which can be recognized by observing

service denials).

In Figures 2 and 3 we see the evolution of one control

parameter y
(i)
3 of a single run, when using three different

step sizes: ε4, ε
(i)
↓ , and ε

(i)
↓s . We focus on AP 3 since in

both Scenarios 1 and 2 it shows service denials under the

Best-SINR algorithm, while the SPA and BIR algorithms

can avoid this (see Table I). Clearly we see that the control

parameters with ε4 and ε
(i)
↓s evolve (with variability)

around an optimal value. Indeed, the variability with ε
(i)
↓s

is decreasing and the control parameter converges. With

ε
(i)
↓ the control parameter does not visibly converge as the

update steps are decreasing too fast. The step sizes ε5 and

ε6 are left out as they would appear as horizontal lines

on the scale of Figures 2 and 3 due to the small step

sizes. In short, we clearly observe a trade-off between

convergence speed and accuracy. Small step sizes show

slow convergence but less variability (higher accuracy),

while larger step sizes move to optimal values faster but

also cause a more erratic evolution.
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Figure 2: Evolution of y
(i)
3 in Scenario 1, using various

step sizes.
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Figure 3: Evolution of y
(i)
3 in Scenario 2, using various

step sizes.

The choice of step sizes ε or ε(i) not only influences

the evolution of the control parameters, but also the per-

formance of the SPA-algorithm. In Table I we present the

fractions of service denials of users 900 000 to 1 000 000 in

a single simulation run. The algorithms labelled as ‘Other’

are the SPA-algorithm with step sizes ε
(i)
↓s , ε4, and ε5, and
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Best-SINR SPA ε6 SPA ε↓ Other
AP S1 S2 S1 S2 S1 S2 S1 & S2

3 0.215 0.140 0.152 0.004 0 0 0
5 0.165 0.033 0.050 0 0 0 0

11 0.080 0 0 0 0 0 0
12 0.077 0 0.013 0 0 0 0
14 0 0 0 0 0.012 0 0
24 0 0 0 0 0 0 0
25 0.271 0 0.244 0 0 0 0
34 0.212 0 0.144 0 0 0 0
37 0 0.248 0 0.221 0 0 0
38 0 0.170 0 0 0 0 0
46 0 0.136 0 0.114 0 0 0
50 0.067 0 0 0 0 0 0
51 0 0.146 0 0.005 0 0 0
60 0.128 0.190 0.012 0.169 0 0 0
61 0 0.255 0 0.172 0 0 0

Table I: Blocking fractions at APs in Scenario 1 (S1) and

Scenario 2 (S2), only listing APs with service denials.

the BIR algorithm. For all choices of the step size ε or

ε(i), the SPA-algorithm realizes significantly fewer service

denials than the Best-SINR algorithm, and with many step

sizes it shuns them completely: only the smallest step

sizes, ε
(i)
↓ and ε6 still show service denials. We see that

the SPA-algorithm can indeed recognize overloaded APs

and redirect load such that all users are served.

The user-perceived throughput is defined as the user’s

file size divided by its total serving time. Without over-

loaded APs we see an improvement in user-perceived

throughput for users with low throughput values, for which

it is the most critical. Indeed, a throughput value below a

certain threshold may be interpreted as a “soft” service

outage, and is a critical KPI to service providers. In

Figures 4 to 7 we plotted the user-perceived throughput of

various groups of users in the two scenarios, again using

the different step sizes. We omitted the plot for ε
(i)
↓s since

it is very close to that of ε4: around users 900 000 to

1 000 000 they have approximately equal step sizes.
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Figure 4: Empirical cumulative distributions of the

throughput for users 900 000 to 1 000 000, for various

algorithms in Scenario 1.

Observe that larger values of ε are too crude to realize

(close to) optimal ratios for the yl values. That means that

with ε4 the SPA-algorithm is not performing optimally

with respect to throughput. On the other hand, smaller

values of ε are slower in convergence, but the relative

ratios between the values are better maintained, which
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Figure 5: Empirical cumulative distributions of the

throughput for users 900 000 to 1 000 000, for various

algorithms in Scenario 2.
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(a) Scenario 1.
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(b) Scenario 2.

Figure 6: Empirical cumulative distributions of the

throughput for users Users 900 000 to 1 000 000, with

ε = 10−5.

translates to better a throughput performance. This can be

seen by combining Table I and Figure 7: we can see that

the throughput performance has improved tremendously

over time even though the algorithm still shows service de-

nials, meaning it has not converged sufficiently yet. Using

ε5 or ε
(i)
↓ both results in a good throughput performance

and (almost) completely shuns service denials. The step

size ε↓ quickly realizes a good performance, yet may be

unable to adapt fast enough at a later stage.

We observe that especially for users with low through-

put the SPA-algorithm is outperforming the Best-SINR

algorithm. For higher throughputs it appears that Best-

SINR is overtaking both the BIR and the SPA-algorithm,

but at the expense of many service denials. Indeed, the
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(a) Users 400 000 to 500 000.

0 0.5 1 1.5

0

0.2

0.4

Throughput in Mb/s

C
u
m
u
la
ti
ve

fr
a
ct
io
n

SPA
BIR

Best-SINR

(b) Users 900 000 to 1 000 000.

Figure 7: Empirical cumulative distributions of the

throughput for some selected users in Scenaro 1, with

ε = 10−6.
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SPA-algorithm and the BIR-algorithm identify overloaded

APs and realize a stable user assignment when possible. It

is then only expected that this goes at the expense of the

throughput performance for users with high throughput

levels. Moreover, we have presented results for several

choices of ε and ε(i) which show that there is a crucial

trade-off between performance and convergence speed.

VII. CONCLUSION

In this paper we analysed a load-aware (pico-)cell

selection algorithm which assigns users to APs based on

control parameters. The control parameters are iteratively

adjusted by means of load measurements and we proved

that under suitable assumptions the iterates converge to

optimal values of the control parameters. We demonstrated

that in two different scenarios the SPA-algorithm improves

the throughput of users with low perceived throughput and

realizes a stable user assignment when possible. We also

extensively treated the impact of the step sizes on the per-

formance and control parameter evolution and showed that

there is a trade-off between convergence speed, throughput

performance, and service denials. Rigorously proving the

convergence of the algorithm with a continuum of user

locations or the multiplicative update rule, and considering

scenarios where transmission rates are strongly impacted

by variations in activity levels of surrounding APs are

interesting challenges for future research. Other possible

extensions may consider the SPA-algorithm in scenarios

where AP functionality is liable to disruptions (self-

healing), e.g. technical failures or terrorist attacks, and

scenarios where APs can be intentionally activated or de-

activated (self-configuring), e.g. for saving energy in areas

of low traffic density or installing new APs to provide

more capacity in hot spot zones.

APPENDIX A.

UNIQUENESS OF y∗

In Section V we proved that the fraction of the control

vectors y(i) that belong to an arbitrarily small neighbour-

hood of the optimal vector y∗ tends to one over suffi-

ciently long time intervals when the step size ε becomes

correspondingly small, provided y∗ is unique and strictly

positive. We now demonstrate that in most settings of

interest the latter assumption is reasonable.

For a given user assignment x, let G(x) be a (bipartite)

graph with vertex set V = {1, . . . , N} ∪ {1, . . . , L} and

edge set E = {(n, l) ∈ {1, . . . , N} × {1, . . . , L} : xn,l >
0}. It can be argued that in typical scenarios, the graph

G(x∗) associated with any optimal user assignment x∗ is

connected. Indeed, if that were not the case, then under

the optimal user assignment the wireless network would

not be connected in the sense that it would operate as

(at least) two disjoint components. More specifically, in

that case the set of user locations could be partitioned

into C ≥ 2 non-empty subsets N1, . . . ,NC and the set of

APs could be partitioned into C ≥ 2 subsets L1, . . . ,LC

such that all user locations in Nc are assigned to APs

in Lc, c = 1, . . . , C. In other words, no load is shared

across the various network components, and in particular

the minimum achievable maximum load is no less than

when the maximum load is minimized within each of

the components individually. Hence, the load balancing

problem can basically be tackled within each of the

components separately, and we conclude that in case the

graph G(x∗) is not connected, the global load balancing

problem can essentially be reduced to independent sub-

problems.

Based on the above, in most relevant situations the

graph G(x∗) associated with any optimal user assign-

ment x∗ must be connected, and we henceforth assume

that to be the case. We will show that this implies that

the solution to the optimization problem (6)-(7) is strictly

positive and unique, even in the absence of the non-

negativity conditions (8). First, suppose that there exists

an optimal solution y∗ that is not strictly positive. Let

K = {k ∈ {1, . . . , L} : y∗k ≤ 0} �= ∅, and observe that

K �= {1, . . . , L} since
∑L

l=1 y
∗
l = 1. Further, introduce

M = {n ∈ {1, . . . , N} : maxk∈KRn,k > 0}. In view

of properties (12) and (13), any optimal user assignment

vector x∗ must satisfy x∗n,k = 0 for all k ∈ K, n �∈ M
and x∗m,l = 0 for all l �∈ K, m ∈ M, so that the

graph G(x∗) is disconnected, which yields a contradiction.

Because of the complementary slackness conditions, the

fact that y∗ is strictly positive also means that the loads

are strictly balanced under the optimal user assignment,

i.e.,
∑N

n=1 x
∗
n,lλnβn/Rn,l = U∗ for all l = 1, . . . , L.

Now suppose that the solution to the optimization

problem (6)-(8) is not unique, i.e., there are two different

solutions y∗ �= z, both strictly positive. Define α =
minl=1,...,L zl/y

∗
l < 1, and denote K = {k ∈ {1, . . . , L} :

zk/y
∗
k = α}. Let xy and xz be the optimal associated

user assignment vectors. For brevity, introduce xy
n,K =∑

k∈K xy
n,k, and further let M = {n ∈ {1, . . . , N} :

xy
n,K > 0}. In view of the optimality property (12) we

have maxk∈KRn,k/y
∗
k ≥ maxl 
∈KRn,l/y

∗
l , ∀ n ∈ M.

Noting that zk/y
∗
k < zl/y

∗
l for all k ∈ K and l �∈

K, it follows that maxk∈KRn,k/zk > maxl 
∈KRn,l/zl,
∀ n ∈ M. The optimality property (12) then implies

xz
n,K = 1 for all n ∈ M. Since the graph G(xy) is

connected, there must exist APs k ∈ K and l �∈ K and

a user location n such that xy
n,k > 0, i.e., n ∈ K, and

xy
n,l > 0, so that xy

n,K < 1. This means that the aggregate

load of the APs in K under the user assignment xz must

be strictly larger than under the user assignment xy:

∑
k∈K

N∑
n=1

xz
n,kλnβn/Rn,k >

∑
k∈K

N∑
n=1

xy
n,kλnβn/Rn,k.

(20)

As mentioned above, the loads are strictly bal-

anced under the optimal user assignment xy , i.e.,∑N
n=1 x

y
n,lλnβn/Rn,l = U∗ for all l = 1, . . . , L, and in

particular
∑N

n=1 x
y
n,kλnβn/Rn,k = U∗ for all k ∈ K.

Inequality (20) then implies that the load at one of the

APs under the user assignment xz must be strictly larger,

maxk∈K {∑N
n=1 xz

n,kλnβn/Rn,k} > U∗, which yields

a contradiction with the presumed optimality of the user
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assignment xz . We conclude that the solution of the

optimization problem (6)-(8) must be unique.

APPENDIX B.

PROOF OF LEMMA 1

Using the DI given by (16) we write d
dtyl(t) =

Δl(y(t)), and the time-derivative of D(y(t)) can be

written as:

d

dt
D(y(t)) = 2

L∑
l=1

(yl(t)− y∗l )Δl(y(t)), (21)

with (Δ1(y(t)), . . . ,ΔL(y(t))) ∈ G(y(t)) and

Δl(y(t)) = ρl(x(y(t)) − ρ0(x(y(t)) for some

x(y(t)) ∈ X ∗(y(t)). Then, for all x(y(t)) ∈ X ∗(y(t))
with y(t) �= y∗, d

dtD(y(t)) satisfies:

(21) = 2

(
L∑

l=1

yl(t)ρl(x(y(t)))−
L∑

l=1

y∗l ρl(x(y(t)))

)

(22)

= 2 (V ∗(y(t))− V ∗(y∗)) (23)

+ 2

(
V ∗(y∗)−

L∑
l=1

y∗l ρl(x(y(t)))

)
(24)

< 0.

To obtain (23) + (24) from (22) we use that
∑L

l=1 y
∗
l =

1, and add and subtract V ∗(y∗). Also, since y(0) =
(1/L)�1L ∈ Y and

∑L
l=1 Δl(y(t)) = 0 we know∑L

l=1 yl(t) = 1. The expression in (23) is thus strictly

negative since y∗ uniquely maximizes V ∗(y) over y ∈ Y1

and we assumed that y(t) �= y∗. The second part, given

by (24), is non-positive because ρ(x(y)) minimizes V (y),
and in particular ρ(x(y∗)) minimizes V (y∗).
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