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Abstract—Cloud computing provides high flexibility for users
by offering diverse cloud instances with various leasing periods
and prices. Depending on the amount and duration of workload,
a user can flexibly choose proper cloud instances to meet her
demands. An intrinsic challenge facing the user is which classes
of clouds and how many of them to purchase in order to
meet her unpredictable demands at minimum cost. We consider
an online problem deciding cost-effectively cloud classes and
amount of clouds to meet dynamic multiple demands among
many cloud classes when no future information of demands is
available. We propose two online algorithms achieving O(M) and
O(logM + log dmax) competitive ratios where M is the number
of available cloud classes and dmax is the maximum demand of
a given demand sequence.

I. INTRODUCTION

Cloud computing offers various computing services in the

leasing form at any time, anywhere, by accessing virtual

machines that reside over a network. The virtualization and

remote access over a network provides high flexibility both

for cloud service providers and users.

Users can have many choices in purchasing clouds to

meet their demands as diverse cloud instances with different

purchasing options are offered. For example, Amazon EC2

offers on-demand instances and reserved instances with diverse

leasing periods as in Table I. 1 Reserved instances offer users

to make one time payment for reserving instances over the

contract leasing period at discounted price for the long-term

commitment of users. On-demand instances allows users to

pay only for the incurred instances by the hour without any

long-term commitment. Reserved instances are beneficial for

services with long running time and on-demand services are

for services with sporadic short running time.

TABLE I
PRICING OF AMAZON EC2 INSTANCES (T2.NANO)

instance contract period price hourly rate

on-demand 1 hour $0.01 0.01

1-year term reserved 1 year (8760 hours) $63.00 0.0072

3-year term reserved 3 years (26280 hours) $124.00 0.0047

1Originally the price of a reserved instance consists of up-front fee and
monthly payment. The prices in Table I corresponds to the total cost for the
whole leasing periods, i.e., for 1-year term reserved, the total cost is (upfront
payment + 12 times monthly payment).

If a user has a workload with short run time, then she buys

an on-demand instance, and pays only for the amount of time

she has used. If she has a workload taking long time, then she

purchases a reserved instance for a fixed leasing period and can

enjoy discounted price compared to the price of the on-demand

instance. However, if she does not have prior knowledge of

the duration or amount of her job requests, which instances

and how many of them should she buy to execute her jobs

while minimizing the cost?

A common example for this question is a small company

(or a cloud broker) who does not have her own resources but

leases resources from cloud providers and offers the leased

resources to her customers. This paper considers the decision

problem of such a cloud user. The fundamental challenge

of this problem arises from its online setting where she

has to make decisions without whole information of demand

requests. The purpose of this paper is to design cost effective

online algorithms deciding the class of clouds and the number

of the clouds to purchase to meet multiple demands when there

exist multiple classes of clouds and no future information of

the demand requests is available in advance.

This decision problem is a typical variant of the ski rental

problem [1], [2] that captures the trade-off between buying

and renting skis when the snowing time (the usage period)

is not known in advance. As cloud service becomes popular,

many variants of ski-rental problems are reconsidered and

generalized to capture complex service scenarios and to fully

utilize the flexibility of leasing clouds [3]–[7]. One simple

extension is the ski-rental problem with multiple demands,

which is analyzed in [3]. Another natural extension of the

ski rental problem is multiple renting options instead of two

choices of renting and buying, which is called the multi-

level ski rental problem. The multi-level ski rental problem

is extensively studied in various forms, for example, [8], [9].

Ai et al. consider a generalization of the multi-level ski rental

problem, named by multi-shop ski-rental problem, in [4] where

each shop has different prices for renting and purchasing

skis and customers make decisions on when and where to

buy. Khanafer et al. show that the performance of online

algorithms of the ski rental problem can be enhanced by the

use of statistical information and propose online algorithms

exploiting the mean (or variance) of the distribution of the

number of ski-days in [5].

Note that the buying option in ski rental problem has no
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expiration date. Allowing expiration for the options yields two

different variants, the Bahncard problem [10] and the parking

permit problem [11]. The Bahncard problem is an online

ticketing problem between two choices, buying a Bahncard or

not. A Bahncard holder enjoys price reduction (for example

50% price reduction) on all train tickets for one year from

the purchase date of it. The parking permit problem is an

online problem of a commuter who drives only rainy days and

purchase a parking permit among many options, for example,

daily, weekly, monthly permits. Both the parking permit prob-

lem and the Bahncard problem consider on-off demands, that

is, each demand is 0 or 1. The main difference between the

Bahncard problem and the parking permit problem is pricing

scheme. In the Bahncard problem, a Bahncard holder receives

discounts for each trip she has. Hence it is a kind of usage-

based pricing. However, in the parking permit problem, a

commuter pays a fixed amount at the purchasing time, even

though she does not park a car on sunny days during the

allowed parking period, and there is no extra payment after

the purchase.

A generalization of the Bahncard problem in the context

of cloud selection, i.e. the Bahncard problem with multiple

demands, is studied in [6]. The authors consider online algo-

rithms that decide when to purchase reserved instances and

how many of them to purchase when two instances, reserved

and on-demand instances, are available. In this problem, when

a user purchases reserved instances, for example 1 year in-

stances, she pays ahead fixed up-front fee and then additionally

makes monthly payments (whose hourly rates are discounted

ones compared to the online distances) for each month she

uses (reserved) instances.

We consider a generalization of the parking problem, i.e.,

the parking permit problem with multiple (parking) demands.

Our problem is similar to [6] in that time varying multiple

demands are considered. But users do not make additional

payment for each month in our problem setting but they make

one time payment for the whole contract period. The parking

permit problem with multiple demands is studied also in [7].

The work of [7] is different from ours in that [7] considers

two dimensional parking permits whose class depending on

leasing period and the number of clouds (or parking lots) so

that one permit of a class means a set of multiple clouds of the

class; for example one permit of a class consists of 10 clouds

and buying one permit of the class means that maximum 10

demand requests can be simultaneously executed at each time

during the leasing period. In our setting, one permit of a class

is a single cloud and can execute only one single request.

Our contributions are

1) We find the (offline) optimal solution of the relaxed

parking permit problem with multiple parking demands.

2) We propose an (integer) online algorithm with

O(logM)-competitive ratio and a fractional online al-

gorithm with O(logM + log(dmax))-competitive ratio

where M is the total number of cloud classes and dmax

is the maximum demand of a given demand sequence.

The rest of the paper is organized as follows. Section II

formulates the problem under consideration. We describe the

interval model introduced in [11] that relaxes the original

cost optimization problem, and find the optimal solution of

the relaxed problem in Section III. We propose an online

algorithm achieving M -competitive ratio in Section IV based

on the optimal solution of the relaxed optimization problem

and a fractional online algorithm with O(logM + log dmax)
using primal-dual approach [12] in Section V, where M is

the number of classes of clouds and dmax is the maximum

demand request. Section VI concludes with the summary of

the results of the paper.

II. PROBLEM FORMULATION

Let M = {1, 2, ...,M} be the set of cloud classes. Each

cloud i has its own pricing scheme, consisting of two compo-

nents, li the length of contract period, and pi the unit price of

a sinlge cloud of class i for the contract period li. We assume

that li and pi are increasing with i,

l1 < l2 < .... < li < li+1 < ... < lM ,

p1 < p2 < .... < pi < pi+1 < ... < pM .

A user pays pi for the use of a single cloud of class i when

she makes a contract for it. Once she purchases clouds of

some class, she can use the clouds for the given fixed leasing

term of the class. For example, if a user buys a cloud for 30

days on April 1st, then she is allowed to use the cloud by

April 30th regardless of actual usage time. After 30 days, the

cloud becomes invalid and she cannot use it any more. She

can purchase multiple clouds of various classes to meet her

demands.
For each class i, the hourly rate is defined as ri =

pi

li
. We

assume that the hourly rate ri =
pi

li
is decreasing with i. This

means that the longer the contract, the cheaper the hourly rate,

r1 > r2 > .... > ri > ri+1 > ... > rM .

It is assumed that time axis is divided into many time slots

and the length of a single time slot is l1. A set of job requests

dt enters at the beginning of each time slot t. The job requests

are expected to be finished by the end of time slot t. Without

the entire information of demands such that how many of

demands enter at each time and when the demands stop to

enter, she wants to decide the purchase time and number

of clouds of each ith class to minimize the total cost while

meeting each job request for the time interval [0, T − 1].
If the whole demand requests dt for 0 ≤ t ≤ T − 1 are

known (which is called an offline setting), she can solve the

following optimization problem

Minimize

T−1∑
t=0

M∑
i=1

ni,tpi (1)

subject to

M∑
i=1

t∑
s=t−li+1

ni,s ≥ dt for all t (2)

where ni,t is the number of ith level clouds purchased at time

t. We assume that ni,t = 0 for all i if t < 0. If s ∈ [t− li +
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1, t], then the clouds of class i purchased at time s are valid

to use. Taking account into this, we can know that the term∑t
s=t−li+1 ni,s is the total number of clouds of class i that

are valid to use at time t.
However she does not have the entire information of de-

mands but she has to make her decision at each time the

demands enters. The main challenge of her decisions arises

from such online setting where each constraint (2) reveals one

by one as demands enter, while in the offline setting, the set of

constraints (2) for all t are given at time 0 and the optimization

is done with the whole demand information. We are interested

in online algorithms that decide the number of clouds of each

class to purchase at each time the demands enter.

Because of the lack of the whole information, the decision

made by an online algorithm may turn out later to be non-

optimal. Hence the important issue in the design of an online

algorithm is how much an online algorithm reduces the

performance gap between the cost of the online algorithm

and the (offline) optimal cost. This performance gap is called

the competitive-ratio of an online algorithm A [13], which is

defined by αA such that

CA(d(t)) ≤ αAC∗(d(t))
for all d(t) and for all 0 ≤ t ≤ T − 1, where CA(d(t)) is

the total purchase cost decided by algorithm A and C∗(d(t))
the optimal cost during the time interval [0, t] with a demand

request vector d(t) = (d0, d1, .., dt). The smaller α, the better

algorithm.

The aim of this paper is to propose cost-effective online

algorithms for cloud selection and find their competitive ratios.

Note that if M = 2, l2 = ∞, and dt ∈ {0, 1}, then our

problem becomes a ski rental problem [1], [2]. If M ≥ 2 and

dt ∈ {0, 1}, then it becomes a parking permit problem [11].

III. OPTIMAL OFFLINE SOLUTION IN INTERVAL MODEL

This section studies the optimal offline solution of (1).

Recall that in the offline setting, all the demand requests dt’s
are known at the beginning.

A. Cloud selection problem in the interval model

The optimization problem of (1) can be solved by dynamic

programming that usually requires heavy computation. To

overcome such computational complexity, we consider the

interval model proposed in [11] which is a common model for

infrastructure leasing problems [14]. The main assumptions for

the interval model are as follows.

• Clouds of class i are purchased only for the time intervals

of the form [jli, (j + 1)li − 1] for some integer j.

• T is divisible by li for all i, i.e., T
li

is an integer. Let

τi =
T
li
− 1.

• li is divisible by lm for i > m, i.e., li = klm for some

integer k.

In the offline setting with the interval model, it is obvious

that a user will buy clouds of class i at time jli, the beginning

of the interval, to save or minimize the cost if a user knows

all demand requests and buys clouds of class i for the interval

[jli, (j + 1)li − 1]. Let C∗ be the optimal cost of the original

problem and C∗INT be the optimal cost in the interval model.

Since any leasing interval of a single cloud of ith class can be

covered by at most two consecutive ith level intervals in the

interval model (see Figure 1), the following relationship holds

C∗ ≤ C∗INT ≤ 2C∗.

Fig. 1. interval model

This subsection finds the offline optimal solution in the

interval model. The offline optimal solution in the interval

model can be found by minimizing the cost interval by

interval. With this observation, we consider only one single

interval LM,0 = [0, T − 1] with T = lM in the whole paper

from now on. 2

Suppose that we know the whole demand sequence

(d0, d1, ..., dT−1) at time 0. In the interval model, as men-

tioned above, we can minimize the cost by purchasing clouds

of class i at the very beginning time jli of the interval

Li,j = [jli, (j + 1)li − 1]. Therefore, at the minimum cost,

we have ni,jli ≥ 0 for an integer j and ni,t = 0 for t that

is not divisible by li. This implies that we can consider only

ni,jli and ignore ni,t for t non-divisible by li. Since only

ni,jli ’s are considered, we will use ni,j instead of ni,jli for

simple notation from now on. Let jti = � t
li
� for i = 1, ...,M .

Note that this jti is the unique integer j for cloud class i such

that jli ≤ t ≤ (j+1)li−1, i.e., Li,jti
is the unique interval of

level i containing t. Using the interval model, the optimization

problem (1) can be rewritten as follows

min
n

M∑
i=1

τi∑
t=0

pini,j (3)

subject to

M∑
i=1

ni,jti
≥ dt for 0 ≤ t ≤ T − 1

where n = (ni,j) for all (i, j) pairs.

2If T is not divisible by lM , we let dt = 0 for the job requests at time
T ≤ t ≤ (� T

lM
�+1)lM − 1. With this reasoning, we assume T is divisible

by lM .
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B. Offline optimal solution in the interval model

To find the optimal offline solution of (3), we consider the

Lagrangian of it,

L(n, λ) =
M∑
i=1

τi∑
j=0

pini,j +

T−1∑
t=0

λt(dt −
M∑
i=1

ni,jti
),

and the corresponding Lagrange dual problem,

max
λ

min
n

L(n, λ) (4)

subject to λt ≥ 0 for all t,

where λ = (λ0, ..., λT−1). Considering the last term of

L(n, λ),
M∑
i=1

T−1∑
t=0

λtni,jti
=

M∑
i=1

τi∑
j=0

(j+1)li−1∑
t=jli

λtni,jti

=

M∑
i=1

τi∑
j=0

ni,j(λjli + λjli+1+, ...., λ(j+1)li−1),

we have

L(n, λ) =
( M∑

i=1

pi

τi∑
j=0

ni,j

)
+

T−1∑
t=0

λtdt −
T−1∑
t=0

M∑
i=1

λtni,jti

=

T−1∑
t=0

λtdt +

M∑
i=1

τi∑
j=0

ni,j(pi −
∑

s∈Li,j

λs)

where Li,j = {s | jli ≤ s ≤ (j + 1)li − 1}.

The Lagrange dual problem (4) becomes

max
λ

T−1∑
t=0

λtdt (5)

subject to
∑

s∈Li,j

λs ≤ pi for all (i, j) pairs. (6)

The Lagrange dual problem (5) is equivalent to the following

one

max
λ

T−1∑
t=0

λtdt (7)

subject to

λt ≥ 0 for all t,

ni,j(pi −
∑

s∈Li,j

λs) = 0 for all (i, j). (8)

From (8) (and (6)), we know that ni,j = 0 if pi >
∑

s∈Li,j
λs

and pi =
∑

s∈Li,j
λs if ni,j > 0. Hence, for the case of i = 1,

we have λt ≤ p1 = 1 for any t. To maximize
∑

t λtdt, we

assign λt = 1 for the highest demand dt and then assign λt =
1 for the second highest demand. We consecutively assign

λt = 1 in decreasing order of dt if
∑

s∈Li,j ,ds>dt
λs ≤ pi−1

for all i. After the decision of λt, we find (i, k) pairs such that

ni,k = 0 and decide other ni,j’s values using the constraint

M∑
i=1

ni,jti
≥ dt for all t. (9)

These processes are implemented in Algorithm 1. From now

on, without loss of generality, we suppose that pi is divisible

by p1, and p1 = 1 for simple analysis.

Algorithm 1 Finding the offline optimal solution

Input: (d0, d1, ..., dT−1), a demand sequence

Output: n∗i,j for all (i, j) pairs.

1: Sort (d0, d1, ..., dT−1) in decreasing order:

2: (σ0, σ1, ...., σT−1) is the sorted one.

3:

4: Initialization:

λ∗t = 0 ∀t,
D+

i,j = ∅ ∀(i, j),
n∗i,j = θi,j = 0 ∀(i, j).

5:

6: for r = 0 to T − 1 do
7: sr = π(σr).
8: if |D+

i,jsri

∣∣ ≤ pi − 1 for all i ≥ 2 then

λ∗sr = 1, (10)

D+
i,jsri

= D+
i,jsri

∪ {σr} ∀i. (11)

9: end if
10: end for
11:

12: for all (i, j) pairs do
13: θi,j = minD+

i,j if |D+
i,j | = pi.

14: end for
15:
16: for all (i, j) pairs do
17: Ui,j = {(m, k) | Li,j ⊂ Lm,k, |D+

m,k| = pm}.
18: if Ui,j �= ∅ then
19: Find (̃i, j̃) ∈ Ui,j such that ĩ = min(m,k)∈Ui,j

m.
20: end if
21: end for
22:
23: for all (i, j) pairs do

θ̃i,j =

{
θĩ,j̃ if Ui,j �= ∅,
0 otherwise.

24: if |D+
i,j | = pi then

n∗i,j = θi,j − θ̃i,j . (12)

25: end if
26: end for

We denote by n∗i,j the optimal number of ith level clouds for

the interval Li,j and λ∗s the dual variable (Lagrange multiplier)

associated with the optimization of (3). To avoid equality

between any two elements, we say that dt1 is higher than
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TABLE II
λ∗t AND D+

i,j OF THE EXAMPLE

Time slot t 0 1 2 3 4 5 6 7 8 9 10 11

Demands dt 4 8 6 7 10 2 1 5 3 9 2 4
rth highest 6 2 4 3 0 9 11 5 8 1 10 7

D+
3,jt3

{10,9,8} {10,9,8,7,6} {10,9,8,7} {10} {10,9,8,7,6,5} {10,9}
D+

2,jt2
{8} {8,7,6} {8,7} {10} {10,5} {9}

D+
1,t {8} {6} {7} {10} {5} {9}

λ∗t 0 1 1 1 1 0 0 1 0 1 0 0

dt2 , denoted by dt1  dt2 , if{
dt1 > dt2 , or

dt1 = dt2 and t1 < t2.

With this ordering, one element is strictly higher than the other

one. Note that this ordering does not change the solution of

the optimization problem.

We define

π(dt) = t,

which is the time when demand dt enters into the system.

Summarizing Algorithm 1, the processes of finding n∗i,j of

the optimization problem (7), is as follows:

1) Sort (d0, d1, ..., dT−1) in decreasing order. Let

(σ0, ...., σT−1) be the sorted sequence.

2) Decide λ∗π(σr)
one by one in the demand decreasing

order.

3) Find (i, j) pairs with n∗i,j = 0.

4) Decide n∗i,j whose values are not zero according to (9).

After the termination of Algorithm 1, for all (i, j) pairs, we

have

D+
i,j = {ds | λ∗s > 0, s ∈ Li,j}, (13)

θi,j =

{
minD+

i,j if |D+
i,j | = pi,

0 otherwise.
(14)

Note that D+
i,j specifies demands in Li,j whose λ values are

to set 1. The value θi,j is closely related to the number n∗i,j .

Indeed, θi,j is the total number of clouds to purchase whose

classes are not less than i for the interval Lm,k’s containing

Li,j ,

θi,j =
∑

(m,k):m≥i,Li,j⊂Lm,k

n∗m,k (15)

Note that for i = M , there is only one single interval LM,0.

When deciding n∗i,j for i < M , we need to consider how many

of clouds of class m > i are available and buy the difference

between θi,j and the total number of clouds of class m > i
for Lm,k ⊃ Li,j . Hence the number of clouds of class i to

purchase is

n∗i,j =

{
θM,0 if i = M,

θi,j −max(m,k):Li,j⊂Lm,k
θm,k if i < M

(16)

as in Algorithm 1.

We summarize some properties of λ∗s and D+
i,j , which

directly follow from the construction process of λ∗s and D+
i,j

in Algorithm 1.

Lemma 1:

P1) λ∗s = 1 or λ∗s = 0.

P2) λ∗s = 0 if ds < θi,j with s ∈ Li,j and θi,j > 0.

P3) |D+
i,j | ≤ pi .

P4) |D+
i,j | = pi if θi,j > 0.

Lemma 2: For Li1,j1 � Li2,j2 with θi1,j1 > 0, it holds that

θi1,j1 ≥ θi2,j2 .

Proof:
Note that D+

i1,j1
⊂ D+

i2,j2
for Li1,j1 ⊂ Li2,j2 . Hence θi1,j1 ≥

θi2,j2 ≥ 0 by the definition of θi,j (i.e., (14)). �

By the construction of D+
i,j , θi,j and n∗i,j , Algorithm 1

indeed finds the optimal solution of offline problem (3).

Theorem 1: Algorithm 1 gives the optimal solution of (3).

We give an example describing how Algorithm 1 works.

The demand sequence is given in Table II and the prices and

leasing periods of our example are

(p1, p2, p3) = (1, 3, 6),

(l1, l2, l3) = (1, 4, 12).

Table II illustrates how the values of λ∗t and D+
i,j are

decided sequentially in decreasing order of dt’s (We do not

specify D+
i,j for the demands whose λ∗t = 0). Recall that

λ∗t and D+
i,j are decided sequentially in decreasing order

of dt. The sorted sequence of dt’s in decreasing order is

(10, 9, 8, 6, 5, 4, 4, 3, 2, 2, 1). Note that the numbers of 4 and

2 appear two times. The first 4 is d0 and the second 4 is d11.

Similarly, the first 2 is d5 and the second 2 is d10. With the

sorted sequence of dt’s, λ value and D+
i,j’s are decided. Since

the highest demand is 10 with time index 4 (t = 4), we will

set λ∗4 = 1, D+
3,0 = {10}, D+

2,1 = {10}, D+
1,4 = {10} (note

that j42 = 1 and j101 = 10). And then we decide λ value for

the demand 9, whose time index is 9. That is, λ∗9 for t = 9 is

decided and corresponding D+
i,j’s is updated. And then, λ∗1 for

t = 1 and corresponding D+
i,j’s are updated, and so on. Note
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TABLE III
OPTIMAL OFFLINE SOLUTION OF THE EXAMPLE

Time t 0 1 2 3 4 5 6 7 8 9 10 11

dt 4 8 6 7 10 2 1 5 3 9 2 4

D+
3,0 D+

3,0 = {10, 9, 8, 7, 6, 5}
D+

2,j D+
2,0 = {8, 7, 6} D+

2,1 = {10, 5} D+
2,2 = {9}

D+
1,t ∅ 8 6 7 10 ∅ ∅ ∅ ∅ 9 ∅ ∅

θ3,0 θ3,0 = 5

θ2,j θ2,0 = 6 θ2,1 = 0 θ2,2 = 0

θ1,t 0 8 6 7 10 0 0 0 0 9 0 0

n∗3,0 n∗3,0 = 5
n∗2,j n∗2,0 = 1 n∗2,1 = 0 n∗2,2 = 0

n∗1,t 0 2 0 1 5 0 0 0 0 4 0 0

that there are exactly 6(= p3) positive λt’s and |D+
i,j | ≤ pi

for all (i, j) in Table II.

Table III gives the values of θi,j and n∗i,j decided by

Algorithm 1 based on Table II (i.e, λ∗t ’s). It can be easily

checked that dt ≥ ∑3
i=1 n

∗
i,jti

and that the optimal cost is

5× 6 + 1× 3 + (2 + 1 + 5 + 4)× 1 = 45.

IV. A DETERMINISTIC ONLINE CLOUD SELECTION

ALGORITHM

This section considers an online setting. Recall that in

online setting, as the demand dt enters, the constraint∑M
i=1

∑
s∈Li,jt

i
(t) ni(s) ≥ dt is newly created and the decision

of ni(t), the number of clouds of ith class to purchase at time

t, is made to meet the constraint for all i where

Li,j(t) = Li,j ∩ [0, t]

=
{
s | kli ≤ s ≤ min

{
t, (k + 1)li − 1

}}
.

Moreover, the decisions made prior to time t cannot be re-

voked. Because of the irrevocable decisions and unpredictabil-

ity of future demands in advance, the decision made by an

online algorithm may turn out to be non-optimal later. Hence

the cost determined by an online algorithm is generally bigger

than the offline optimal cost of the optimization problem.

In this section, we propose Algorithm 2, an online algorithm

with competitive ratio O(M), that determines the number of

clouds to buy at each time a new demand enters. We denote

by C(d(t)) the cost decided by Algorithm 2 by time t with a

demand vector d(t) = (d0, d1, ..., dt). In order to emphasize

the present time, i.e., t when a decision is made, we use

C∗(t), D+
i,j(t), θ

t
i,jti

, and λ∗s(t) instead of C∗, D+
i,j , θi,jti , and

λ∗s of the optimization problem of (3) in the previous section.

However, in Algorithm 2, we omit the time index t since all

the decisions are made at time t. Hence in Algorithm 2, D+
i,jti

is for D+
i,jti

(t) and θi,jti is for θti,jti
, for example.

The main idea of Algorithm 2 is to purchase minimum ni(t)
for any i ≥ 2 for which (17) holds

ni(t) + Si,jti
(t− 1) +

∑
m>i

Sm,jtm
(t) ≥ θti,jti

(17)

Algorithm 2 An online cloud selection algorithm

Input: dt > 0, a single demand request.

Output: ni(t) and D+
i,jti

(t) for all m.

1: Initialization: j−1
i = −1, ∀i.

2:

3: At time t: dt > 0 enters.

4: for all i do
5: jti = � t

li
�.

6: if jti �= jt−1
i then

7: D+
i,jti

= ∅,

8: θi,jti = 0,

9: Si,jti
= ni = 0.

10: end if
11: end for
12:

13: P = {i ≥ 2
∣∣ |D+

i,jti
| = pi}.

14:

15: if dt  θi,jti ∀i ∈ P then
16: θoldi,jti

= θi,jti ∀i.
17:

18: if P = ∅ then
19: î = 0.

20: D+
i,jti

= D+
i,jti

∪ {dt} ∀i.
21: else
22: î = minP .

23: D+
i,jti

= D+
i,jti

+ {dt} − {θî,jt
î

} ∀i.
24: end if
25:

26: 1) Update P : P = {i ≥ 2
∣∣ |D+

i,jti
| = pi}.

27:

28: 2) Sort P in decreasing order: P = {iF > .. > i1}.
29:

30: 3) Update θi,jti :

θi,jti =

⎧⎪⎨
⎪⎩

minD+
i,jti

if i ∈ P,

dt if i = 1 and |D+
1,t| = 1,

0 otherwise.

31: end if
32:

33: if dt >
∑M

i=2 Si,jti
then

34:

35: 4) Decide ni(t):
36: For i ∈ P ∪ {1}, in the decreasing order of i,{

ni = [θi,jti −
∑

m≥i Sm,jtm
]+,

Si,jti
= Si,jti

+ ni.

where [a]+ = max{0, a}.

37: end if
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where

Si,j(t) =
∑

s∈Li,j(t)

ni(s).

Note that Si,jti
(t− 1) is the total number of clouds of class i

that have been purchased during the time interval [jti li, t− 1]
and

∑
m>i Sm,jtm

(t) is the total number of clouds of higher

classes than i that are purchased during [jti li, t]. Hence the

sum, ni(t)+Si,jti
(t−1)+

∑
m≥i Sm,jtm

(t), is the total number

of clouds whose classes are no lower than i to purchase during

the interval [jti li, t]. Considering (15) or (16) for the offline

optimal solution, we can know that (17) is a natural online

setting of (15) or (16).

If (17) holds, then the constraint,

dt ≤
N∑
i=1

∑
s∈Li,j(t)

ni(s),

is always satisfied since n1(t) = S1,t(t) = max{0, dt −∑M
i=2 Si,jti (t)

} and S1,jt1
(t− 1) = S1,t(t− 1) = 0.

Even though the idea of (17) is simple, its implementation

is not obvious as seen in Algorithm 2 because of the correlated

structures of multiple cloud classes. Note that the additional

cloud purchase takes place only when dt >
∑

i≥2 Si,jti
(t−1).

To implement the idea (17), we need the information θti,j’s

that are decided from D+
i,j(t) with the demand sequence

(d0, d1, ..., dt). To get correct θti,j at time t, we need to update

θti,j at each time dt enters, regardless of dt >
∑

i≥2 Si,jti
(t−

1). For this, we consider when to update θti,j . The update of

θti,j is necessary if there is at least one (i, j) pair such that

θti,j �= θt−1
i,j . Note that the case θti,j �= θt−1

i,j happens only if

dt  θt−1
i,jti

, which is line 15 in Algorithm 2. Once such case

happens, we update D+
i,jti

and get new θti,jti
. After update of

θti,jti
, we decide the number of clouds to purchase.

Note that P at line 26 of Algorithm 2 has the following

property that θti,jti
> θt−1

i,jti
for any i ∈ P . Moreover, Algorithm

2 has the following property, Lemma 3, which comes directly

from (17).

Lemma 3:

dt >
M∑
i=2

Si,jti
(t− 1) ⇒ dt > θt−1

i,jti
∀ i ≥ 2.

The main result of this section is Theorem 2 whose proof

is omitted due to space limit (the proof can be found in [15]).

Theorem 2: The competitive ratio of Algorithm 2 is O(M).
More specifically, for the one single highest level interval

LM,0(t) (i.e, T = lM ),

C∗(d(t)) ≤ C(d(t)) ≤ MC∗(d(t))
for any demand d(t) and any 0 ≤ t ≤ lM − 1.

The analysis for competitive analysis focuses only on the

single highest level interval. When restricted to one single

highest interval, the performance gap is M , but for the general

case T > lM (for the case of multiple number of highest

level intervals) the competitive ratio is O(M). Note that M
represents the performance gap for the worst case for the

single highest interval. Therefore for most cases, the algorithm

exhibits much smaller performance gap than M in the highest

single interval.

For the special case of on-off demands, (i.e., dt is either 0

or 1 for all t), our proposed algorithm is identical with the

deterministic algorithm for the parking permit problem pro-

posed in [11] that has M performance gap for one single LM,0

interval and O(M)-competitive ratio for multiple intervals of

class M . Since on-off demand is a special case of multiple

demands, we can easily know that the competitive ratio of

Algorithm 2 cannot be smaller than M (or O(M)). However,

in many cases, the performance gap of multiple demands is

much smaller than the performance gap of on-off demand since

the workload with multiple demands is smoother than that of

the on-off demand case (i.e., multiplexing effect).

We illustrate ni(t) for each t ∈ [0, T − 1] decided by

Algorithm 2 in Table IV for the same demand vector in Section

III. The values of P,D+
i,jti

(t), and ni(t) are specified to help

the understanding of Algorithm 2. It can also be easily checked

that dt ≥ maxi≥2 θ
t−1
i,jti

when dt >
∑M

i=2 Si,jti
(t− 1).

Figure 2(a) shows how the costs of C(d(t)) and C∗(d(t)) of

the given example change with time t. The ratio of
C(d(T−1))
C∗(d(T−1))

at each time t is given in Figure 2(b). Note that the maximum

of
C(d(T−1))
C∗(d(T−1)) takes places at time t = 9 with the value of

82
45 = 1.86, which is much smaller than M = 3, as discussed

in the above.
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Fig. 2. Cost comparison of C∗(d(t)) and C(d(t))

V. A RANDOMIZED ONLINE SELECTION ALGORITHM

This section proposes a randomized online algorithm that

has better performance gap than Algorithm 2, a deterministic

online algorithm. One observation of Algorithm 2 is that the

algorithm purchases clouds of high classes after realizing that

buying high class clouds can reduce the cost. Hence if we

purchase more clouds of high classes earlier than Algorithm

2, then the performance gap can be reduced.

For this, we will relax the optimization problem by consid-

ering fractional number of clouds instead of integer number
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TABLE IV
OUTPUT OF ALGORITHM 2 FOR THE EXAMPLE

Time slot t 0 1 2 3 4 5 6 7 8 9 10 11

Demands dt 4 8 6 7 10 2 1 5 3 9 2 4
∑

i�=1 Si,jti
(t− 1) 0 0 0 4 0 0 0 1 2 3 5 5

P (line 13) ∅ ∅ ∅ {2} ∅ ∅ ∅ {2,3} {3} {3} {3} {3}
î (line 18) 2 2 3 3

D+
3,jt3

{4} {8,4} {8,6,4 } {8,7,6 } {10,8,7, {10,8,7, {10,8,7, {10,8,7, {10,8,7, {10,9,8,

(line 20 or 23) 6} 6,2} 6,2,1} 6,5,2} 6,5,3} 7,6,5}
D+

2,jt2
{4} {8,4} {8,6,4} {8,7,6} {10} {10,2} {10,2,1} {10,5,2} {3} {9,3}

D+
1,t {4} {8} {6} {7} {10} {2} {1} {5} {3} {9}

P (line 26) ∅ ∅ {2} {2} ∅ ∅ {2,3} {2,3} {3} {3}
θ3,0 (line 29) 0 0 0 0 0 0 1 2 3 5

θ2,jt2
0 0 4 6 0 0 1 2 0 0

θ1,t 4 8 6 7 10 2 1 5 3 9

n3(t) (line 30) 0 0 0 0 0 0 1 1 1 2

n2(t) 0 0 4 2 0 0 0 0 0 0

n1(t) 4 8 2 1 10 2 0 3 0 4

of clouds. Specifically, we consider the following fractional

primal optimization problem

Minimize

M∑
i=1

jti∑
j=0

xi,jpi (18)

subject to

M∑
i=1

xi,jsi

ds
≥ 1 for all 0 ≤ s ≤ t.

Comparing (18) with (3), we find that τi has changed to jti ,

T − 1 to t and nij to xi,j . We use xij rather than Nij to

emphasize that the value of xij can be a fractional number.

Since we consider an online setting and Li,jti
is the interval

containing t, τi has changed to jti and T−1 to t. The important

point in this optimization problem is that the variables xi,j’s

are required to be non-decreasing during the whole execution

of an online algorithm, because the purchase of clouds made

in the past cannot be revoked.

Using the primal-dual approach proposed by [12], [16],

Algorithm 3 is proposed. The main idea of the primal-dual

approach is that if
∑M

i=1 xi,jti
< dt, then xi,jti

and the dual

variable yt are increased for all i until that
∑M

i=1 xi,jti
> dt. In

the algorithm, yt increases by the amount of dt for each time

xi,jti
increases. The increase of the dual variables yt decides

the competitive ratio of the fractional online algorithm.

Theorem 3 states the competitive ratio of Algorithm 3.

Theorem 3: Algorithm 3 is O(log(M) + log(dmax))-
competitive where dmax = max dt for a given demand

sequence.

Proof:

Algorithm 3 A randomized online cloud selection algorithm

Input: dt > 0, a single demand request

Output: xi,j(t) for all (i, j) pairs.

1: Initialization:
2: xi,j = 0 for all (i, j) pairs.

3: yt = 0 for all t.
4:

5: At time t: dt enters
6: yt = 0
7:

8: if
∑M

i=1 xi,jti
< dt then

9: while
∑M

i=1 xi,jti
> dt do

10: (a) xi,jti
← xi,jti

(1 + 1
pi
) + 1

Mpi
for all i.

11: (b) yt ← yt + dt.
12: end while
13: end if

The dual problem of (18) is

Maximize

t∑
s=0

ys (19)

subject to
∑

s∈Li,j(t)

ys
ds

≤ pi for all (i, j) pairs.

Let P (t) the value of the primal optimization problem

(18) and D(t) the value of the dual problem (19) at time

t. The process of xi,jti
← xi,jti

(1 + 1
pi
) + 1

Mpi
is called by

an augmentation [16]. We will consider the increases of the

primal value and the dual value at one single augmentation

process, denoted by ΔP and ΔD respectively.

If
∑M

i=1 xi,jti
< dt, then for one single augmentation,

ΔD = dt,
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ΔP =
M∑

m=1

Δxi,kt−
i
pi =

M∑
m=1

(
x
(i−1)

i,jti

1

pi
+

1

M

)
pi

=

M∑
m=1

x
(i−1)

i,jti
+

M∑
i=1

1

M

< dt + 1 ≤ 2dt (∵ dt ≥
M∑
i=1

xi,jti
)

≤ 2ΔD

Suppose that the number of augmentation is ht for each t.

Let x
(0)

i,jti
be the value of xi,jti

before any augmentation at time

t. Then after ht augmentations, we have

xi,jti
= x

(ht)

i,jti

= x
(0)

i,jti
(1 +

1

pi
)ht +

ht−1∑
m=0

1

Mpi

(
1 +

1

pi

)m

=

H(t)−1∑
m=0

1

Mpi

(
1 +

1

pi

)m

=
1

M

(
1 +

1

pi

)H(t)

≈ 1

M
e

H(t)
pi (∵ (1 + x)h ≈ e

h
x if x ≤ 1)

where H(t) =
∑

s∈Li,j(t)
hs.

Note that
∑M

i=1 xi,jti
< dt is kept during any augmentation

process. Hence

x
(ht)

i,jti
=

1

M
e

H(t)
pi ≤ dt

(
1 +

1

pi

)
⇒ H(t) =

∑
s∈Li,j(t)

hs ≤ pi log(2Mdt)

Note that ht =
yt

dt
after finishing all augmentations at t. Hence∑

s∈Li,j(t)
ys

ds
≤ O(logM + log dmax).

P (t) ≤ 2
t∑

s=0

ΔD(s) = 2D(t)

≤ 2D∗(t)O(logM + log dmax)

≤ 2P ∗(t)O(logM + log dmax)

since D∗(t) ≤ P ∗(t) (see [17]). �
Since xi,j of Algorithm 3 is a fractional number, we need

to round the fractional solution xi,j into an integer value. This

can be done in a deterministic way or in a random way [18].

If using randomized rounding such as [11], [12], Algorithm 3

is transformed into a randomized (integer) algorithm.

VI. SUMMARY

In this paper, we consider the decision problem of which

cloud classes and how many of clouds are purchased to satisfy

multiple unpredictable demands and to minimize overall cost

when multiple classes of clouds with diverse leasing periods

are available. This problem is a fundamental one for any

one who does not have her own infrastructure but leases the

resources from (cloud) providers and offer her own service

using the leased resources to her customers. We find the

optimal solution of the cost minimization problem with the

interval model and propose an online deterministic algorithm

with O(M)-competitive ratio using the optimal solution and

a fractional O(logM +log dmax)-competitive algorithm using

the primal-dual approach. Our fractional model does not utilize

the structure of the offline optimal solution. If we fully utilize

the structure of the offline solution, this may result in smaller

competitive ratio such as O(logM) than O(logM+log dmax).
We leave another proposal of a randomized algorithm exploit-

ing the offline optimal solution structure achieving smaller

competitive ratio as a future work.
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