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Abstract—Recently there has been a great interest in ran-
domized load balancing schemes for large systems of parallel
servers. Various policies such as SQ(d) (shortest queue amongst
d randomly sampled), threshold based policies etc. have been
studied via a mean-field approach. All these policies are special
cases of occupancy based routing decisions. In this paper we
present a unified mean-field approach that holds for any routing
scheme that only depends on the server occupancy in a system
with a large numbers of processor sharing servers as an archetype
of shared resource systems. The mean-field equations we obtain
hold for general job length distributions unlike most recent works
that assume exponentially distributed job lengths. We then show
that the probability measure of occupancy defined on the set
of non-negative integers Z+ obtained from a fixed-point of the
mean-field also satisfies the stationary mean-field equations under
the assumption that the job lengths are exponential with the
same average length. If the mean-field under exponential case
has unique fixed-point, then the fixed point is insensitive to the
job length distribution. The approach is via a measure-valued
Markov process approach.

I. INTRODUCTION

With the emergence of large cloud computing infrastructure

and the more recent fog computing paradigm the issues of

matching jobs to resources to minimize the turn around or

latency is becoming very crucial. In typical settings there

could be 100,000 servers and as it is well known from the

classical literature, latency is minimized by sending jobs to

the servers that are most lightly loaded. This is referred to

as Join the Shortest Queue (JSQ) scheme [1]. In the 1990’s

in seminal work by Vvedenskaya et al [2] and Mitzenmacher

[3], it is shown that the delay performance of JSQ routing

in a large-scale system with N parallel servers under Poisson

job arrival process with rate Nλ is closely approximated by

a randomized scheme that selects the server with the shortest

queue among d ≥ 2− uniformly sampled (out of N) queues.

Furthermore, the most improvement over uniform routing is

obtained when d = 2 leading to the term “The Power of Two".

The analysis was based on approximating the large system by

its mean-field limit carried out assuming that the service time

distributions are exponential with mean 1
μ (λ < μ). One of

the key observations was that in the mean-field limit any finite

set of queues could be considered statistically independent.

Subsequent work [4]–[6] extended the mean-field analysis

for SQ(d) routing to loss system models and processor sharing

(PS) models because of their importance in modeling Amazon

EC2 and Microsoft Azure system architectures. All of these

works assumed the job lengths to be exponentially distributed.

In [4]–[6], it was shown that the mean-field analysis could be

extended to heterogeneous systems, where it was observed

through simulations that the insensitivity property in the case

of loss and PS models holds when number of servers N → ∞.

The insensitivity property means that the stationary distribu-

tion depends only on the average service time. Although it is

known in the classical context of these models, but it requires

proof in this context because the underlying Markov process

is not a standard birth-death type process but a nonlinear

Markov process whose arrival rates themselves depend on the

distribution. This question has been recently settled for loss

models in [7] and for PS models in [8].

Recently there has been a flurry of activity on randomized

routing schemes that are now referred to as PUSH type and

PULL type. In PUSH type, the dispatcher selects a server from

a set of d randomly selected servers as the destination server

by exploiting their occupancy information. On the otherhand,

in PULL type [9]–[11], servers notify the dispatcher about

their state subject to some occupancy constraints. A typical

PULL type strategy is the Join Idle Queue (JIQ) in which

idle servers notify the dispatcher and an incoming request is

now uniformly matched to an idle server in the list at the

dispatcher. If there are no idle servers then the destination

server is selected uniformly at random from N servers. Of

course, in lightly loaded systems the number of idle servers is

O(N). For lightly loaded systems JIQ will out perform SQ(d).

However as d increases the SQ(d) scheme in the limit behaves

as the JSQ or even the JIQ scheme [11], [12]. Realizing that all

such schemes are just routing schemes based on the queue or

server occupancy state at the arrival of a request it is natural to

seek a mean-field analysis for general occupancy based routing

strategies that subsume all these different policies.

In this paper we restrict our attention to PUSH type of

schemes that are based on a random sampling of a finite

number of servers and the destination server is chosen from

this set by using the occupancy information of the sampled

servers. This routing decision is reflected as a mapping from

the server states to probabilities, that will be stated later

precisely in the paper. Finally, we demonstrate our conclusions

by using two occupancy based policies such as SQ(d) and

a threshold type. In the threshold type, requests are matched
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uniformly to servers below a threshold occupancy amongst the

sampled servers if there are any available, otherwise a standard

JSQ policy is followed. Although a little reflection shows that

the SQ(d) policy will be better in terms of minimizing the

average response time but other policies that have less com-

putational cost, energy consumption than the SQ(d), but result

in almost same performance as the SQ(d) are worth studying.

For example, in [3], a threshold based policy is studied in

which a sampled server is chosen as the destination server if its

occupancy is less than or equal to the chosen threshold value

otherwise another server is sampled and the same procedure

is repeated until d servers are sampled. If all the d sampled

servers have occupancy greater than the threshold value, then

the shortest queue is chosen as the destination server. This

policy results in descent system performance depending on

the threshold but with less computational cost than the SQ(d)

policy. Recently, for better energy usage, in [13], the SQ(d)

policy is investigated for a large-scale multi-server system

in which a server is turned off when it becomes idle and

turned on again when its occupancy reaches a pre-specified

threshold value. The policy in [13] can be improved further

for better energy usage by choosing a shortest queue among

working sampled servers with number of jobs less than the

threshold value if there are any available as the destination

server, otherwise the shortest queue over all the d sampled

servers can be chosen as the destination server. Therefore it

is worth studying randomized load balancing schemes under

general framework.

Since in practice the exponential job length hypothesis is

not valid, for example, the distributions are Log-normal in

call centers [14], and Gamma distributed in automatic teller

machines (ATMs) [15] etc., we study the case of general

job length distributions. The particular model we consider in

this paper is the shared server model, where servers employ

PS. The PS model where the processing speed of a server is

equally shared by all the progressing jobs well approximates

the round robin schemes used in practice [16]. There is

another reason why the PS model is interesting. It is known

to be insensitive under random thinning and so showing

insensitivity of the mean-field under very general occupancy

based randomized routing can then lead us to conclude that

insensitivity is a generic property of the PS service discipline

rather than the precise input to a queue.

In [17], the SQ(d) policy is investigated for PS, FCFS,

and LIFO-PR systems with general service time distributions

under the assumption of asymptotic independence of any

finite set of servers and the existence of unique limiting

stationary distribution as stated in an ansatz. Due to the

assumption of asymptotic independence of servers for PS

models, insensitivity immediately follows from reversibility

in the limiting system since arrival process to each individual

server is a Poisson process which is a necessary condition

to have insensitivity. So far the proof of ansatz remains an

open problem except for FCFS models with decreasing hazard

rate functions proved in [18]. The proof is based on montonic

behavior of the system in this case. As stated in [18], the proof

techniques cannot be extended to processor sharing models as

we do not have ordering between states unlike FCFS systems.

For queuing systems with general service times, to Marko-

vianize the system behavior, we need to consider the occu-

pancy state as well as the age or residual service times of the

jobs in service. This results in a bi-dimensional Markov pro-

cess defined on Z+ ×�+ for FCFS systems. In the processor

sharing case the Markov process is defined on
⋃

n∈Z+
(n,�n

+)
since we need to track both occupancy and age of each

progressing job. The analysis is much more difficult because

the ages do not increase linearly at the rate of processing speed

of the server but the rate depends on the server occupancy or

the first coordinate of the state. This is also a mathematical

reason why the PS model is interesting.

Recently, FCFS systems with generally distributed service

times have been revisited in [19] under the SQ(d) policy via

a mean-field approach. They established the mean-field limit

by considering ages of jobs. However, the analysis is only

restricted to the finite time or transient case and no results are

given for the stationary case.

Main contributions: For general class of occupancy based

randomized load balancing policies, we make following contri-

butions: Let (νN
t , t ≥ 0) be a measure-valued Markov process

that tracks the fraction of servers lying in each possible server

state. We prove that (νN
t , t ≥ 0) converges in distribution

to a unique deterministic measure-valued process (νt, t ≥ 0)
referred to as the mean-field limit. As a consequence of this,

we show asymptotic independence of servers (propagation of

chaos) for any compact interval of time. In particular, we show

that νt represents the server state probability distribution for

a server in the limiting system (system with N → ∞). We

then observe that the mean-field equations (MFEs) represent

dynamics of a classical single server system with Poisson

job arrival process having intensity λΦn(νt) when there are

n progressing jobs at time t and current distribution is νt.

The function Φn(·) is defined later in Section III. We then

show that every fixed-point of the partial differential equations

(PDEs) that describe the mean-field limit corresponds to a

probability measure for occupancy on Z+ is also a fixed

point of the MFEs under exponential distributions having same

mean. Finally, we present two occupancy based policies and

provide simulation results.

Organization of the paper: The rest of the paper is

organized as follows: We first give preliminaries in Section II

where we introduce system model, the class of occupancy

based randomized load balancing policies, the required no-

tation, and a Markovian description of the system by using a

state descriptor. We then present main results of this paper in

Section III where we also discuss two occupancy based poli-

cies SQ(d) and a threshold based policy. The proofs of results

are given in Appendix. The simulation results that support

insensitivity of the fixed-point of the mean-field limit under

considered occupancy based policies are given in Section IV.

Finally, we conclude in Section V with a discussion on future

work.
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II. PRELIMINARIES

In this section, we introduce the system model, required

notation, and then a system state descriptor that we use to

model the system evolution by a Markov process.

System Model: We first introduce the system model and the

class of occupancy (number of progressing jobs) information

based routing policies.

Consider a large-scale processor sharing system containing

N identical servers each with capacity of unit processing rate.

Therefore, from processor sharing service discipline, a job that

is in progress at a server with n jobs is processed at the rate of
1
n . We assume that the job arrival process is a Poisson process

with rate Nλ. Furthermore, there is a central job dispatcher

that routes each incoming job to one of the servers according to

a predefined routing policy. It makes the routing decision based

on the occupancy information of d randomly chosen servers

with replacement and one of the sampled servers is chosen as

the destination server. We denote this class of routing policies

by OB(d) policies.

Definition 1. The OB(d) Policies:
Upon an arrival, a set of d servers are sampled uniformly
at random1 referred to as the potential destination servers.
Let (l1, · · · , ld), (n1, · · · , nd) be a sampled potential servers
list with corresponding number of jobs where li denotes the
ith sampled potential server with number of progressing jobs
equal to ni. Further, let Z+ be the set of non-negative integers
and letM1(Zd

+) be the set of all probability measures on Zd
+.

Any policy Λ ∈ OB(d) is a mapping Λ : Zd
+ �→ M1(Zd

+)
such that

Λ((n1, · · · , nd)) = (p1, · · · , pd). (1)

The term pi denotes the probability with which ith sampled
server having ni jobs is chosen as the destination server when
(n1, · · · , nd) is the vector of number of jobs at the potential
servers. Further, the following two properties hold:
• If ni = nj, then

pi = pj, (2)

that is, if two potential servers have same number of
progressing jobs, then the probabilities with which they
are chosen as the destination servers are same.

• If σ is a permutation on (n1, · · · , nd), then

Λ(σ((n1, · · · , nd))) = σ((p1, · · · , pd)). (3)

The job lengths are generally distributed with cumulative

distribution function G(·) and density function g(·), respec-

tively. Further, we assume that the average job length is equal

to 1
μ . The hazard rate function of the job length distribution is

denoted by β(·) = g(·)
G(·) . Also, we must have λ < μ in order

for the system to be in stable region.

Notation: Let Z ,R,Z+, and R+ be the set of integers,

real numbers, non-negative integers, and non-negative real

1As N → ∞, sampling potential servers with or without replacement would
yield same mean-field limit and hence, we use sampling with replacement to
simplify the notation.

numbers, respectively. For any given metric space U, we

denote the space of bounded measurable functions, bounded

continuous functions, and continuous functions with compact

support by Kb(U), Cb(U), and Ck(U), respectively. Further,

let C1(U), C1
b (U), and C1

k (U) be the space of continuously

differentiable, continuously differentiable with bounded first

derivatives, and continuously differentiable with compact sup-

port functions, respectively.

Let ‖ f ‖ for f ∈ Kb(U) be defined as

‖ f ‖ = sup
x∈U

| f (x)| . (4)

The space Cb(U) is equipped with the topology induced by the

norm ‖·‖, i.e., the sequence { fn, n ≥ 1} ∈ Cb(U) converges

to f ∈ Cb(U) if ‖ fn − f ‖ as n → ∞. Let us define a norm

‖·‖1 on C1
b (U) as follows:

‖ f ‖1 = ‖ f ‖+ ‖ f ′‖, (5)

where f ′is the first derivative of f ∈ C1
b (U). We then assume

that the space C1
b (U) is associated with the topology induced

by the norm ‖·‖1. Further, for any f ∈ C1
b (Rn

+), let f 1
∑ be

defined as

f 1
∑(x1, · · · , xn) =

1
n

n

∑
i=1

∂ f (x1, · · · , xn)

∂xi
. (6)

For given metric space U, let the Borel σ-algebra be denoted

by B(U). Further, let MF(U) and M1(U) be the space of

finite non-negative and probability measures defined on the

space U, respectively. We denote the measure value of the set

B ∈ B(U) w.r.t. the measure η ∈ MF(U) by η(B) and let

η({x}) be the measure value at an element x ∈ U. Also, let

δx be the Dirac measure with unit mass at x ∈ U. We now

define a set of probability measures MN
1 (U) as follows

MN
1 (U) = {ν ∈ M1(U) : Nν(B) ∈ Z+, ∀B ∈ B(U)}.

(7)

We next define for any φ ∈ Cb(U), ν ∈ MF(U),

〈ν, φ〉 =
∫

y∈U
φ(y) dν(y). (8)

We assume that the space MF(U) is equipped with the weak

topology, i.e., a sequence {νn} in MF(U) is said to converge

weakly to ν ∈ MF(U) if and only if 〈νn, φ〉 → 〈ν, φ〉 as

n → ∞ for all φ ∈ Cb(U). We recall that the space MF(U)
equipped with the weak topology a Polish space when U is a

Polish space.

In order to describe the system evolution, we now introduce

the following notation. We consider that the state of a server

is given by (n, a1, · · · , an) where n denotes the number of

progressing jobs and ai denotes the age of the ith progressing

job. The age of a progressing is equal to the amount of service

received since its arrival and hence, if a job arrives at time t,
then its age a at time t + h is given by

a =
∫ t+h

s=t

1
k(s)

ds, (9)
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where k(s) denotes the instantaneous number of progressing

jobs at the server at which the job is processed at time s. Let

En be the set of all possible states of a server when there are

n progressing jobs, i.e.,

En = {(n, a1, · · · , an) : ai ∈ R+, 1 ≤ i ≤ n}. (10)

Further, when server has no progressing jobs, the server state

lies in the set

E0 = {0}. (11)

Hence, the state of a server lies in the set

E = ∪n≥0En. (12)

Without loss of generality, an element of the form

(n, u1, · · · , un) ∈ E for n ≥ 0 is denoted by u. For

u = (n, u1, · · · , un) and v = (m, v1, · · · , vm), we now define

the metric

dE(u, v) =

{
∑n

i=1 |ui − vi| if n = m
∞ otherwise.

(13)

We say that a sequence {un, n ≥ 1} in E converges to u ∈ E
if limn→∞ dE(un, u) = 0.

For any Borel set B ∈ B(E), the indicator function of B is

defined as

I{B}(u) =
{

1 if u ∈ B
0 otherwise.

(14)

For any measure ν ∈ MF(E) restricted to the space E0
is a Dirac measure with mass at (0). Further, for n ≥ 1, we

say that the measure ν ∈ MF(E) is absolutely continuous at

x ∈ En if ν({x}) = 0 and the measure ν is called absolutely

continuous with respect to Lebesgue measure if ν({y}) = 0
for all y ∈ En, n ≥ 1. Any function f : E �→ R is said

to be differentiable if for every i ≥ 1,
∂ f (i,x1,··· ,xi)

∂xj
is defined

for every 1 ≤ j ≤ i at every (x1, · · · , xi) ∈ Ri
+. Hence

a function of the type f = I{En}, for n ≥ 1, that we use

frequently in our analysis is differentiable.

We next define the following two functions that are used in

establishing the mean-field limit. The first function Ξ : E �→ R
is defined as

Ξ(n, x1, · · · , xn) = n, (15)

for (n, x1, · · · , xn) ∈ E. The second function, Υ : E �→ R is

defined as

Υ(n, x1, · · · , xn) =

{
0 for n = 0,
x1 + · · ·+ xn otherwise.

(16)

In describing the time evolution of the system, we use the

following transition operators on functions and measures. For

b > 0, let us define an operator τ+
b : E �→ E as

τ+
b (n, u1, . . . , un) =

{
0 if n = 0,
(n, v1, · · · , vn) otherwise,

(17)

where vi = ui +
b
n , for 1 ≤ i ≤ n. Further, for any b > 0, f ∈

Kb(E), we define a mapping

τb : Kb(E)→ Kb(E) (18)

satisfying

τb f (u) = f (τ+
b u), (19)

for u ∈ E. For b > 0, let τbν ∈ MF(E) be the shifted

measure defined such that for any Borel set B ∈ B(E), we

have

τbν(B) = ν(τ+
b (B)). (20)

For ν ∈ MF(E), the measure τbν ∈ MF(E) satisfies

〈τbν, f 〉 = 〈ν, τb f 〉 (21)

for all f ∈ Kb(E). The existence of the unique measure

τbν satisfying equation (21) follows from the Riesz-Markov-

Kakutani theorem [20]. For the measure-valued Markov pro-

cess (νN
t , t ≥ 0) that describes the system evolution, we

can derive the expression of the generator of the process

(νN
t , t ≥ 0) using equation (21). By using equation (21),

the change in the process (νN
t , t ≥ 0) in a given small time

interval can be considered as a change in the function f . Based

on this idea, with the help of the class of functions of the type

νN
t �→ 〈νN

t , φ〉 for φ ∈ C1
b (E), we obtain the generator of the

Markov process (νN
t , t ≥ 0).

For ν ∈ MF(E), 〈ν, φ〉 is a continuous linear operator on

the space of functions φ ∈ Cb(E), we define

‖ν‖ = sup
φ∈Cb(E)

|〈ν, φ〉|
‖φ‖ . (22)

Let DH([0, T]),DH([0, ∞)) be the càdlàg2 functions

that take values in Polish space H defined on [0, T],
[0, ∞), respectively. The space of the continuous functions

that take values in H defined on [0, T], [0, ∞) are de-

noted by CH([0, T]), CH([0, ∞)), respectively. The spaces

DH([0, T]),DH([0, ∞)) are equipped with the Skorokhod

J1-topology and in that case, they are Polish spaces. For

two local martingales (M1
t , t ≥ 0) and (M2

t , t ≥ 0), the

covariation and quadratic variation in DR([0, T]) are denoted

by (< M1· , M2· >t, t ≥ 0), (< M1· >t, t ≥ 0) = (<
M1· , M1· >t, t ≥ 0), respectively.

In this paper, we generally work with H−valued stochas-

tic processes where H = MF(E). Further, the consid-

ered stochastic processes are random elements defined on

(Ω, F,P) with sample paths lying in DH([0, ∞)). The space

DH([0, ∞)) is equipped with the Borel σ−algebra generated

by the open sets under the Skorokhod J1− topology [21].

A sequence {Xn} of H-valued càdlàg processes defined on

(Ωn, Fn,Pn) is said to converge in distribution to a H-valued

càdlàg process X defined on (Ω, F,P) if, for every bounded,

continuous, real valued functional F : DH : [0, ∞) → R, we

have

lim
n→∞

En(F(Xn)) = E(F(X)) (23)

2Also referred to as RCLL (right continuous with left limits).
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where the expectation operators En, E are defined with respect

to Pn,P , respectively. The convergence of {Xn} in distribu-

tion to X is denoted by Xn ⇒ X. We use L(X) to denote the

Law of a random variable X.

Markovian Description: We now describe the system

evolution by introducing a state descriptor. For this purpose,

we incorporate age of each progressing job at each server

into state descriptor in modeling the system evolution as an

evolution of a Markov process. If a server has n progressing

jobs with ith job having age ai,1 ≤ i ≤ n at time t, then we

say that it lies in state (n, a1, · · · , an) at time t. If a server has

no job at time t, then the server state is equal to (0). Once we

define a server state, we now define a system state descriptor

that we use in describing the system evolution.

Definition 2. System State Descriptor:
Let si

t = (ni, a1,i, a2,i, · · · , ani ,i) be the state of ith server at
time t, then we define the system state at time t as follows

νN
t =

N

∑
i=1

δ(si
t)

(24)

where δ(n,x1,··· ,xn) denotes the Dirac measure with unit mass
at (n, x1, · · · , xn). Therefore νN

t ({(m, z1, · · · , zm)}) is equal
to the number of servers with state (m, z1, · · · , zm) at time t.

Once we define the state descriptor, we now look at the

time evolution of the the measure-valued process (νN
t , t ≥ 0).

For h > 0, given νN
t , to know the value of νN

t+h, we need

to track how each server state changes. In the time interval

(t, t + h], either there can be no event (arrival or departure) or

some events(arrivals and departures) can occur in the system.

In our analysis, by assuming h is a small value, we consider

that multiple events do not occur in the interval (t, t + h].
Furthermore, we can model departure events by using hazard

rate function β(x) = g(x)
G(x)

that defines the instantaneous rate

of departure of a job conditioned on its age value equal to x.

Precisely, if a job achieves age x at time t, then it departs in

the interval (t, t+ y] with probability given by
G(x+y)−G(x)

G(x)
=

β(x)y + o(y). When the number of progressing jobs does not

change at a server with state say (n, a1, · · · , an) at time t in

the interval (t, t+ h], then its state becomes τ+
h (n, a1, · · · , an)

at time t + h.

III. MAIN RESULTS

In this section, we present main results of this paper and

the proofs are given in Appendix. Due to space constraints, we

only give rough sketch of the proofs. In the rest of the paper,

we consider a policy Λ ∈ OB(d), according to which, let

q(m)
(n1,··· ,nd−j)

for 1 ≤ j ≤ d be the probability that a particular

potential server with m jobs is chosen as the destination server

when there are j potential servers with m jobs and nk is

the number of progressing jobs at the potential server with

kth smallest index (by index b we mean bth potential server)

among the d− j potential servers whose number of progressing

jobs is not equal to m.

In the following Lemma, we first provide expression for the

probability of choosing a server with state (m, x1, · · · , xm) as

destination server upon an arrival under a OB(d) routing policy

Λ.

Lemma 1. Suppose νN
t = η, let Qn(

η
N ) = η({En})

N represents
the fraction of servers with n jobs at time t. Then according
to policy Λ, if a job arrives at time t, then the probability that
the destination server lies in state (m, x1, · · · , xm) is equal to

pr(m, x1, · · · , xm; η) =
η{(m, x1, · · · , xm)}

N
Φn

( η

N

)
,
(25)

where

Φn

( η

N

)
=

d

∑
j=1

∑
(n1,··· ,n(d−j))

jq(m)
(n1,··· ,nd−j)

(
d
j

)

×
(

Qm

( η

N

))j−1 d−j

∏
i=1

Qni

( η

N

)
. (26)

The proof is given in Appendix A.

By using the filtration defined as

FN
t = σ(νN

s (B) : s ≤ t, B ∈ B(E)), (27)

we now construct a Martingale process with the help of

Dynkin’s formula. We use this martingale process in estab-

lishing the convergence of (
νN

t
N , t ≥ 0). The generator of the

Markov process (νN
t , t ≥ 0) is denoted by AN(·).

Proposition 1. The process (νN
t , t ≥ 0) is a Feller-Dynkin

process in DMF(E)([0, ∞)). Let φ ∈ C1
b (E), then the process

(MN
t (φ), t ≥ 0) defined as

MN
t (φ) = 〈νN

t , φ〉 − 〈νN
0 , φ〉 −

∫ t

s=0
AN〈νN

s , φ〉ds (28)

is a square integrable FN
t -martingale and it is right continu-

ous with left limits (RCLL) process.

The proof follows mutatis mutandis from the proof of

Propositions 1 and 2 of [22].

Our main aim in this paper is to obtain the limit of the

normalized process (νN
t , t ≥ 0) defined as

νN
t =

νN
t

N
(29)

when N → ∞. We make following assumptions in the rest of

the paper in our analysis.

Assumption 1. The hazard rate function β(·) satisfies

β ∈ Cb(R+) and ‖β‖ < ∞. (30)

Assumption 2. The sequence of initial measures of the nor-
malized measure-valued processes (νN

t , t ≥ 0) satisfy

(νN
0 , 〈νN

0 , Ξ〉, 〈νN
0 , Υ〉)⇒ (ν0, 〈ν0, Ξ〉, 〈ν0, Υ〉) (31)

where ν0 ∈ M1(E) is absolutely continuous measure satisfy-
ing 〈ν0, Ξ〉 < ∞ and 〈ν0, Υ〉 < ∞.
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We next state our main result of the paper.

Theorem 1. Suppose the sequence {νN
0 } satisfies the assump-

tion 2, then for every T > 0, (νN
t , 0 ≤ t ≤ T)⇒ (νt, 0 ≤ t ≤

T) where the process (νt, 0 ≤ t ≤ T) is the unique solution
of the following equation with the initial point ν0 ∈ M1(E),
for all φ ∈ Cb(E), we have

〈νt, φ〉 = 〈ν0, τtφ〉+
∫ t

r=0

(
∞

∑
n=1

n

∑
j=1

∫
x1

· · ·
∫

xn

β(xj)

n

× (
τt−rφ(n− 1, x1, · · · , xj−1, xj+1, · · · , xn)

−τt−rφ(n, x1, · · · , xn)) dνr(n, x1, · · · , xn)

+ λ

[
(νr({0})Φ0 (νr) (τt−rφ(1, 0)− τt−rφ(0)))

+
∞

∑
n=1

n+1

∑
j=1

∫
x1

· · ·
∫

xn

1
(n + 1)

Φn (νr)

× (τt−rφ(n + 1, x1, · · · , xj−1, 0, xj, · · · , xn)

− τt−rφ(n, x1, · · · , xn)) dνr(n, x1, · · · , xn)

])
dr. (32)

We call equation (32) as mean-field equation and its unique
solution is referred to as the mean-field limit.

The proof is given in Appendix B.

Once we establish the mean-field limit, for given T ≥ 0,

we can prove the propagation of chaos by the same arguments

as in [6] for every t ≤ T and hence the proof is omitted. As

a consequence, at time t, the distribution of a server state in

the limiting system coincides with νt.

We now convert the integral form of MFEs (32) into partial

differential equations. Since the mapping t �→ νt is continuous

(from continuity of t �→ 〈νt, φ〉 for φ ∈ Cb(E) and Cb(E)
is a separating class of M1(E) [23]) and ν0 is absolutely

continuous w.r.t. Lebesgue measure, we have that at every

t ≥ 0, νt is also absolutely continuous. Further, let νt({0})
be denoted by pt(0) and pt(n, x1, · · · , xn) be the Radon-

Nikodym derivative of the measure νt w.r.t. Lebesgue measure

at (n, x1, · · · , xn). Let a process Pt = (Pt(u), u ∈ E) be

defined as

Pt(n, y1, · · · , yn)

=
∫ y1

x1=0
· · ·

∫ yn

xn=0
pt(n, x1, · · · , xn) dx1 · · · dxn. (33)

Therefore the probability that a server has n progress jobs in

the limiting system at time t and further, ith job (1 ≤ i ≤
n) has age atmost yi is equal to Pt(n, y1, · · · , yn). We can

obtain evolution equations of Pt(n, y1, · · · , yn) from mean-

field equation (32) using the fact that there exists sequence

of bounded continuous functions monotonically converging to

indicator functions and monotone convergence theorem. After

simplifications, we obtain the following result.

Corollary 1. The process Pt = (Pt(u), u ∈ E) satisfies the
PDEs

dPt(0)
dt

=
∫ ∞

y=0
β(y)

(
∂Pt(1, y)

∂y

)
dy− λΦ0(Pt)Pt(0),

(34)

for n ≥ 1,

dPt(n, y1, · · · , yn)

dt
= −

n

∑
i=1

1
n

∂Pt(n, y1, · · · , yn)

∂yi

+
n+1

∑
j=1

∫ ∞

xj=0

β(xj)

n + 1

×
(

∂Pt(n + 1, y1, · · · , yj−1, xj, yj, · · · , yn)

∂xj

)
dxj

−
n

∑
j=1

∫ yj

xj=0

β(xj)

n

×
(

∂Pt(n, y1, · · · , yj−1, xj, yj+1, · · · , yn)

∂xj

)
dxj

+
n

∑
j=1

λΦn−1(Pt)Pt(n− 1, y1, · · · , yj−1, yj+1, · · · , yn)

− λΦn(Pt)Pt(n, y1, · · · , yn), (35)

where Φn(Pt) is same as equation (26) except that

Qn(Pt) = Pt(n, ∞, · · · , ∞).
The above mean-field PDEs (34)-(35) represents the dynam-

ics of a single server processor sharing system with Poisson

job arrival process with rate λΦn(Pt) when server has n
jobs and current distribution is Pt at time t. Therefore MFEs

represent dynamics of a non-linear Markov process.

We now state our main result on the stationary behav-

ior of the mean-field limit. Let us first define the class of

fixed-points of the mean-field Y3 as: suppose Rn(θ) =
∑∞

j=n θ(n, ∞, . . . , ∞), then Y = {θ : limn→∞ Rn(θ) = 0}.

Theorem 2. Any fixed-point π = (π(u), u ∈ E) ∈ Y satisfies

π(n, y1, · · · , yn) = Γnμn
n

∏
i=1

∫ yi

xi=0
G(xi) dxi. (36)

where Γ = (Γn, n ≥ 0) is a fixed-point of the mean-field
limit when job lengths are exponentially distributed with mean
1
μ . In particular, if the mean-field of the occupancy process
under exponential case has unique fixed-point, then there exists
unique fixed-point under general job length distributions. Fur-
thermore, as

∫ ∞
x=0 G(x) dx = 1

μ , the fixed-point is insensitive
since

π(n, ∞, · · · , ∞) = Γn. (37)

The proof is given in Appendix C.

We now demonstrate our results for two occupancy based

policies.

Some typical polices: One can obtain the MFEs for any OB(d)

3This class contains the fixed-points under which the average occupancy is
finite.
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policy by using its q(m)
(n1,··· ,nd−j)

function in equation (26) from

general form of MFEs (34)-(35). We now discuss two policies

that belong to OB(d) below:

Definition 3. SQ(d) Policy: An arrived job is routed to the
server with shortest occupancy among d randomly chosen
servers and ties are broken uniformly at random. Therefore

q(m)
(n1,··· ,nd−j)

=

{
1
j if ni > m, ∀ 1 ≤ i ≤ d− j,

0 otherwise.
(38)

As a consequence, upon simplification, we get that

λΦn(Pt) = λ
Rn(Pt)d − Rn+1(Pt)d

Rn(Pt)− Rn+1(Pt)
, (39)

where Rn(Pt) = ∑∞
j=n Pt(j, ∞, · · · , ∞).

Definition 4. Threshold based policy: For given integer valued
parameter α, from set of d sampled servers with number of
progressing jobs less than or equal to α, a server is ran-
domly chosen as destination server if there are any available.
Otherwise, server with minimum number of jobs is chosen as
destination server and ties are broken uniformly at random.
Therefore, let a = ∑

d−j
i=1 I{ni≤α}, then

q(m)
(n1,··· ,nd−j)

=

⎧⎪⎨
⎪⎩

1
j+a if m ≤ α,
1
j else if ni > m, ∀ 1 ≤ i ≤ d− j,

0 otherwise.
(40)

As a result, upon simplification, if m ≤ α, then

λΦm(Pt) = λ
1− Rd

α+1(Pt)

1− Rα+1(Pt)
(41)

On the other hand, if m > α, then

λΦm(Pt) = λ
Rm(Pt)d − Rm+1(Pt)d

Rm(Pt)− Rm+1(Pt)
. (42)

IV. SIMULATION RESULTS

In this section, to support the insensitivity of the fixed-point

of the mean-field limit under SQ(d) policy and threshold based

policy defined in Section III, we present simulation results.

Similar to [4] for SQ(d), we can show that the mean-field

limit of the tail occupancy process for exponential job lengths

case under the threshold based policies is quasi-montonic and

there exists unique globally asymptotic stable fixed-point of

the mean-field. Let ϑN
i be the stationary probability that there

are exactly i jobs in progress at a server and let us define

ϑN = (ϑN
i , i ≥ 0). In our simulation results, we sample

d servers without replacement whereas in our analysis we

assume that servers are sampled with replacement. We then

compute ϑN by using PASTA property for different type of

job length distributions by simulating the system upto 1500000

job arrivals. Suppose ϑ(exp) = (ϑ
(exp)
i , i ≥ 0) be the fixed

point of the mean-field limit of the occupancy process, then

we compute the total variation distance between ϑN and ϑ(exp)

defined as dTV(ϑ
N , ϑ(exp)) = ∑i

∣∣∣ϑN
i − ϑ

(exp)
i

∣∣∣ .

We assume that the parameters λ, μ, d, and α are fixed

at 0.7, 1, 2, and 2, respectively. We consider exponential

(Exp), constant (Const), power-law (PL), mixed-Erlang (ME)

distributions. The power-law distribution has CDF G(y) =
1 − 1

3y
3
2

for y ≥ 1
3 and zero otherwise. The mixed-Erlang

distribution has i (1 ≤ i ≤ 3) exponential phases with

probability pi and each exponential phase has rate μ′. We

choose p1 = .3, p2 = 0.3, p3 = 0.4 and μ′ is computed by

using the average job length given by ∑3
i=1

ipi
μ′ = 1

μ . Then

from Table I, with N = 300, the fixed-point of the mean-

field limit under exponential case is close to ϑN for different

job length distributions having same average job length. This

supports both insensitivity of the mean-field limit and the

approximation of the stationary distribution of large N system

by the fixed-point of the mean-field.

Table I
dTV(ϑ

N , ϑ(exp)) FOR DIFFERENT JOB LENGTH DISTRIBUTIONS

Policy Exp Const PL ME
SQ(d) 0.0022 0.0046 0.0064 0.0056

Threshold 0.0039 0.0026 0.0007 0.0015

V. CONCLUSIONS AND FUTURE WORK

In this paper we presented a unified mean-field analysis

for general occupancy dependent PUSH based policies from

which the known results for particular cases like SQ(d) can be

recovered. The proof techniques can be extended to the load

balancing policies in other system architectures with general

service time distributions. In the future work, we will extend

the analysis to PULL based policies.
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APPENDIX

A. Proof of Lemma 1

Proof. Each server can be chosen as a potential server with

probability 1
N . Now out of d potential servers, say j potential

servers are having m jobs. Furthermore, let k potential servers

out of j servers with m jobs are lying in state (m, x1, · · · , xm).
Also, let ni be the number of progressing jobs at the po-

tential server with ith smallest index out of the remaining

d − j potential servers. Then according to the policy Λ, the

probability that out of d potential servers, there are j servers

with m jobs and among them there are k servers lying in state

(m, x1, · · · , xm), and the remaining d− j servers have number

of jobs equal to n1, · · · , nd−j, respectively, is given by,

(
d
j

)(
j
k

)
kq(m)

(n1,··· ,nd−j)

(
η({(m, x1, · · · , xm)})

N

)k

×
(

η(Em)− η({(m, x1, · · · , xm)})
N

)j−k d−j

∏
i=1

(
η(Eni )

N

)
.

Then by summing over all possible values of j, k, and

(n1, · · · , nd−j), we get equation (25).

B. Proof of Theorem 1

Proof. In this proof, we call any solution of the mean-field

equation (32) for given initial point as the mean-field solution.

By using standard arguments, using Gronewall’s inequality and

the norm defined in equation (22), we get that if (ν1
t , t ≥

0), (ν2
t , t ≥ 0) are two solutions with initial points ν1

0, ν2
0,

respectively, then ν1
0 = ν2

0 implies 〈ν1
t , φ〉 = 〈ν2

t , φ〉 for all

φ ∈ Cb(E). Since Cb(E) is a separating class of M1(E) [23],

we have ν1
t = ν2

t .

The existence of a solution for MFEs follows from the proof

of the convergence of {νN
t , t ≥ 0} in DM1(E)([0, ∞)).

We now look at the convergence of the sequence of

{νN
t , t ≥ 0}. The crux of the proof is to first show that the

sequence of processes (νN
t , t ≥ 0) is relatively compact. After

that, we show every limit point (χt, t ≥ 0) has sample paths

that satisfy MFEs almost surely. Since for every limiting point,

the initial measure is the deterministic measure ν0, we get that

all limiting points have almost surely identical sample paths

coinciding with the unique mean-field solution. The unique

mean-field solution is referred to as the the mean-field limit

denoted by (νt, t ≥ 0).
Let FN

t be the natural filtration associated with the pro-

cess (νN
t , t ≥ 0). Then, from Proposition 1, the follow-

ing process (MN
t (φ), t ≥ 0) is a RCLL square integrable

FN
t −martingale: for φ ∈ C1

b (E),

MN
t (φ) = 〈νN

t , φ〉 − 〈νN
0 , φ〉 −

∫ t

s=0
AN〈νN

s , φ〉 ds, (43)

where AN
(·) is the generator of the Markov process (νN

t , t ≥
0) given by,

AN〈νN
s , φ〉 = 〈νN

s , φ′∑〉

+

(
∞

∑
n=1

n

∑
j=1

∫
x1

· · ·
∫

xn

β(xj)

n

× (
φ(n− 1, x1, · · · , xj−1, xj+1, · · · , xn)− φ(n, x1, · · · , xn)

)
× dνN

s (n, x1, . . . , xn)

+ λ

[ (
νN

s ({0})Φ0

(
νN

s

)
(φ(1, 0)− φ(0))

)

+
∞

∑
n=1

n+1

∑
j=1

∫
x1

· · ·
∫

xn

1
(n + 1)

Φn

(
νN

s

)
× (φ(n + 1, x1, · · · , xj−1, 0, xj, · · · , xn)− φ(n, x1, · · · , xn))

× dνN
s (n, x1, · · · , xn)

])
. (44)

To establish the relative compactness of the sequence

(νN
t , t ≥ 0), we use Jakubowski’s criteria given in The-

orem 4.6 of [24] from which we need to establish two

necessary and sufficient conditions. The first condition is to

show that the sequence (〈νN
t , φ〉, t ≥ 0) for φ ∈ C1

b (E) is
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relatively compact in DR([0, ∞)). To prove this, we need

to establish the two sufficient conditions given in [25, Theo-

rem C.9]. These conditions are verified to be true by showing

E
[
< MN

· (φ) >T

]
< ∞ and exploiting Doob’s inequality,

and the proof is similar to [22].

The second condition is to find a compact set KT,γ for every

T, γ > 0 such that

lim inf
N→∞

P(νN
t ∈ KT,γ, ∀t ∈ [0, T]) ≥ 1− γ. (45)

Using the assumption 2, we can find some M0 such that

lim inf
N→∞

P(max(〈νN
0 , Ξ〉, 〈νN

0 , Υ〉) < M0) > 1− γ. (46)

Now let MT = M0(1 + T) + 2λT
μ , then we can show

lim inf
N→∞

P( sup
t∈[0,T]

〈νN
t , Υ〉 < MT) > 1− γ. (47)

For given 0 < γ < 1, let

WT,γ � {ζ ∈ M1(E) : 〈ζ, Υ〉 < MT} . (48)

Then we have limc→∞ supζ∈WT,γ
ζ(B) = 0, where B =

{(0)} ∪ (∪nBn), Bn = ([0, c], · · · , [0, c]) ∈ B(En), and B
denotes the complement of B. Therefore, from Lemma A7.5
of [26], WT,γ is relatively compact in M1(E) and let KT,γ
be the closure of WT,γ. Then the compact set KT,γ satisfies

equation (45). This completes the proof of relative compact-

ness of (νN
t , t ≥ 0).

Let (χt, t ≥ 0) be a limiting point of a converging

subsequence of (νN
t , t ≥ 0). Also, from the assumption 2,

χ0 almost surely coincides with ν0. Further, from the fact

that E
[
< MN

· (φ) >T

]
< ∞ and Doob’s inequality, due to

standard convergence criterion, we have that the sequence

(MN
t (φ), t ≥ 0) converges in distribution to null process.

Now by using the continuous mapping theorem, we get

〈χt, φ〉 = 〈χ0, φ〉+
∫ t

s=0
〈χs, φ′∑〉 ds

−
∫ t

s=0

(
∞

∑
n=1

n

∑
j=1

∫
x1

· · ·
∫

xn

β(xj)

n

× (
φ(n− 1, x1, · · · , xj−1, xj+1, · · · , xn)− φ(n, x1, · · · , xn)

)
× dχs (n, x1, · · · , xn )+λ

[
(χs({0})Φ0(χ s) (φ(1, 0)− φ(0)))

+
∞

∑
n=1

n+1

∑
j=1

∫
x1

· · ·
∫

xn

1
(n + 1)

Φn(χs)

× (φ(n + 1, x1, · · · , xj−1, 0, xj, · · · , xn)− φ(n, x1, · · · , xn))

× dχs(n, x1, · · · , xn)

])
ds. (49)

By using fundamental theorem of calculus, it can be shown

that any process (ηt, t ≥ 0) ∈ CM1(E)([0, ∞)) is a solution to

equation (49) iff it is a solution to the mean-field equation (32).

We omit this proof due to space constraints and the proof

is similar to that in [7]. For given initial point, since there

exists unique mean-field solution, from assumption 2, all the

limiting points coincide almost surely with the unique mean-

field solution.

C. Insensitivity: Proof of Theorem 2
Proof. Suppose θ = (θ(u), u ∈ E) be a fixed-point for the

process (Pt, t ≥ 0). Let vn = ∏n
i=1

λΦi−1(θ)
μ . Then we show

that

θ(n, y1, . . . , yn) =
vn

1 + ∑∞
m=1 vm

μn
n

∏
i=1

∫ yi

xi=0
G(xi) dxi

(50)

and

θ(0) =
1

1 + ∑∞
m=1 vm

. (51)

Since limn→∞ Rn(θ) = 0, it is verified that we have

∑∞
m=1 vm < ∞.
We prove equations (50)-(51) as follows. Consider a single

server processor sharing system with job length distribution

same as in the system model and the job arrival process

is Poisson process with pre-specified state-dependent arrival

rate λΦn(θ) when there are n progressing jobs at the server.

Then from [27], this system is stable and let π(single) be the

stationary distribution. Then π(single)(n, y1, · · · , yn) is equal

to right side of equation (50). However, on comparing the

stationary mean-field dynamics, we get that θ is also another

stationary distribution for the considered single server system.

Due to stability of the single server system, we must have

θ = π(single) and hence, equations (50)-(51) are true.
We now assume that Γ = (Γn, n ≥ 0) where Γn =

θ(n, ∞, · · · , ∞)) and Γ0 = θ(0). We then have from equa-

tions (50)-(51),

Γn =
vn

1 + ∑∞
m=1 vm

(52)

and

Γ0 =
1

1 + ∑∞
m=1 vm

. (53)

Further, we can write vn in terms of Γ as vn = ∏n
i=1

λΨi−1(Γ)
μ

where

Ψl (Γ) =
d

∑
j=1

∑
(n1,··· ,n(d−j))

jq(l)
(n1,··· ,nd−j)

(
d
j

)
(Γl)

j−1
d−j

∏
i=1

Γni .

We then have that for n ≥ 0,

λΨn(Γ)Γn = μΓn+1. (54)

Then by simplifying equation (34)-(35) under exponential job

length distributions with the same mean 1
μ , a fixed-point w =

(wn, n ≥ 0) satisfies

λΨn(w)wn = μwn+1. (55)

Hence from equations (54), (55), we have that Γ is a fixed-

point of the mean-field under exponential job lengths with

average length 1
μ . Further, from equations (50)-(51), we get

equation (36).
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