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Cellular mobile communication systems are quite difficult to analyse theoretically, especially when
some fonn of dynamic channel assignment is used. However, with a proper fonnulation of the
problem, some useful results can be obtained, in particular, product fonn solutions can be found for
system perfonnance for some simple systems, or as bounds on system performance for more
complicated systems. This paper summarises the existing results on product form for cellular
systems, and also develops some further extensions to these results; in particular to systems where
channels are assigned dynamically to channel groups rather than to cells, and also to systems with
directed handoff.

1. Introduction
This paper considers the teletraffic design of a cellular
mobile communications network. It is assumed that the
reader is familiar with the basic concepts behind a cellular
system, and the ideas of frequency reuse and handoff in
cellular systems. Good coverage of the cellular mobile area
can be obtained from the books by Parsons & Gardiner
[1], and by Lee [2].
This paper primarily considers the perfonnance evaluation
of various methods of allocating the channels to cells in the
cellular system, with the overall aim being to carry the
largest amount of traffic for a given number of channels
and for a given grade of service (maximum Erlangs per
square kilometre). Fixed channel assignment, various
fonns of dynamic channel assignment, and also the use of
directed handoff are considered. The aim is to show how
all of these can be included in a common framework, that
of a product-fonn solution on a truncated state-space - a
fonn which is quite familiar from the theory of networks of
queues.
As a specific example of a cellular system, and as a means
of summarising the important system parameters, consider
an arrangement of cells such as the following:

Assume here that the reuse constraints imply that a channel
cannot be used in two adjacent cells, but may be used
simultaneously by any number of non-adjacent cells.
Geometrical considerations then show that there are three
channel reuse groups, denoted A, B, and C in the diagram.
For fixed channel assignment, the set of channels is in this
case divided into three, with some assigned to group A,
some assigned to group B, and some to group C, anq this
assignment of channels to channel groups then remains
constant throughout time. In a real system, there will be
more than 3 cells in a reuse group, with popular numbers
being 7 and 12. (These numbers are determined from
calculated carrier to interference ratios, and geometncal
constraints, and can take on only certain integer values.)
For this fixed assignment of channels to cells, the
perfonnance of each of the separate cells are independent,
and can be calculated individually according to Erlang's
loss fonnula.
The interference constraints that we have been talking about
here are really co-channel constraints, ie constraints on
different cells using the same channel. There are often ~ther
constraints, particularly adjacent channel constraints, w~ere
adjacent channels in the frequency band cannot be used
simultaneously at the same cell. In its most general fonn,
the channel reuse is determined by a compatibility matrix ,
whose (iJ) element specifies the number of chan~els
which must separate channels used simultaneously at cells i
andj (Gamst & Rave [3]). However, for the evaluation of
traffic perfonnance, it is the co-channel constraints wq~ch
are the most important.
For dynamic channel assignment, the above division of
channels into channel groups is ignored, and channels are
simply assigned to any cell as required, subject only to the
channel reuse constraints. The performance of dynamic
channel assignment is difficult to assess theoretically since
the performance depends on the specific details of the
dynamic channel algorithm being used. However, in
Everitt & Macfadyen [4], an idealisation of a dynamic
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channel assignment algorithm, called a 'maximum packing'
dynamic channel assignment policy was proposed. This
policy, whilst not always physically practicable, has the
properties of being analytically tractable, and of providing a
bound on system performance.

calls, but only need to keep track of the number of calls in
progress at each cell. The facility to do this rearrangement
is already in place in a cellular system, since we are just
using the handoff facility to perform this rearrangement.
The implications of all this rearrangement on the signalling
network won't be considered here.

Specifically, the maximum packing (MP) strategy is
optimal in the sense that a call will be blocked only if there
is no possible reallocation of channels to calls (including
reallocating calls in progress) which would result in the call
being carried. The usefulness of this policy is that it
provides a good indication of the performance of dynamic
channel allocation algorithms, without going into the nittygritty detail of specific algorithms. .

Consider a system composed of m cells, with a total of c
channels, and ni calls in cell i. Assume that the traffic
offered to cell i is given by Ai' In general, the probability
p(n) of there being ni calls in cell i, i = 1, ... , m is given
by:

The particular assumptions necessary are:
W'n

The cell offered traffics are Poisson.

The effects of fading and co-channel interference
are not modeled.
Mobile to mobile calls are ignored.
No account is taken of the movement of the mobile
subscribers between cells for call handovers.
The effect of movement of the mobile subscribers between
cells (handoff ) has been considered in Macfadyen &
Everitt [5], where it was concluded that handoff has little
effect on the traffic carrying capacity of a cellular system.
As a reasonable first-order approximation, we can assume
that the effect of handoff is to increase the calling rate per
cell, but to reduce the holding time per cell, so the net result
is that the traffic remains constant.
Problems caused by fading and co-channel interference can
essentially be considered as handoff problems also, and so
we would also expect them to have only a small effect on
system traffic capacity.

2. Summary of Existing Results
The important thing to note is that the following product
form solutions are derived directly from the truncation
theorem, ie if an infinite state-space which possesses
product form is simply truncated, the resultant state space
also has product form (Lam [6], Kelly [7]). It is therefore
the formulation of the problem here that is the difficult part:
once the problem has been properly formulated, the
product-form solutions simply drop out. The formulation
in general relies on the rearrangement of calls in progress,
ie that we can at any .time reallocate a new channel to any
call or calls in progress if this rearrangement is necessary to
carry a new call. This criterion is necessary for our analysis
of dynamic channel assignment, since it means that we do
not have to keep track of the channels used by individual

a

otherwise

Blocked calls are cleared and do not return.
There are no restrictions (other than frequency
reuse) on channels used by any mobile or any cell,
ie only co-channel constraints are considered.
Adjacent channel constraints and other constraints
are ignored as being much less significant for the
determination of traffic performance.

~

where W is a suitably chosen matrix, and a is a suitably
chosen vector. The particular form of operation then simply
affects the form of the truncation matrix Wand the vector
a. As long as the constraint Wn ~ b is a truncation of the
state-space, the product form will apply. Note that fixed
channel assignment has the above product form solution,
with the state space given by ni ~!;" where!;, is the number
of fixed channels assigned to cell i, ie the truncation is of
the form In ~ f, with I being the identity matrix.
The various forms of operation then have the above
product form solutions with the following constraints:
Ordinary MP (Everitt & Macfadyen [4]):
U'n

~

ce

where U is a matrix reflecting the reuse constraints,
and e is a vector, each of whose elements is unity.
Hybrid, with the dynamic channels assigned using
the MP strategy (Everitt & Macfadyen [4]):
U'(n-f)+ ~ Cdyn e

where f is the vector whose i th element is the
number of fixed channels at cell i , and Cdyn is the
total number of dynamic channels available.
Ordinary MP with grouped allocation. Channels
assigned to cells in groups of size b only (Everitt &
Manfield [8]):
U'r

~ C

e

where r is related to n on an element-by-element
basis by the relation
ri

=

r~l

x b, ie ri is the total number of

channels that must be allocated at cell i in order to
carry ni calls there.
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Multichannel MP, with I call types. Calls of type i
require d i channels simultaneously (Everitt &
Manfield [8]). Here, we need to make the state
space larger, to be able to identify the the number of
calls of each type at each cell, ie nij is the number of
calls of type j at cell i (j = 1, ... , I). The traffics
are defined by cell and type in a similar way. We
have:

p(n 1, n2' ... ,n/)

=

n n A.~
~~!
m

p(O,O, ... ,0)
{

o

1

1=1 )=1

IJ

1

~ djU'n j

~ce

)=1

otherwise

The above equations for the MP strategy are only bounds
on system performance, and are not necessarily achievable
bounds. Even with the assumptions that we have made, a
truncation of the form U'n ~ c e is not sufficient to ensure
that the state n is feasible. However, it has been noted in
Penotti [9] and in Gamst & Rave [3], that a state n with
U'n = c e is usually feasible, if the only constraints are cochannel constraints as we are assuming here. Therefore,
this bound provides a very good bound on system
performance.
These results also apply for general service time
distributions - they do not rely on a negative exponential
service time distribution. This follows by using Lam's
extension to the BCMP theorem for queueing networks
(Lam [6]).
Furthermore, the above equations give only the state
probabilities: the evaluation of the blocking probabilities
from these equations is a little more complex, and the
reader is referred to [4] and to [8] for further details.
State-dependent Input
The above solutions refer to systems with Poisson input.
However, it is straightforward to exten.d them to systems
where the arrival rates are state dependent, so long as the
dependence is on the state of only the one particular cell,
and not on the other cells in the system, for example, the
arrival rate at cell i when there are currently ni calls in cell i
is of the form o,i + ni ~i (the Bernoulli-Poisson-Pascal
process of Delbrouck [10]).
EQuipment Limits
The solutions above assume that it is physically possible
for all c of the available channels to be used in the one cell
at anyone time. In reality, this amount of transmission
capacity would never be provided, and a physical
implementation would allow only up to some fixed number
of channels in a given cell at anyone time. This will be
called the equipment limit, and is defined by the constraints
ni S ei' i = 1, ... , m. Since this is a further truncation of
the state-space, the above product-form solutions still apply
to the equipment limited case, but with these extra
constraints on the state-space included.

Numerical Considerations
!he evaluation of .numerical quantities for these quantities
lS not always stralghtforward. For a linear array of cells
(for example, covering a highway between two major
cities), a simple iterative algorithm is possible, and results
a!e ea~ily calculated. However, for a general twodimenslonallayout of cells, the evaluation of the resulting
expressions for grade of service is difficult, and for most
cases, a Monte-Carlo acceptance-rejection technique is
required to evaluate these quantities ([4]).

3. Fixed-Dynamic Operation
The above results are for full dynamic channel assignment,
or for hybrid channel assignment. Next, a less general
form of dynamic channel assignment is considered, but it is
found that numerical values of performance are much easier
to calculate.
Consider a form of operation intermediate between fixed
and dynamic channel assignment. A division of channels
into channel groups is retained, but this division is no
longer permanently fixed, but is altered in real time to take
account of the actual demand. Thus channels are
dynamically assigned to channel groups rather than to
individual cells.
Throughout the remainder of this paper, this algorithm will
be referred to as 'FD' standing for 'fixed-dynamic'.
Further assumptions are the same as for the cases described
above.
Mathematical Modelling
We can easily show that the solution has a form similar to
that for the 'MP' policy in [4], thus the following:In mathematical terms, the 'FD' strategy for dynamic
channel assignment implies that the state-space of the
system can be represented by a vector N = [N}, N 2' ... ,
N m], where the random variable Ni represents the number
of calls in progress at cell i. As before, there must also be a
restriction on N so that all feasible states N can be carried
by the available channels c. Under the 'FO' strategy, the
restriction again is just a truncation of the state space, but
now this truncation has a particularly simple form .
Assume that there are g channel groups, labelled X}'
X 2 , ... , Xg , and let N y be the number of channels used by
channel group Y, ie

Ny

=

max Ni
i

E

Sy

where Sy is the set of cells belonging to channel group Y. It
follows that the appropriate truncation of the state space is
given by

fNx.~c.

i=1

1
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Then, the probability p(n) that, in the steady state, the state
of the system is n is given as:

A A~ A':",
ni' n2'" nm'

fl

p(n) = {

Po(O)

S.

~

i!:1 N X i

c

otherwise
Where Ai is the traffic offered at cell i, and there are m
cells, ie by a product form solution on a truncated state
space.
This is very similar to the solution for the 'MP' strategy;
however, while the solution for the 'MP' strategy has quite
a complicated boundary to the state space, the FD strategy
has a relatively simple boundary. This makes numerical
evaluation much easier. We see that the above solution for
the m-dimensional state-space reduces to a solution on a a
g-dimensional state-space:

_{P(O) tip'(nx)
p(nx , ... , nx ) i=1
I

1

g

0

fnx . ~ c

i=1

I

otherwise

where the (unnormalised) probabilities p'(ny) can be
calculated by extreme value statistics, ie by

Pr{N y

~

j}

= n Pr{Ni~j}
ieSy

= Pr {N y = O} . n

Numerical calculations from this equation are quite
straightforward. The marginal probabilities for each
channel group are easily obtained as extreme value
statistics, and so a straightforward convolutional technique
similar to that oflversen [11] can be used.

4. Directed Handoff
Directed handoff (see e.g. Allavaneda, Pandya, & Brody
[12]) is, in essence, a simplified and restricted form of
dynamic channel assignment. It takes account of the fact
that cells will actually overlap, and therefore some
proportion of the mobiles will be able to obtain sufficient
signal quality at channels on either of two (or possibly
more) cells simultaneously. Then, if a new call cannot
initially obtain access to the system, some of the calls in
progress may be instructed to handoff to another cell where
signal quality is OK. The analogy with dynamic channel
assignment is that with directed handoff, it is now calls
which are reallocated to cells, rather than channels being
reallocated to calls. Channels remain fixed to a particular
cell as with fixed channel assignment. With some
simplified assumptions concerning the operation of directed
retry, we can show that this form of operation also gives
rise to a product form solution on a truncated state-space.
For the moment, let's just summarise the truncated state
spaces for a few types of operation for a very simple
system, ie a 3 cell system in a linear array with single cell
buffering, ie a channel can be used simultaneously in cells
1 and 3, but not in cell 2.

i. ATt.k]

leSy ( k=O

1

so

p'({n~~~11X/;~J -iEq17i:A;~] ny ~

1

ny=O

Solutions have product form with the following
boundaries:
Fixed:

c

~

(Pr (cell i in channel group Y has ny calls}
ny=O
x Pr{ all other cells in channel group Y have ~ ny calls}
x Pr{sum of channels used by other groups is c - ny})

ie by

nl ~

c/2,
c/2,
n3 ~ c/2
n2

The blocking probability Bi;y for cell i in channel group Y
can then be calculated from
B i;y =

3

2

MP:

~

n 1 + n2

~

c,

+ n3

~

c

n2

FD:
For directed handoff with this system, the overlaps need to
be defined. Do this as in the diagram below, ie let i* refer
to calls which can only be carried in cell i, and i-j refer to
calls which can be carried in either cell i or cell j (j=i+ 1).
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5. Conclusions

1*

3*

With directed retry, we can in effect draw the cell
boundaries anywhere we like within the shaded areas. It
follows that the constraints for directed handoff for this
system are as follows (withfi channels at cell i):

It has been shown that, under some broad assumptions,
many forms of operation can be analysed by means of a
product form solution on a restricted state-space. These all
require the system to operate on a loss basis, ie no
queueing of call requests, but state-dependent calling rates
are allowed. The forms of operation that can be included in
this framework are:
Fixed channel assignment.

FIX-DH: nl. + a nl-2 ~ft,
(1-a) nl-2 + n2· + ~ nl_3 ~h,
(1-~) n2-3 + n3· ~h
for some a,~ in the range 0 ~

a,~ ~

11 + h

+

Dynamic channel assignment.

•

Hybrid channel assignment.
Multiple channel per call operation of dynamic
channel assignment.

1

Grouped allocation of channels, as in the GSM
digital mobile system proposals.

Transformation of these equations leads to the following
equivalent set of constraints:
FIX-DH:
nl· ~ft, n2· ~h, n3" ~h,
nl· + nl-2 + n2" ~ 11 + h,
n2" + n2-3 + n3" ~h + h,
nl" + nl-2 + n2· + n2-3 + n3" ~

•

•

Equipment limits on the number of calls at each cell.

•

A restricted form of dynamic channel assignment,
where channels are dynamically assigned to channel
groups.
Directed handoff.

h

The extra assumption that we need to model directed
handoff in this manner is as follows:
• Once a call experiences directed retry or directed
handoff into an adjacent cell, it is considered to
behave as if it were a call which originated in that
adjacent cell.
With this assumption, it is fairly easy to see that this
flexible redrawing of cell boundaries in real time can be
generalised to a two-dimensional system, to give a
constraint which is again a truncation of the state space,
and so leads to a product-form solution. The constraint has
the following form:
V'n ~D' f
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