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Abstract—Considering the dynamics of the demand on
virtulized resources is indispensable to reduce the operational
costs in the context of “pay-as-you-go” model. In this paper, we
formulate the optimization problem of minimizing the operational costs with dynamic demand. Furthermore, a new simple
index to estimate the optimum is proposed.

I. I NTRODUCTION
Data centers are designed to provision sufﬁcient virtualized resources at all times to meet the demands of users.
Nowadays the users who have “elastic demand” take advantage of the “pay-as-you-go” model and only request needed
demands which vary over time. Therefore, data centers must
have the capability to satisfy the “peak” requirements. On
the other hand, keeping all servers running at maximum
capacity all times wastes energy since most of the time is
“off-peak”. Consolidating virtual machines dispersed across
the servers in the data center into a smaller number of
servers by migrating and turning unnecessary servers off, can
reduce energy consumption. However, turning server on and
off causes wear and tear costs and migrating virtual machines
impose management overhead to the system. Many processors
have so called Dynamic Voltage/Freqeuency Scaling (DVFS)
capacity that allows processors to scale the frequency to
reduce the power consumption. In addition, the dynamics of
demand (temporal variation, uncertainty, etc.) impose unique
challenges to this problem. We formulate this problem by
mathematical programming. Related work on formulating the
optimization problem can be found in [7], [3], [4], [1], [2],
[8], [6]. We propose a simple index to estimate the optimum
by synthesizing the characteristics of the demand and our
optimization framework. To the best of our knowledge, this
is the ﬁrst work on this topic.
II. F ORMULATION
The data center has I servers. Let I denote the set of
the servers. Let J (i) be the frequency option set for server
i. In a homogeneous server cluster case, J (i) = J , ∀i. There
are J frequency options in J . Server i running at the j-th
frequency option can offer a capacity of Vij while satisfying
the SLA. The power consumption of running server i at j-th
frequency is denoted by Cij per time unit. The wear and tear
costs of turning a server on and off is denoted by Cs+ , Cs− ,
respectively. We divide the planning period Υ hours into T
equal time slots and the duration of a time slot (slot size) is then
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τ = Υ/T hours (usually, we refer to the slot size in minutes).
Let T be the set of these slots. At the review point (starting
point of each time slot), the number of active servers and their
frequencies is conﬁgured. Let binary decision variables yij (t)
denote if server i is running at frequency option j at time slot
t.
There are a couple of constraints in this problem. A server
can only be operated at one frequency in a time slot:

yij (t) ≤ 1, ∀i ∈ I, ∀t ∈ T
(1)
j∈J

The second constraint is the demand requirement. Let the
demand on CPU at time t be D(t). First we assume the
demand can be predicted deterministically:

Vij · yij (t) ≥ D(t), ∀t ∈ T
(2)
i∈I j∈J

The demand can be predicted probabilistically rather than
deterministically. Namely, the demand is a random variable,

denoted by D(t).
Based on SLA, we guarantee the probability
of the provided capacity being no less than the demand is
no less than a certain percentage based. The probability of

demand being no less than D(t)
is no less than p at time slot
t is





P
Vij · yij (t) ≥ D(t)
≥ p, ∀t ∈ T
(3)
i∈I j∈J

If the cumulative distribution function (CDF) of demand at
time slot t is given by Ft ,(3) is equivalent to

Vij · yij (t) ≥ Ft (p), ∀t ∈ T
(4)
i∈I j∈J

Ft

where
denotes the inverse function of Ft . Note that this
model is very general. An example that this model can be
applied to is described as follows. The demand is forecasted by
an expected value with certain ﬂuctuation. The actual demand
is uniformly distributed among this range.
Our objective is to minimize the operational costs of the
running servers:



+
−
+
−
Cij · yij (t) +
C · yi (t) + C · yi (t)
t∈T i∈I j∈J

t∈T i∈I

(5)
where binary variables, yi+ (t) and yi− (t), represent turning
on/off at the review point of time slot t. yi+ (t) = 1 means the
server i is turned on at time t. Conversely, yi− (t) = 1 means
the server i is turned off at time t. 0 indicates no change
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from time slot t − 1 to t. The purpose of introducing these
two variables is to transform the original quadratic objective
function to a linear objective function. For the details of this
transformation and other constraints associated with it, refer
to our early paper [9].
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III. E STIMATING O PTIMUM
Within this optimization framework, is it possible to use
a certain index to estimate the optimal cost before actually
executing the optimization given the demand? We introduce
the demand dent to solve this problem. In our preliminary
work, we do not consider DVFS. We have the following key
observations on how to get optimum based on our optimization
framework: 1) We must turn on more servers if the capacity is
not enough. 2) We may or may not turn off servers if the capacity is superﬂuous. We choose whichever can achieve global
optimum. Namely, we choose the minimum between wasting
energy and introducing reallocation overhead. To accomplish
this idea, we deﬁne the demand dent as the demand slot(s) (in
the demand time series) inclusively between t and t (where
t > t) where D(t) < D(t − 1) && D(t + 1) > D(t ). Let K
denote the set of the demand dents. Deﬁne the summation
of the minimum between wasted energy and reallocation
overhead in each demand dent as demand dent index, (ID ):
ID

=


k∈K



t

min
C(D(t − 1) − D(t)),
k=t

C + (D(t − 1) − D(t)) + C − (D(t + 1) − D(t ))



where C is the unit power price.
IV. P RELIMINARY R ESULTS
In our study, we consider a server cluster of 100 identical
servers. The CPU frequency set and power consumptions are
adopted from [4] except that we use the maximum frequency
only. For ease of computation, the capacity of each server is
normalized to 1. In [5], Greenberg et. al. used $.07 per KWH
as the utility price. We use the same utility price. The cost of
turning on is 0.32 cents and the cost of turning off is 0.205
cents. [9] describes the details of deriving cost parameters. We
assume that the utilization of the data center is 20%. Thus the
average demand is 20. We also assume that the demand proﬁle
is forecasted and proﬁled every 5 minutes. Due to the diurnal
behavior associated with human beings’ working cycles, we
chose the 8 hour work time as the planning horizon where the
dynamically changing demand from one time slot to another
is generated for our study. In our evaluation, the demand
at each time slot is deterministically given and α = 0. We
generate 6 different distributions with the same average of 20.
Each distribution is generated 5 times with 5 different seeds.
These distributions include smooth (Erlang), exponential, and
bursty (Hyper-exponential) distributions. The sorted versions
of three distributions give the best optimum for the same
distribution. (We use this to illustrate that squared coefﬁcient
of variance cannot do the job.) We ran the optimization model
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using CPLEX through its integer programming solver on an
Intel(R) Pentium(R)IV 3.00GHz with 2GB memory. Through
preliminary runs, we observed that the overall cost does not
improve if we allow 2,000 branch and cut nodes in CPLEX;
thus, in our study, we set the branch and cut nodes limit to
2,000.
As we can see in Fig. 1, the demand dent index is almost
linearly correlated to the optimum. Thus the demand dent is a
good indicator of the optimal cost yielded by our optimization
framework.
V. C ONCLUSION AND F UTURE W ORKS
We construct mathematical programming models to optimize the virtualized resource allocation with dynamic demand.
The probabilistic aspect of the demand is considered here. We
are able to estimate the optimum by using the demand dent
index. We are using regression methods to parameterize the
relationship between the optimum and the demand dent index.
As to the future, we will complete the demand dent index by
including DVFS and demand with uncertainty.
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